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Abstract

In this paper GI/G/1 queueing systems with buffer overflows are involved. First,
we will give asymptotic expressions for the long-run fraction of rejected customers,
in case the buffer capacity K grows large. Furthermore, we give a non-trivial upper
and Jower bound for this fraction for all X larger than some constant. Finally, we
treat a method to speed up the simulation of the fraction of rejected customers.
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CUSTOMERS ¢ LARGE DEVIATIONS ¢ MARTINGALES ¢ RANDOM WALKS ¢ IMPOR-
TANCE SAMPLING



1 Introduction

CONSIDER A QUEUEING model with a single server. Let A, be the epoch at which the nth
customer arrives. We assume that the sequence of interarrival times {{A, — A,—;),» € IN}
consists of independent random variables with an identical distribution. Put Ao := 0. Let
A(.) be the cumulative distribution function of A;, which we assume to be continuous.

Each customer brings along a random amount of work. Let B, be the work requirement
of the nth customer. We assume that {B,,n € IN} is a family of random variables sampled
from a common distribution. Define by B(.) the (continuous) distribution function of B;.
We also assume the interarrival process {(A, — An.1),n € IN} and the work requirement
process {By,n € IN} to be independent.

The work brought in by the customers is put into a finite-capacity buffer, that is
emptied at a rate of ¢ > 0 per unit time. The buffer has finite capacity K. The model
can be considered as a queueing model of the GI/G/1 type with buffer overflows.

In the sequel we will consider two models. In the first model, a customer bringing
along more work than the remaining capacity in the buffer causes an overflow. The excess
of work is lost. This model is also called the partial rejection model. We define by =3 (K)
the long-run fraction of customers who cause an overflow.

In the second model, complete rejection is involved. A customer is rejected if the sum
of the amount of work yet to be done just before the arrival of this customer and his work
requirement exceeds K. Let n3(K) be the long-run fraction of customers who are rejected
in this model.

In the case of Poisson arrivals, these models are discussed in Tijms [1986, pages 309-318
and 324-331).

It is assumed that E(B;)/o < E(A1—Ae). This assumption guarantees that the overflow
probability can be made arbitrarily small by taking the buffer capacity large enough. An
important problem is: how to choose K such that the long-run fraction of customers that
cause an overflow does not exceed a given {small) value. To cope with this problem, our
goals in this paper are: '

e we prove, under certain conditions on the distribution of A; — Ap and By, that for
some positive constants 8, {; and (s, we have that 7;{K) is asymptotically exponen-
tial:

Jim m(K)e® = ¢,
for ¢ = 1,2. Le., for large K, n;(K) approximately equals (;e=?%, where (; is the

amplitude {or prefactor) and @ the decay rate. Note that this decay rate is identical
for both partial and complete rejection.



o we find, under the same conditions, some non-trivial functions n:(.} and 52(.) such
that
m(K) < m:(K) < naoK),

for : = 1,2 and all K larger than some positive constant.

The organization of the paper is as follows. In section 2, we will investigate the long-run
fraction of rejected customers applying the techrigue of Large Deviations and explain
what the drawbacks are of the expressions obtained by this approach. '

Section 3 focuses on random walks and Martingale theory. We introduce an expo-
nential martingale for random walks. Then we consider the probability that the random
walk (starting in a > 0) exceeds K before hitting (—o0,0]. Using Doob’s optional sam-
pling theorem, we prove this probability to be asymptotically exponential (K — o0).
Furthermore, we derive a non-trivial upper and lower bound for it.

In section 4 we modify the random walk model into the queueing model in question.
The results from section 4 enable us to prove that the first objective above holds for the
probability of a loss cycle (which we will call oK) throughout}. Using simple arguments,
we find again an upper and lower bound.

Section 5 deals with the relation between x;(K) and o K). Since we found the desired
already for a(K), we only have to translate the results for o XK'} into results for 7;(K). We
conclude that we found more exact results than could be realised using Large Deviations
theory.

In the last section is dealt with the estimation of m;(K) (: = 1,2) by means of sim-
ulation, especially for large values of buffer capacity K. It is explained how to speed up
these simulations.

2 Results from Large Deviations theory

IN THIS SECTION we will give an expression for m;(K) (where ¢ = 1,2) using Large
Deviations. Bucklew [1990] can be regarded as an accessible summary of the main results
of this theory. Moreover, it explains how to apply it in engineering. We also refer to Ellis
[1985]) and Dembo and Zeitouni [1993] for good, but a bit more technical, texts on Large
Deviations.

