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any financial time-series show leptokurtic behavior, i.e., fat tails. Such tail

behavior is important for risk management. In this paper I focus on the
calculation of Value-at-Risk (VaR) as a downside-risk measure for optimal asset
portfolios. Using a framework centered around the Student ¢ distribution, I ex-
plicitly allow for a discrepancy between the fat-tailedness of the true distribution
of asset returns and that of the distribution used by the investment manager. As
a result, numbers for the over-estimation or under-estimation of the true VaR
of a given portfolio can be computed. These numbers are used to rank several
well-known estimation methods for determining the unknown parameters of the
distribution of asset returns. Minimizing the absolute (percentage) mismatch
between the nominal and actual or true VaR leads to the choice of a Gaussian
maximum quasi-likelihood estimator, i.e., a least-squares type estimator. The
maximum likelihood estimator has a less satisfactory behavior. Outlier robust
estimators perform even worse if the required confidence level for the VaR is high.
An explanation for these results is provided.
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1. Introduction and summary

? Uncertainty is the key ingredient of most fincancial and economic decision

- problems. For example, an investment manager trying to design a solid
investment policy has to come up with a consistent set of forecasts for future

*I have benefitted from discussions with Guus Boender, Bernard Compaijen, Cees
Dert, Patrick Groenendijk, Pieter Klaassen, and Peter Vlaar. Only I am responsible for
any remaining errors or obscurities.




Optimal Estimation from a Risk Management Perspective

parametric VaR calculations. Following Lucas and Klaassen (1996), I use an
integrated framework in which optimal financial policies and restrictions on
allowable VaR are dealt with simultaneously. This slightly departs from the
mainstream literature on VaR calculation, which usually treats the composi-
tion of the portfolio of assets as fixed. This is not fully satisfactory, as bounds
on allowable VaR are set by supervisory institutions before investment man-
agers determine their optimal financial policies. The direct use of restrictions
on VaR in a model for determining the optimal asset allocation, allows for a
more natural way to study the effect of alternative VaR estimation methods
on the properties of optimal financial policies.

The aim of this paper is to rank different estimation methods for the
unknown parameters in the distribution of asset returns in case this distri-
bution is possibly mis-specified. Throughout this paper, I make heavy use of
the Student ¢ distribution as device for describing the behavior of asset re-
turns. The Student ¢ distribution has several advantages. First, it nests the
normal distribution, which is frequently used in practice. Second, the Stu-
dent ¢ distribution is a fat-tailed alternative for the normal distribution that
easily yields to tractable derivations. The qualitative insights obtained by
using the Student ¢ distribution readily carry over to other fat-tailed distri-
butions. A drawback of the Student ¢ distribution is that it does not describe
volatility clustering, a stylized fact observed for many financial time-series.
In the present paper, where I focus on a one-period model, this shortcoming
is not very restrictive. Moreover, the results of the present paper are also
relevant for cases with volatility clustering. This follows from the fact that
at longer forecast horizons, the forecasting density begins to look more like
the unconditional density of asset returns, which in the case of (generalized)
autoregressive volatility clustering (ARCH and GARCH) is leptokurtic, see,
e.g., Nelson (1990). This leptokurtic distribution can then be approximated
by a Student ¢ distribution.

The framework used in the present paper is as follows. Using a stylized
one-period asset allocation model centered around the Student ¢ distribu-
tion, I obtain optimal asset allocation strategies for the investment manager.
These strategies can be used to obtain estimates of the true VaR if the dis-
tribution used by the manager in his optimization problem differs from the
true distribution of asset returns. Naturally, in order to obtain definite re-
sults, an estimation method must be chosen to match the characteristics of
the distribution used by the manager to the characteristics of the true distri-
bution of asset returns. I consider the class of maximum (quasi-)likelihood
estimators (MQL) based on the Student ¢ distribution, see White (1982)
and Gouriéroux et al. (1984). This class contains several well-known estima-
tors such as the least-squares estimator, the maximum likelihood estimator,
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given risk tolerance in the sense that the probability that his portfolio has a
return below ¥ is sufficiently small. Given his risk tolerance, the manager
tries to maximize his expected return. Formally, the decision problem is
given by the following equations:

