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Abstract

Risk budgeting interpreted as efficient portfolio allocation is often based on expected
outperformance, alpha or information ratio. Once these crucial parameters have been
estimated, they are being treated as fixed. In this paper we develop some sense, both
theoretical and practical, on the magnitude of the uncertainty and present a method to
cope with uncertainty of the expected active returns. We will use examples to
demonstrate the impact of the uncertainty. The developed model is widely applicable
and can be used to make an optimal risk allocation on different levels of investment

strategy (asset allocation, styles, managers, etc.).
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Introduction

Risk budgeting is a widely used term but gives room for several interpretations.
According to Chow and Kritzman [2001] the predominant definition is the efficient
portfolio allocation. This can of course be analyzed at several levels. We will focus
here mainly on the active risk allocation, that is, after the strategic benchmark has
been set via e.g. an ALM-process and given a pre-specified maximum level of active
risk.

Most of the literature presents optimization models based on expected
outperformance, alpha or information ratio. Once these crucial parameters have been
estimated, they are being treated as certain. In this paper we develop some sense on
the magnitude of the uncertainty and present a method to cope with uncertainty of the
expected active returns, by broadening the approach followed by Blitz and Hottinga
[2001]. We will use their examples to demonstrate the impact of the model changes.
The developed model is widely applicable and can be used to make an optimal risk

allocation to the several investment processes (styles, managers, efc.).

Prior research on risk allocation

The active risk allocation problem can usually be stated as maximizing some utility
function given some (risk) constraints. In Waring et al. [2000] a utility function is
introduced in which the active return minus a risk aversion parameter times the
variance of the active return (tracking error) is being maximized. An efficient frontier
is being calculated for several levels of risks. It is assumed that the different
investment processes have a correlation of zero, although the model allows for non-
zero correlation. The underlying active returns per investment process are fixed
parameters. The Blitz and Hottinga [2001] framework present a framework in which
optimal partial tracking errors are determined given an overall target tracking error
under the assumption of independent investment processes (correlation is zero) and a
fixed, certain return/risk ratio. Their approach can be viewed as calculating a specific
point on the efficient frontier in the model of Waring et al. [2000], expressed in partial
tracking errors.

Lee and Lam [2001] take into account the possible correlation between investment
processes and, more importantly, the uncertainty on the expected active returns, which

they refer to as “information risk”. They make an assumption on the distribution of



the hit ratio of investment processes, i.e. how often will the investment process, for
which the information ratio is a given, outperform it's benchmark. The problem there
is how to arrive at an ex-ante estimate for the hit ratio.

Here we have chosen to extend the Blitz and Hottinga [2001] model to incorporate
correlation between investment processes and uncertainty in the expected information
ratio. First we will establish some sense for the magnitude of uncertainty in

information ratios.

Information ratio volatility: theoretical & empirical evidence
Based on Lo [2002] who describes the statistics of the Sharpe Ratios under different
return distribution assumptions we can determine the standard error for the

information ratio estimator asymptotically under the assumption that returns are D',

Where T is the sample size and i is the information ratio estimator. With this
standard error estimate we can create confidence interval around the estimated

information ratio e.g. a 95% confidence interval is

iF £1.96%

If e.g. T=12 and the estimated information ratio is 0.5 then the standard deviation of
the information ratio estimator is 0.3 with a 95%-confidence interval of the

information ratio of [-0.1;1.1].

Based on empirical research Gupta et al. [1999] show that for a median manager there
is not much consistency in performance over almost all categories. This would
implicate a large uncertainty with respect to the information ratio”. To give some

insight into the empirical size of this uncertainty, we consider some actual data.




Based on the Wilshire Compass database we have researched the (historical)
information ratio of managers in several investment categories over the period Q4
1996 up and until Q3 2001 (5 year manager performance). We have measured the
volatility of the information ratio in two ways: the volatility of the 12 quarter rolling
information ratios and the volatility of the 4 quarter rolling information ratios (or
annual rolling information ratios) 3 In exhibit 3 the medians for managers in several

asset classes are displayed.