In Large Deviations, rare events are involved. In other words, the probability that a
certain stochastic process attains improbable values is considered. In the GI/G/1 queueing
system we are dealing with, the rare event is a buffer overflow.

We define by Xg(¢) the amount of work in the system at time ¢, where ¢ > 0. Let C,,
denote the mth cycle, i.e., Cr, = [am, b ), satisfying

Xicam—) =0 , Xxc(bm) = 0 and X(t) > 0 on [aym, bm)-



We call a cycle a loss cycle if during this cycle at least one customer causes an overflow.
Recalling that o( K') denotes the probability of a loss cycle, we note that this probability
is the same for both the partial and complete rejection model. As long as in a cycle no
customer is rejected, it is clear that (starting in t = 0 with an empty system)

Xpe(t) = 3 {Ba x Lpg(dn)} — o(t = A1) x Lpg(Ar).

n=1
But then we have just prior to ¢t = A,

n—1

Xx(An=) = Y (Bi - 0(Ainn — A3)),

i=1
n = 2,3.... According to Bucklew [1990, pages 56-74] and Dembo and Zeitouni {1993,
pages 152-160], we may apply Slow Markov Walk theory, since we are dealing with a sum
of independent, identically distributed random variables. The next characterization of
the decay rate of o K) is due to Mogulskii:

. 1
I}:l_{réo-k—loga(K) = —8,

where §; := B; — ¢(Aiq1 — A:) and # is a non-negative solution of E( exp(ﬂ{l)) = 1.
Equivalently, we find that

oK) = ((K)e ¥,
for some positive function ((.) with log {(K) = o( K), K — oo. Note that {(K) does not
converge necessarily to a constant for X - oo.

Large Deviations theory does not only provide us an asymptotical expression for the
probability of a loss cycle a{K), but we also obtain the trajectory to level K {where
K is large) which is in some sense the most probable path: a straight line with slope
E(¢) exp(8&1)), n € INo. It can be concluded that the optimum path to reach overflow is
linear! Since we found no exact expression for oK), we may estimate it by means of
simulation. As a result of the fact that a loss cycle is (for large K) a rare event, it would
take much time to obtain an estimate with a high level of confidence. The knowledge of
the most likely trajectory to an extreme level enables us to speed up the simulation by
Importance Sampling. We return to this subject in section 6.

It is rather easy to prove that the ratio of m;(K) and a(K) has a positive upper and
lower bound (say M and m, respectively), uniformly in K, see theorem 5.1. This implies

—6 = lim iL:)gcxz(K) = f}im ilog (a(K)m)

K—eoo K
.1
S AmE

< Jim = log(a(K)M)

. 1
= I}Erio Rloga(K] = 0.

log 7 K)



As a direct consequence, we find that that all inequalities may be replaced by equalities.
It 15 easy to see that the obtained result is weaker than our objective

Am m(K)e’™ = ¢,

z = 1,2. Although the theory of Large Deviations provides us useful information about
the question how queues build up to a high level, it seems that we cannot obtain results
as sharp as desired.

3 Random walk with two absorbing barriers

TO IMPROVE OUR asymptotics of mi(K) (1 = 1,2), we first focus on some properties
of random walks. Let {{,,n € IN} be a sequence of independent, identically distributed
random variables. Fix an initial value a > 0. Let the sequence {5,,n € INg} be the partial

sums:

So = a,
Sy = a+ if,; where n € IN.
i=1
In other words, we focus on a random walk model starting in a. Our main goal in this
section is to obtain an expression for the probability that the random walk {5,,n € Ny}
hits [K, co) before attaining a non-positive value, where K is larger than the initial value
a. In the sequel, we call this probability o, {K). Note that in fact we are considering a
random walk model with two absorbing barriers: 0 and K. We assume that {5,,n € INo}
has a drift to —oo, so E(£1) < 0. To avoid trivialities, it must be possible to reach [K, oo}
with positive probability, so P(£1 > 0) > 0. To obtain the desired asymptotics and bounds,
we use methods from Martingale theory and Random Walk theory. Basic references in
these fields are Williams [1991] and Gut {1987).
In the next definition, we introduce a function, which characterizes the distribution of

the increments and which we will use in the sequel intensively.

B> DEFINITION 3.1
Let Pg, (.) denote the cumulative distribution function of £1. The moment generating func-
tion of the random variable & is defined as follows:

Me,(6) = E(exp(06)) = [ eaPe,(2),
for all real 8.