!
Max &' fim (2)
subject to
220, Sai=1, Pa(d/(1+1) S1+7™) <o, 3)
i=1

with P, denoting the cumulative Student ¢ distribution with parameters ym,
Q,., and v,, used by the manager, ¥ denoting the required confidence level for
the probabilistic constraint in (3), and z; denoting the fraction or amount
invested in asset category i = 1,...,n. The probabilistic requirement on
the portfolio’s return in (3) is called a shortfall constraint, see Leibowitz
and Kogelman (1991) and Leibowitz et al. (1992). As an alternative to (2)
and (3), we could use a general utility function in order to characterize the
manager’s preferences. The set-up of the decision problems as presented
above, however, has the advantage that it is more closely linked to standard
practice in investment management. The use of downside-risk measures to
assess the performance of a given portfolio is widely accepted. Moreover, the
investment problem as stated above is directly linked to VaR. For r*¥ < 0,
the VaR per dollar invested is given by —r"¥, with associated confidence
level 1 — 4. For example, for r°¥ = —0.10 and ¢ = 0.01 the manager looks
for the portfolio with maximum expected return subject to the constraint
that the VaR of this portfolio does not exceed 10% of the invested notional
amount with a probability of 99%.

As fat tails are intimately linked to the occurrence of extreme returns,
it is not surprising that the choice of the distribution P, and its parame-
ters fim, Qm, and v,,, affect the form of the optimal portfolio. Lucas and
Klaassen (1996) show that the direction of the effect heavily depends on the
value of the required confidence level 1 — . Low levels of confidence lead to
more aggressive asset allocations for fatter-tailed distributions, i.e., alloca-
tions with more volatile portfolio returns. The reverse holds for high levels of
confidence. Evidently, “more aggressive” can become “too aggressive” if the
fat-tailedness of P,, either exceeds or falls below that of the true distribution
of asset returns. The mismatch can be quite subtantial, see also Section 3.
In order to capture the mismatch between true and postulated VaR, I intro-
duce the true distribution of asset returns, P, which is characterized by the
parameters i, €1, and v;.
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are

E‘[1+( Yo ]zo’ ®)

and

E. [(1 —k/Ve)(T—He)(T—#e)'] =Qe- (6)
14 (r — pe)Q7Hr — pe)/ve

As both P, and P, are spherically symmetric in (r — pn) and (r — p),
respectively, and the function in brackets in (5) is odd in (r— . ), it is evident
that y. = pm for P,, and p. = y, for P,. Using this fact and considering the
case of P, it is easy to verify that (6) is satisfied by the matrix ), = ¢l
for some positive constant c¢,,. A similar constant ¢; exists for P;. The
constants ¢, and ¢; depend on v, and on v,, and v, respectively. They can
most easily be determined using numerical techniques. Note, however, that
for P,, and v, = vy, ¢ = 1, while for v. = 00, ¢y = V[ (Vi — 2).

Given the results described above, the investment manager proceeds as
follows. After postulating the degree of leptokurtosis v, and defining the
estimation principle v., he obtains estimates p. and Q.. Moreover, he can
compute the constant c,,. From all these estimates, the manager computes
the inputs for his optimization problem (2)-(3) as ptn = e and O = Qe/Cm.-
Next, the manager solves the asset allocation problem and obtains an optimal
asset allocation z,,. ,

Note that the estimation is carried out using the true data generating
process. This is modeled by substituting the true probability measure P
into (5) and (6). As a result, p. = p; and Q. = cfds, such that p, = y
and Q,, = (c;/cn ). I distinguish the VaR per dollar invested postulated
by the manager, —r¥ = —rl*  from the true VaR, —rlw If the VaR
constraint of the asset allocation problem (2)-(3) is binding (as is the case
for the examples considered in Section 3), the true VaR per dollar invested
(—rlv) of the manager’s optimal asset allocation z, can be computed as
follows:

Y = Pzl (147) <147l
= P(z),r <)
_ () i =
\/:z:’mﬂtxm - \/m;nﬂtxm
p, (Tnlr =) vl = (e — ) — ol
Ve, T Vvl Gz,
_p (w:n(r—m) o (ke — vy vl — 2t )
- i

< + = o
V! Qxy, Ve e, VT Qmm Y Cm
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Q7. In order to obtain reasonable figures for these quantities from an applied
perspective, empirical data is used. From DATASTREAM, I obtain monthly
total returns on the S&P500 index, monthly holding period returns for 10
year treasury bonds, and the interest rate for 1 month Eurodollar deposits.
The value of §, is set equal to (1 —2/v;) times the variance-covariance matrix
of these three time-series, such that the true distributions of asset returns
all have the same variance. Based on all the parameter values mentioned
above, the asset allocation problem (2)-(3) is solved for different combina-
tions (vm, V) using the optimization package AIMMS. The resulting optimal
policies z,, are plugged into (8), giving the mismatch between postulated
and actual VaR. Table 1 presents some percentage mismatches for several
combinations (v, 14).