Exhibit 3
Median volatility Median volatility
12 quarter rolling IR 4 quarter rolling IR

US large cap core S&P 500 0.3 1.4

US small cap core Wilshire 0.4 1.5

5000

US real estate Wilshire REIT 0.4 14

index

The figures obtained indicate that the volatility of the information ratio can be
substantial and can deviate for the several investment processes for which we would
like to optimize the risk allocation. For the shorter horizon the volatility estimates are
naturally higher than for the longer horizon. The level of volatility of the information
ratio within an asset class can be quite different from manager to manager. If this was
not the case there would be no information in the uncertainty of information ratios.
Given the 4 quarter rolling figures, the consistency to achieve an constant level of
performance can be considered weak if not totally absent. This is in agreement with

the observations of Gupta et al. [2001].

The observed volatility in the information ratio’s is not consistent with the above
derived theoretical standard deviation. E.g. to obtain a standard deviation of 0.5 for
US Large Cap with T=12, we would need an information ratio estimate of above 1.
This is clearly not the median information ratio for this asset category’.

Still the major conclusion that should be drawn from the presented material in this
section is that uncertainty in information ratios can be quite substantial from both a

theoretical expectation point of view and the practical observations.




Model sensitivity

How does the uncertainty of the information ratio translate into model outcomes? We
will look at the original Blitz-Hottinga model to develop some feeling for the impact

of uncertainty in the information ratio.

The objective is to allocate the partial tracking errors in such a way that the expected
return, the product of the information ratio and the tracking error, is maximal given
the overall target tracking error. A partial tracking error is the contribution to the
overall tracking error of one activity in isolation. The underlying assumption is that in

a separate process the target tracking error (risk budget) has been set.
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The information ratio IR; of investment process i is a forecast and is treated as a given
constant. The partial tracking error of investment process i is denoted by TE;. The
investment processes are assumed to be independent. The optimal solution to this

problem is
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The optimal partial tracking error allocation is dependent on the target tracking error
and on the expected information ratios of the underlying processes, which are explicit
forecasts’. The BH model is sensitive to changes in the expected information ratio.
This can be seen looking at the derivatives from the partial tracking error to the

information ratio.
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The derivative of TE; towards IR; is mainly determined by the first two factors of the
optimal solution. It is easy to see that the derivative is always greater or equal to zero®
as should be expected. The derivative will increase with lower information ratios and

decrease with higher information ratios.
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The derivative of TE; towards IR; is negative as can be expected; an increase in the
information ratio of investment process i will cost the other investment processes a
loss in partial tracking error as they become relatively less attractive. If we perturb
the individual expected information ratios by e.g. 0.1, the partial tracking error
allocation changes dramatically. In exhibit 1 this is demonstrated by a perturbation of

the information ratio in the asset allocation process.

Exhibit 1
IR; Optimal TE; Perturbed IR; | Optimal TE; | % change in

BH TE;
Asset Allocation 0.2 1.0% 0.3 1.4% +43%
Equity Country Allocation 02 1.0% 0.2 1.0% -5%
Bond Country allocation 0.3 1.5% 0.3 1.4% -5%
Currency allocation 0.0 0.0% 0.0 0.0%
Stock selection 0.4 2.0% 04 1.9% -5%
Bond selection 0.4 2.0% 0.4 1.9% -5%
Total 0.7 3.5% 0.7 3.5%

An increase in the information ratio of the asset allocation process causes a 0.4
percentage point change in it’s partial tracking error. As a result, the other processes

see a decline of circa 5% in their partial tracking errors. Of course as a result of the




0.1 perturbation the percentage change in the expected information ratio is large. If
however we would observe in practice an information ratio realization that is 0.1

percentage point of f, the ex-ante estimate would still be viewed as a good estimate.

Given the impact of changes in the expected information ratio we are left with some
basic questions. How much will in practice the realized information ratio deviate from
the expected information ratio? If these deviations are substantial, is there a

possibility to make the model outcomes more robust for the described deviations?

Shortfall constraint model

There are several possibilities to accommodate for uncertainty with respect to the
projected information ratios’. It depends on the preferences you take into account.
Let us assume that it is not desirable to have a return below a certain threshold, then

adding a shortfall constraint yields the following model:
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Equation (1) is stating that the partial tracking errors are lo be set in such a way that
the correlated combination is equal to a target level of risk. The correlation coefficient
pyj, is the correlation between the information ratio’s of the investment processes 7 and
j. Although a zero-correlation assumption could be defended by qualitative arguments
(different selection processes etc.) and is being used in the BH-model, in practice
correlation will deviate from 0. The TE:re is a constant resembling the target level of
risk.