When the moment generating function exists, it contains in some sense all information
about the underlying distribution of the random variable. So, it is for instance possible to
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deduce the moments (if they exist!) of & from M, (.) by differentiating or evaluating in
a Taylor expansion. As we will see, the moment generating function plays a crucial part
in the further analysis. Let Djs denote the domain of the moment generating function
My, (.):

D o= {8 : Mg, (6) < oo}

In the remainder, the equation M, (8) = 1 is very important. It appears that under very
weak conditions, the existence of a unique positive root can be shown. We present a
sufficient condition in the next lemma. Its proof follows standard arguments from convex
analysis.

>LEMMA 3.2
Assume that M (.) satisfies

i, M (@) =2

where @ approaches the upper boundary of the domain Dy from the interior DYy, Then
the equation M (6) =1 has ezactly one positive solution for 0.

ProoF. Noting that exp(.) is a convex function, we have by Jensen’s inequality

M, (0) = E( exp(01)) 2 exp (6E(@))-

From this, we see immediate that if there exists a § satisfying M, (8) = 1, it follows from
E(¢1) < 0 that  is non-negative.
Since -
ML(0) = [ 2P (a)

is non-negative for all real 8, M, (.) is convex. According to Rockafellar [1970, page 82},
any convex function is continuous on the interior of its domain.

Note that M, (0) = 1 and M (0) = E(&1) < 0, so Mg (.) has a negative derivative in
(0,1). From the continuity, we have that M, (8) < 1 for some ¢ > 0.

From the condition, it is clear that arbitrarily large values can be attained for positive
@. Since M, (.) attains values smaller than 1 as well as values larger than 1, it follows
from the continuity of M, (.) that M, () = 1 has a positive solution.

We proved the existence of a positive root; now we examine the unicity. Let 8" be the
smallest positive solution of M, (8) = 1. Clearly, M; (6*) > 0. From the convexity, we
have that for all 8 > 0* the function M, (.) has a positive slope. We may conclude that
Me, (0) > 1 for all § > 8. This implies that there exists exactly one positive solution of
M, (8) = 1. ' .

Note that the condition in lemma 3.2 is satisfied in the case that Djs has no upper
bound. This can be seen as follows. Since P(£; > 0) > 0, there exists a positive ¢ such
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that P(& > €} > 0. If Dys has no upper bound, we have the following:

Jim M;,(0) = lim [~ e*dPg,(z)
z Jlim -:o edP¢, (z)
> Jim " f ” aPy, ()

l

GIHEO e*P(£, > €) = .

In the previous lemma, we assumed that Mg, {#) approachs co for @ approaching the
upper bound of the domain. Examples of random variables with densities with this prop-
erty are random variables having an Exponential, Gamma, Erlang or Normal density.
Excluded are distributions with extremely long tails, like the Cauchy or LogNormal dis-
tribution. In the sequel, we assume throughout that there is one positive number satisfying
M, (8) = 1, which we will call simply 8.

Define the following stopping time:
Tk :=inf{n € Ny : 5, > K or 5, <0}.

So Tx is the smallest n at which a value in [K, o0) or (—o0, 0] is attained. Note that Tk
is indeed a stopping time since the event {Tx = n} is independent of S,41, Sny2,.... In
other words, {Tx = n} is completely determined by Sy, ..., Sa.

We can state this a bit more formally. Suppose that we are dealing with the probability
triple (9, F,P). We denote by F, the o-algebra ¢{51,...,S5,} generated by the random
variables 5y,...,5, (where n € IN). Also, let Fo be the trivial o-algebra {0,£1}, where
{2 denotes the appropriate sample space. Note that the in this way constructed natural
filtration {F.,n € No} is an increasing family of o-algebras, which are sub-c-algebras of
F. We see that the event {Tx = n} is measurable with respect to F,, where n € IN.
Therefore, Tk is stopping time relative to the family {F,,n € Np} (¢f. Williams [1991,
pages 97-101] and Ross {1983, page 229]).

We also see that

o {K) = P(57,, = K).

>LEMMA 3.3
Ty is non-defective, i.e., P(Tg < o00) = 1.
In other words: Ty has no probability mass at oo.