The first thing to note in Table 1 is that the percentage mismatch in
VaR per dollar invested can be quite large. For example, if the manager
uses the normal distribution (v, = co) and the least-squares estimator (v, =
oo) while reality is leptokurtic (v, = 3), the mismatch ranges from —45 to
+31 per cent of the postulated VaR. Also note that for (vm, v, ve, ¥, riow) =
(00,3,5,1%, —5%), the true VaR is about 2.5 times larger than the postulated
VaR. Obviously, if the postulated and the true degrees of freedom parameters
coincide, there is no mismatch, irrespective of the estimation methodology
characterized by the choice of v.. ,

The results for the least-squares estimator v, = oo corroborate the find-
ings in Lucas and Klaassen (1996). It turns out that for this case the required
confidence level 1 — ¢ for the VaR plays a crucial role for the direction of the
mismatch. High levels of confidence (99%) result in an under-estimation of
VaR if the distribution used by the manager has thinner tails than the true
distribution. The reverse holds for low levels of confidence (95%). Note that
this result no longer holds if different estimators for the unknown parameters
p and § are considered.

For fixed values of v,,,, the mismatch appears to be monotonously increas-
ing or decreasing in v;. Moreover, for v, = oo and v. = 5 the mismatch is
also monotone in v, for fixed v,. By contrast, for the ML estimator, v, = vp,,
the mismatch sometimes follows an inverted U-shaped pattern in v, for fixed
values of v, e.g., for ¥ = 5% and r?¥ = —10%.

Except for v,, = oo, the numbers in Table 1 for high levels of confidence
(¥» = 1%) are much smaller in absolute magnitude for the least-squares es-
timator than for the ML estimator (v = v4,) and the MQL ¢(5) estimator
(ve = 5). The conclusion is more mixed for ¢ = 5%, again stressing the im-
portance of the choice of the VaR’s confidence level. Note that for ¢ = 5%
the direction of the bias for v, = co and for v, = vy, or v. = 5 is opposite,
excepting the Gaussian case v, = oo for the ML estimator v, = vp,.
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As supervisors require the reporting of high confidence level VaRs, i.e.,
¥ = 1%, the remaining discussion of Table 1 is focused on the case ¢ =
1%. In that case, the direction of the bias in the VaR is the same for all
estimators considered. The magnitude of the bias, however, differs quite
substantially. As mentioned before, the least-squares estimator results in the
best overall performance in this case. The robust MQL ¢(5) estimator has
the worst overall performance, especially if the true degree of fat-tailedness
is underestimated by the investment manager. In that case the optimal asset
allocation can turn out far too risky compared to required VaR bounds. Vice
versa, if the true degree of leptokurtosis is underestimated, allocation policies
are too prudent (with the ML estimator performing slightly worse than the
MQL t(5) estimator).

To conclude the discussion of Table 1, it is interesting to relate the findings
for the ML estimator (v, = vy,) to recent results obtained by Vlaar (1997).
Using a context of interest rate risk management for banks, Vlaar finds that
the VaR based on MQL ¢(5) estimates of the parameters in his model is vio-
lated far too often during the sample. Stated differently, the VaR is severely
under-estimated using the given estimation method. By contrast, the use of
a least-squares procedure, i.e., Gaussian MQL, results in much less violations
of the estimated VaR measure. These results can be explained perfectly by
looking at Table 1. As Vlaar, consider the ML estimator (v, = v;,) for high
levels of confidence (¢ = 1%). If vy = 3, the bias in VaR using v, = 5 is
almost twice as large as the bias for v, = co. Vlaar remarks that the degrees
of freedom parameter can fall far below 5 if it is estimated freely, suggesting
that the vy = 3 column could be reasonable for the data considered. Given
this remark, the numbers in Table 1 help to explain both the violations of
the VaR estimates and the ranking of VaR estimates based on the Gaussian
and the ¢(5) quasi-likelihood for the data set used by Vlaar.

If Table 1 is extended using more combinations (vy,,v,ve), an overall
performance measure can be constructed for ranking different estimation
methods from a VaR perspective in the context of potential model mis-
specification. Table 2 presents the maximum absolute percentage mismatch
for different values of v., v, and rio¥.

Using a minimax criterion, i.e., minimizing (over the set of estimators)
the maximum mismatch per estimator, results in the choice of either the
MQL #(10) or the least-squares estimator. For high levels of confidence (y =
1%), the least-squares estimator is clearly the most robust under model mis-
specification from a VaR estimation perspective. Note that ¥» = 1% is most
relevant for practical purposes given the Basle (1996) proposals for banking
supervision. Moreover, although the least-squares estimator for ¥ = 5%
is next to worst using the above minimax criterion, the differences across
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to increase the probability on extreme returns. The compensating effect for
the maximum likelihood estimator and the robust estimator is much smaller,
resulting in larger biases for estimates of VaR.
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