Equation (2) describes how uncertainty with regard to the expected information ratio
is being translated into the model. The equation can be interpreted as a type of Value-

at-Risk constraint on model or parameter risk. The ry, is the minimal required return.



The square root term denotes the standard deviation of the expected return. The
variance of the error terms around the information ratio is denoted by 052 and the
covariance of the error terms is denoted by oj;. The derivation of the inequality is
straightforward from the assumption that the active returns are normally distributed'’.
The z, term is the normal z-value at a (one-sided) confidence level of a. The effect of
this equation is obvious. Once we are less confident in an ex-ante information ratio
estimate for a specific investment process we would be inclined to spend less risk on

that investment process.

The optimization problem can easily be solved numerically. In exhibit 2 we extend
the example of exhibit 1. Added are the standard deviations of the information ratio.
The model has been solved given a 1% shortfall probability (where z;4 = 2.32) below

a minimum return assumption of 0.

Exhibit 2

Expected Standard | Optimal Optimal partial | Optimal

information | Deviation | partial tracking error partial

ratio IR; of IR; (g, | tracking error Pi=0.2, Vizj tracking error

(BH model) (no shortfall) (shortfall 1%)

Asset Allocation 0.2 03 1.0% 0.3% 0.5%
Equity Country Allocation 0.2 0.1 1.0% 0.3% 1.2%
Bond Country allocation 0.3 02 1.5% 1.1% 1.6%
Currency allocation 0.0 0.1 0.0% 0.0% 0.0%
Stock selection 04 0.6 2.0% 1.9% 0.6%
Bond selection 0.4 03 2.0% 1.9% 1.7%
Total 3.5% 3.5% 3.5%

Given a slightly positive correlation the optimal partial tracking errors are all
decreasing versus the BH model outcome. This follows from the simple observation
that there are less diversification opportunities. The largest decrease is in the lower
information ratio processes, as one still strives for a maximal expected information
ratio or return. So, the shifts are exactly what should be expected given the objectives.
E.g. the allocation to asset allocation decreases by 70% (from 1.0% to 0.3%).

When a shortfall constraint is added the tracking error allocation shifts towards the

investment processes with the more certain information ratios. E.g. the allocation to




the stock selection process with a high information ratio uncertainty decreases by
more than 60% (from 1.9% to 0.6%).

The sensitivity analysis of the model can yield some interesting insights. If the
probability of shortfall is increased then the optimal allocation shifts to the no
shortfall solution. E.g. with a shortfall probability of 5% the optimal allocation to
stock selection increases from 0.6% to 1.6%. At a 10% level the shortfall constraint is
redundant.

If the tracking error budget is reduced by 50%, the risk allocations for the individual
processes are also reduced by 50% leaving the relative differences in tact (linear
scalability; see also next section).

The (boundary) values for the minimum return threshold, the shortfall probability and
the tracking error budget for which the model is solvable are correlated. If the
minimum required return increases beyond a certain level, then, to obtain a solution,
the target tracking error together with the shortfall probability have also to be
increased. To put it otherwise: one cannot boundlessly increase the minimum required

return without having to take more risk.

A crucial assumption underlying the shortfall model is that we can discriminate with
respect to uncertainty. In other words, the several investment processes have to have
different levels of uncertainty with respect to their projected information ratios.
Depending on the choice of parameters the model is not always solvable. In that case
a sensitivity analysis will yield a lot of insight. The shortfall constraint can also be
redundant. This in fact tells you that the probability of achieving threshold return is

higher than deemed necessary

Implementation issues

The optimal partial tracking errors can easily be translated into tracking error targets
or Value-at-Risk targets for the individual investment processes’. An underlying
assumption in the partial tracking error approach is that the risk of the investment
processes is scalable and independent of information ratio. The ratio of the partial
tracking error of an investment process to the target risk is therefore constant for each
level of target risk. In Gupta et al. [1999] it is shown that the information ratio for

active strategies in several asset classes is not constant under changes in the level of




active risk. In the proposed model this can be accommodated for by making the
information ratio dependent on the partial tracking error i.e. describe the information
ratio as a function of the partial tracking error. If these functions are convex or

concave the problem is still numerically solvable.