PROOF. It is possible to find a random variable that Ty dbminates, which does not
depend on K. Define by T the smallest n at which the process {S,,n € IN} visits
(—00,0]. Clearly, Tx < T for all K (almost surely). The weak law of large numbers states



that for all positive e,
Sn —a—nE(&)

n

nanolo P ( > e) =0.
Choosing ¢ = —E(£;}/2 (which is positive!), we have equivalently
nli_’ngoP (a+ -z'n E(&1)) €S, Sa+ %n E({;)) =1,
If n is larger than —2a/E(&),
P(S, <0) > P (a+ 2nE(E) < SaSaton E(é0))

which implies that lim,_,.. P(5. < 0} = 1. Note that {T" = oo} can be rewritten as the
event that S; > 0 for all 7 € IN. Now it is easy to prove the stated:

P (ﬁ{S@ > 0}) =P (7}5& ﬁ{S} > 0})

im0 i=0

P(T = o0)

I

= Jim P (05> 0) < Jim PS> 0) =0,
iz==0

since P(.) is a continuous set function {Ross {1983, pages 2-3]). We see that T is finite
almost surely, and this implies that it also holds that P(Tx < oo) = 1. Note that, as a
direct implication of this proof, in the model with only one absorbing barrier {the interval
(~c0,0]), this barrier is crossed in the long run with probability 1. |

The non-defectiveness of Ty implies immediately that Sz, is well-defined and
P(Sty <0) 4+ P(St, = K) = 1.

Note also that P{S7,. < K) equals o, (X), the probability that we are interested in. Using
Doob’s optional sampling theorem and the observations above, we find the next explicit
expresston for a.{K).

i>THEOREM 3.4
Wald’s fundamental equality holds:

E(exp(05r)) = e,
where 8 denotes the uniquely determined positive solution of Me, (8) = 1. This implies that

oK) = efa — E( exp(051;) | Sy < 0)
¢ E( exp(0S1y) | S = K ) — E( exp(657,) | S < 0)

PRrROOF. It is easy to prove that the sequence {exp(#5,),n € IN} is a martingale with
respect to its natural filtration (see for instance Williams {1991, pages 93-94]), with value
¢® in 0. For obvious reasons, we call this kind of martingales ezponential martingales.
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To prove this, we first consider the natural filtration. We define G,, to be o-algebra
o{exp(8S1),...,exp(85,)} generated by the random variables exp(85;),...,exp(#5,), for
n € IN. Go is {0, Q2}.

Using the facts that exp(6.5,_1) is G,,—;-measurable and that £, is independent of G,,_4,

we see

E(exp(85.) | Gn1) = E{exp(6Sn-1) exp(86n) | Gan1)
= exp(8S5,_;) E(exp(_@{n) | gn—1)
= exp(0S,-1) E( exp(&{n))
= exp(6S,-1),

with probability 1 {(for n € IN). This martingale is also studied in Ross [1983, pages
234-236]. |

It can be seen that, since & # 0, the family {F.,n € Ny} equals {G,,n € INg}.
Therefore it holds that Tk is also stopping time relative to {G,.,n € INo}.

Trivially, a constant 1s stopping time with respect to all filtrations. It can be proved
that also the minimum of two stopping times is again stopping time (Williams [1991,
pages 219-220]). Therefore, we may consider the martingale {exp(85,),n € Ny} with the
bounded stopping time min(n, Tx). According to Williams [1991, page 100] we have by
Doob’s optimal sampling theorem for martingaies equipped with bounded stopping times

E( exp(0Smintnr))) = exp(850) = ¢,

for n € INg Now we want to use Lebesgue’s dominated convergence theorem to get the
desired result.

e On {Tx > n}, obviously 0 < E( exp(GSmm(n'TK})) < &%,
e On {Tx < n}, we have according to Ross [1974],
0 < E( exp(8Sminmrsy)) = E{exp(8Sr))

< E( exp(657y) | St <0) +
E( exp(8Sty) | Stpe > K)

1+ e supE(exp(0(6 = 1) | €1 2 7)

< 0OO.

(FAN

In fact, the supremum above should be taken over all non-negative r for which
P{¢ > ») > 0. For notational convenience, we only write r > 0.

The use of dominated convergence is justified. Interchanging the order of limit and ex-
pectation in conjunction with the non-defectiveness of Ty yields:

el = Jim E(exp(-ﬁsmjn(n,n-))) = E(eXP(95Tx))

9



= E(exp(88r,) | S <0) x (1 - au(K)) +
E( exp(657,) | ST = K) x o{K),

which is just equivalent to the stated. |

Now we can state the main result of this section. This theorem shows that a,(K)
decays approximately exponentially fast in K. We also deduce a non-trivial upper and
lower bound for this probability.

& THEOREM 3.5
Let 8 denote the unique positive solution of M¢, (0) = 1. Then, if & has a continuous
distribution,

&% — limg e E( exp(057,) | Sty < 0)
Bim —c0 E( exp(8(Sty — K)) | St 2 K )

i ea(R)e =

a positive constant, say C(a). Furthermore, we have
e —1
K sup,»0 E exp(8(6 ~ 1)) | & 2 7)

< aq(K)

690.

< .
T efKinf,5 E( exp(f(&r — 7)) | & 2 r) -1

Proor. The upper and lower bound immediately follow from theorem 3.6 and Ross
{1974]. Furthermore, clearly

Jim. E( exp(657y) | S1,c <0)

exists, since then the model with one absorbing barrier (which is reached with probability
1, see the proof of lemma 3.3) is involved. Note that this quantity does depend on a.
Using lemma 3.7 we proved the stated. [

Now we treat a useful lemma, which we apply several times in the further analysis,
for instance in the proof of lemma 3.7.

>LEMMA 3.6
Defining 0 as the unigque positive root of M, (0) =1, and S, as the nth partial sum of the
random walk starting in 0,

BE)=P@EneN: 5 > K) < e %,

PRrROOF. We give two easy derivations of this lemma. The first is due to Ross [1974, 1983].

10



¢ Define stopping time Tk, for positive K and negative L :
Txye:=inf{fneIN: 5,2 Kor S, <L}

We see immediately that {S!,n € INg} is martingale, 1 in 0. The optional sampling
theorem says:

1 = E(exp(8Sn,,) | S, SL) X P(She, S L)+

E(exp(ﬁS}K_L) | Stpe, 2 K) x P(Sz,, = K).

L so its limit for

Obviously, the first conditional expectation is smaller than e’
L — —o0 equals 0. The second conditional expectation is larger than e’X, Trivially,
B(K) equals P(S7, , > K) for L approaching —co. We conclude that B(K) is

—¢K

dominated by e and we are done.

e Doob’s inequality for non-negative (sub-)martingales (see Williams [1991, page 137])
states that

¢ X P( up
1€{0,...n}

w(05) 2 ¢) < E(em(0S) = 1,
for all positive ¢ and n € IN. It follows immediately that the proof is completed:

B(K)=P (sug exp(85)) > eeK) < e K,
i€

Note that it also an exponential lower bound can be found:

e—BK

sup,o E( exp(8(&s — ) | & = 7))

see Ross [1974]. We also see that (in for itself speaking notation)

AK) 2

B(K) and E{exp(6Sy, )| Sk, . > K)

are reciprocals. In Feller [1971, pages 374-377 and 406-407] it can be found that B(K) e?X
converges to a constant. Hence we found also that

Jim E( exp(0(Sp,.__ — K)|3n: S, > K)
is a positive constant. We will use this result in the proof of the next lemma. [

We may conclude from this lemma, that if the random walk started in 0, the probability
of ever exceeding K is dominated by e~?%. We see that this probability approaches 0 when
K — oo. This implies that for all € > 0 we can find a level K, such that the probability

11



that the random walk ever crosses K is smaller than ¢. This property of random walks
with drift to —co will be used several times later on.

>LEMMA 3.7
The following limit exists:

Jim E( exp(8(Stic — K)) | Sz 2 K).

PRrROOF. This result can be derived in four steps.

¢ Weaken the condition {57, > K} to {3n € Ny : 5, > K}. Let yx be the quantity
by which K is exceeded by {S,,n € INp}. In the proof of the previous lemma, we
already saw that

E((exp(fyx) | 3n: 5o 2 K)
is a positive constant.

In the next three steps, we prove that the weakening of the condition
{Sr, 2K} to {In:3.> K}
does not influence the existence and the value of the limit.

s In this step we verify that under the condition that K is exceeded before at-
taining a value in (—o0,0], there exists (letting K — oo} an ¢ £ Tk such that
S; € (K/3,2K/3) with probability 1.