One can correlate the historical monthly performance figures of the investment
processes to get an ex-post estimate of the correlation parameters. Past correlation is
not necessarily a good estimator of future correlation (e.g. different correlation in bull
and bear periods and, in general, there is volatility in correlation). For an ex-ante
estimate one could use a factor model applied to the actual holdings in the several

investment processes (managers) to generate a correlation estimate.

The shortfall constraint model is about target risk. In practice, from a risk
management point of view, there is also need for a risk budget. Blitz and Hottinga
[2001] present a way of establishing a risk budget based upon the expected variation
in the tracking error of the investment processes. The risk target en risk budget can be
very powerful tools in terms of communication with the managers of the several
investment processes. The discussion can be focussed on the usage of risk in addition

to the specific bets of the underlying investment process.

If a shortfall constraint is being specified on the top level the optimization should be
done on all managers/investment processes across the entire portfolio. Otherwise
information will be lost and the optimality of the solution is questionable. There is no
easy way to decompose the optimization problem due to the probability constraint.
The model cannot explicitly be used for the decision between active and passive
management. If a passive investment process is added to the problem with an
expected information ratio of 0, assigning partial tracking error to this investment
process will not add value to the goal function. However, the assumption that the
tracking error is scalable implies that in the investment process a choice between

active and passive is being made.

Once the risk targets/budgets have been set the actual situation can change the optimal

allocation e.g. due to observed returns/volatility. One could formulate this as a



dynamic risk allocation problem, which seems to have a similarity with the problem

of dynamic asset allocation (see e.g. Perold and Sharpe [1988]).

Concluding remarks

In each risk allocation model the main issue will be to arrive at a good estimate of the
expected information ratio. Often the uncertainty of this estimate is being neglected.
Theoretical and empirical evidence show that volatility of information ratios is there
and is certainly not negligible. Once estimates are available, the framework presented
here makes the risk allocation more robust in terms of the volatility of the outcomes.
The resulting risk allocations can deviate substantially from the ones where parameter
uncertainty is not taking into account. The framework is easy to implement, and can
be enhanced to cope with issues as e.g. scalability. This can be based e.g. on the

historically observed volatility of the information ratio.

End notes

The author likes to thank Andre Lucas and Cees Dert for their feedback.
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! For the profound derivation of the formula the reader referred to the article of Lo [2002], which is
very accessible for a technical paper. The basis formula is v mu(%'-;-)zaz*(f%}z 20* . From the
i

evaluation of the derivatives follows the formula in the text.
? For the top-quartile managers however there is some evidence in several asset categories that there is
consistence in performance which would indicate a smaller uncertainty in the information ratio.
? The measurement on basis of rolling periods is not ideal and can lead to wrong estimates of the
volatility of the information ratio. Probably the main effect is a smoothing of the Information ratio
series; this in turn implies that the stated figures are lower bounds to the “real” volatility of the
information ratio. For the data used the average of non overlapping information ratio volatility was
indeed slightly higher than the rolling period estimates. The number of datapoints per manager is
however too low to draw significant conclusions.
* One could also apply a bayesian approach in which each new information ratio data point leads to a
better estimation.
® The theoretical assumption of IID returns seems unlikely to hold. If we would have made a correction
on the data as a result of survivorship bias that the database might have, the median volatility of the
information ratios could even be higher. As a consequence the gap between theory and practice would
increase.
® Blitz & Hottinga divide the objective function by €405 t0 Maximize the information ratio. As this
parameter is a constant, it does not influence the results of the optimization. Exhibit 1 & 2 are bases on
the examples presented in the paper of Blitz & Hottinga.
" To translate the partial tracking errors to weights and tracking errors the following procedure may be
followed. Let A denote total assets, A; denote allocation to investment process i and te; the tracking
error of process i. The partial tracking error can be translated into tracking error as follows: fe;” *A/A;
=te;, where Ay/A is the asset mix weight of investment process i. If there are limits on the tracking error
of investment process i, then these limits can be (easily) translated into partial tracking error limits.
¥ The numerator determines the sign of the derivative. The expression z ir? —jr? isclearly non-

, TH

[

negative and only zero when the information coefficients for the other investment processes are 0.
¥ E.g. one could apply a similar approach as Waring et al. by creating a utility function. Then, e.g. the
optimization problem could be stated as follows:
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This problem formulation is a penalty function approach where as the shortfall probability formulation

is more explicit on the minimum required return.
"It could well be that the distribution of IR’ is not normal and that it can be better appmx1n1atcd with

a student’s t distribution.