Since a,(K) 2 B(K)/C, uniformly in K, for some positive constant C (theorem 3.5
and lemma 3.6),
limsup P{ i < Tk - K/3 < Si < 2K/3 | S1e > K )

K—o0
<y Plykss 2 K/3, e N: S, > K)
= R P(Sty > K)
< ClimsupP{yrss 2 K/3|3n e N: S, > K).
Koo

Just as in Ross [1974], conditioning yields
.E(7K,3 >K/3|3n: S, 2 K) <supE ({1 -7 ! L>2r dn: Z&- > 2K/3+r) .
20 =1

From the bounds obtained in lemma 3.6, we conclude that there exists a positive
‘constant " such that for z > r,

dPe, (x | L >, Hn:Z@ 221(/3-1—1")

i=1

12



= 4@ (X tr—2) [ ([T8(ZL +r-y)aPev))
< O dPg(z)e’ [ ( ] N e"”dPal(y)) =C'dPg(z | & 2 7).
Here the random variable in the £ in the previous display has distribution function
P <w= [ edPy(a)

i.e., the tilted or twisted version of the distribution of £;. This important distribution
will play an important part several times later on. Now we use Markov’s inequality
for non-negative random variables:
limsup P(yx/s = K/3|3n: S, 2 K)
K—oo
E(vkse > K/3|3n: 5, 2 K)

<
= e K/3
. C'supmeE(G =& 2T)
< =0,
< lmsup K/3

which terminates the proof of this step.

Hence, we found that (with probability 1) a record value is attained in (K/3,2K/3) (when
K — ).

o We call the smallest record value larger than K/3 (random variable) R. Define

Tep = inf{n € IN: S, > b, starting ina},
oy = mf{n € IN:S, <b, starting ina}.

Then we have according to lemma 3.6 that holds with probability 1,

P(ng‘o < Trp | startingin B, Ine€ IN: 5, > K)

P(Tho < Tru, starting in R, In € N: S, > K)
- A(K — R)
B(K) e~*¥ 1 ¢—0F

= BK-R)~ Ce®®&-R — C°

for some positive constant C. If K approaches oo, B € (K/3,2K/3) almost surely.
1t follows that

jr‘lim P(Tro < Trx | startingin R, In € IN: 5, > K) = 0.

We found that the probability that K is reached visiting (—co, 0} (given that K is reached)
is negligible if K grows large, provided that we start in a value large enough.

13



e So, the probability that (starting in R) the interval {K,00) is reached without at-

taining values in (—oo0, 0], given that [K, o) is reached, goes to 1 when K — co. It
follows that, starting in R instead of @, we may weaken the condition {Sr, > K}
to {3n : S, > K}. This can be explained as follows. Define the following events:

CK,I = {STK __>_ I{}
Cga = {In:5.>K}.

It is clear that Cxy © Cx 2 (for all K'). We proved in the third step that
Khlrgo P(Cka|Cky2) =1.

We leave it to the reader to verify that these two relations yield

) P(Cka) .

O ARG

i . by P(CKr2 \ CKvl) —_
(i) I(]._R P(Cra) = {.

We define Ax = {yx > u}. We already saw that img_. P(Ax | Cxk2) exists,
starting in a (see step 1). Note that this limit does not depend on a. Recalling that
R < 2K/3, it follows that this limit also exists starting in (the random value) R
instead of a. But starting in B we have

' L P(AK | OK,2)
1}1_150 P(Ak | Ck;z) = ;}EEO P(Cxp2)

P(Ck.2) P(Cxk,2)
= lim P(Ax N Cra)
K=o  P(Cgkyg)
® i P(Ax N Ck,y)
K—oo  P(Cka)
= Jim P(Ax | Cx,)

(g) Yim (P(AK N CK‘g) P(AK M (CK'Q \ Cﬁ'}l)))

Koo

We find that the limit of P(Ax | Ck,1) exists, just as desired. |

Bearing in mind that (K )e?® converges to a certain positive constant, say C, we find

the asymptotic distribution for the increments of the random walk on the path to level

K-

lim P(6; >u|ImeN: S, > K)=
K—oo

. B(K — z) . 1
e S — 4JP )
I\lxm k) BUE) dP¢ (z) + lim %, )ﬁ(K)d g (2)
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Now we note that
P~ =) _ e
BIE} ™ sup,poE(exp(8(¢ 7)) & 27

) and /(u %) e#dP; (2) < 1,

dominated convergence applies to the first limit. It follows that the ’intercha,nging of limit
and integral is allowed, and we find

) B(K —z) _
f( - Jim 1(u,K)(x)TK)—dPe; (z) =

.- BK — z)efK==) _ bz
/(; lim ]-(u,B)(z) ﬁ(f()e”" € dei(I) = ‘[(u,oo)e dpﬁl(x)'

'oo} K—oo

It is very easy to prove that the second limit equals 0 (this problem can be tackled in the
same way as in the proof of theorem 4.4). We see that under the condition {3n: S, > K}
the &; seem to be sampled from a distribution with cumulative distribution function

f‘ ¢ 4P, (2) instead of f“ dPg, (),

for K — oco. Approximately, the same holds under {Sz,, > K} and K tending to oo. This
observation gives rise to the change of measure used in the fast simulations described in
section 6.

4 The probability of a loss cycle

TO MEET OUR objectives in queueing, we have to modify our model slightly. For initial
value ¢ > 0 we define

So = @

S, = (1-1-2{5 where n € IN,
i=1
with & 4 _Aifiisodd and & 2 Bifiis even, for some non-negative random variables
A and B having a continuous distribution. Let the family {&,¢ = 1,2...} consist of
independent random variables. We see that the summands are not identically distributed
anymore. Later on in this section, we will choose A4 and B such that this model covers
the queueing model considered in section 1.
We assume throughout that P(B > A} > 0, and E(A4) > E{B). Let 0 be the unique
positive solution of E(e=%4)E(e’®) = 1. Define

Up = (exp(@Sn)) X (l{n even} + E(e?B)1{n odd}) )

In lemma 4.1 and theorem 4.2 we present results parallel to results obtained in section 3
for the standard random walk.
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=LEMMA 4.1
{Un,n € Ng} is martingale with respect to its own filtration, with value €% in 0.

PROOF. The reasoning behind this lemma is straightforward. Construct the natural
filtration as before (see theorem 3.4). First, we assume n € IN to be odd. Almost surely,

E(Un | 0{Usy--,Una}) = E(exp(8Sa) E(e’®) | St )
= exp(6S,-1) E( exp(t?«.fn)) E(e’B)
= exp(85,-1) E(e™%*) E(¢?P)
= exp(0S,—1) = Uns.

In similar fashion, if » € IN is even, with probability 1,

E(Un | o{Us,...,Una}) = E(exp(8Sn) | Sn-1)

= exp(8Sn-1) E{ exp(6%,))
= exp(8Sn-1) E(e?®) = Up1.

It is clear that {U,,n € INo} is a martingale. Note that the U, can also be regarded as
the product of » independent unit mean random variables. It is easy to prove that all
sequences with this property are martingales (Williams {1991, page 95]). ]

In the same way as in the previous section we define stopping time Tx as the first
epoch at which the process {S,,n = 0,1,...} leaves the open interval (0, K). Analogously,
we can prove that Wald’s fundamental equality holds:

E(UTK) = Uo = 'ee“.

Again, let a,(K) be the probability that, starting in a, a value in [K, 00} is attained by
{5,,n=0,1,...}, before {—o0,0] is hit. It now follows that
e = E(Ur)
= E(Ur | St 2 K) x au(K) +
E(Ure | S1c 0) x (1= ae(X)).

Note that under the condition {ST, > K}, Tk is even with probability 1, whereas under
{91, < 0}, P(Tx isodd) = 1. Using the property ‘taking out what is known’ of the
conditional expectation (see Williams [1991, page 88]), we get the following equality:

e = E(exp(8Smy) [ St 2 K) X 0ulK)+
E( exp(8Sty) | St <0) E(e?B) x {1 - au(K)).

Hence we proved the equivalent of theorem 3.4,
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> THEOREM 4.2
oo( K} equals the ratio of N(K) and Dy(K), where the numerator No(K) is defined by

e’ — E{ exp(65z,.) | Sty < 0) E(e’)

and the denominator D,(K) by
E( exp(85y) | Sty = K ) — E exp(6S1.) | Sz < 0) E(eF).

Analogously to the results derived in the previous section, one can prove that a,(K)
tends approximately exponentially fast to 0 when K grows large:
ok _ €= limgecs E{ exp(05ty) | Sty < 0) E(eB)
limg o0 E{ exp(8(Sty, — K)) | Sry = K)

a constant, say C(a). Just as in the case of the independent, 1dentically distributed incre-
ments, we can find a non-trivial upper and lower bound for a,(K). It is left to the reader

I}J_]}go o {K)

to verify that for all positive K

Ca(L) == it E(ef~4 [A>r) < E(exp(6Smc) | S <0)
< sup 'E(eg("_‘q} | A > r) =: Ca(U)
>0
and on the other hand
Ca(L) = it E(!® | B> 1) < E(exp(6Sr,) | Smy 2 K) e ™

< sup E(ee{B_r] | B > r) =: Cp(U),

r>0

see also Ross [1974] (note that this result is achieved by conditioning on T'x and St,_1).
We also see that Ca(U) and C4(L) are not larger than 1, whereas Cg(U) and Cp(L) are
equal to or larger than 1. Noting that it is easy to prove (cf. theorem 3.5) that the limits
of N,(K) and D,(K) exist (K — o), we gave the proof of the next theorem:

i>THEOREM 4.3
The probability o, (K) 1s asymptotically exponential:

ﬂlim o, (K)e'® = C(a),
where C(a)} is a positive constant. Uniformly in

K > Ko := max {% log (-E(JB)%%) ,o}

we have the following upper and lower bound for a,(K):

efa — E(e"BYCa(U)
PK Cp(U) — E(e?B)CA(L)

ef* — E(e?P)C4(L)
ePKCp(L) — E(efB)C4(U)

< oK) <
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As explained in section 2, in the GI/G/1 queueing model, A 4 o{A1—Ag) and B i B,.
If o K} denotes the probability that in a cycle a customer is rejected, it is easy to verify
that we have

oK) = [ " ae(K)dB(a) + [ aB(a)
0 K ’
invoking the law of total probability, conditioning on the work requirement of the first

customer. To guarantee that we may use the resulis obtained earlier, we assume that ¢
15 the uniquely determined positive root of the equation

E(e=¥41-40)E(%B1) = fm e " dA(z) /m e**dB(z) = 1.
0 0

i>THEOREM 4.4
The probability of a loss cycle is asymptotically exponential:

Jim a(K)e = f Cla)dB(a) < oo,
— i}
a finite constant. Uniformly in K > Ko,

K ef — E(efB)C4(V)
/o X C5(U) — E(e?B)CA(L)

K ef —E(e?B)Ca(L)
</ TRC3(L) = E(eP)CA(U

iBla)+ /K ” dB(a) < a(K)

dB(a) + /R ~ dB(a).

PROOF. Using theorem 4.3, the second part of the stated is trivial. Consider the first
part. Obviously, conditioning on the amount of work brought along by the first entering
customer, yields

K pOC
lim o(K)e™ = Jim [ au(K)e™ dB(e) + lim /K ’XdB(a),

K—wco K-+oo Jp

if these limits exist. Now we show that the first limit equals a positive constant, whereas

the second equals 0.

e We first investigate K
lim | . (K)e? dB(a).
K—=on Q
Using the upper bound derived in theorem 4.3, we see that for K larger than
log(2E(e?2))/6 it holds that

eﬂa eBK

fa
7K _ E(eB) < 27

o (K)e <

Since the product of the moment generating functions of the random variables
—o({A; — Ao) and B; is finite in § (namely 1), it is clear that

/Ooo 2¢%2dB(a) = 2E(efP1) < o0.
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We found a dominating integrable function for o, (K)e®”, independent of K. There-
fore, we have by invoking Lebesgue’s dominated convergence theorem and theorem
4.3

Ji oKaa(K)eeKdB-(a) = Jim /0°° Lio y(a) cro(K) €5 dB(a)
= fo Jim 1po(a) au(K) e dB(a)
= /:DC(a)dB(a),

a finite constant.

¢ Finally we examine the second limit

im [ *KdB(a).

K—oo JE

Obviously, on {a > K} the integrand €’ is dominated by €%, so

[+ ~] v a]
lim estB(a) < lim eQ“dB(a) = 0,
4 Ko JK

—0 JK
since E( exp(@Bl)) < 00, as mentioned before. This completes the proof.

We may conclude that the probability of a loss cycle approximately obeys an exponential
decay in buffersize K. ]

We derived the desired properties (see section 1) for a( K') instead of 71 (K} and #5( K).
It is clear that these quantities are strongly related. In the next section we study this
relation.

5 The relation between 7;(K) and a(K)

IN THIS SECTION we investigate the connection between oK) and m:(K), where ¢ = 1,2.
We recall that oK) is the same for both models. Define:

Lg—}(t) := Number of customers rejected in [0,1] ;

AZ(t) := Number of customers arrived in [0,1] ;
L}? := Number of customers rejected in a cycle;
Af;? := Number of customers arrived in a cycle;
CY := Length (in time) of a cycle.

For the notion ‘cycle’, we refer to section 2. The subscript K indicates the buffer capacity,
whereas the supercript ¢ corresponds with the queueing discipline: ¢ = 1 denotes the
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partial rejection case and ¢ = 2 the complete rejection case. Using the Renewal-Reward
theorem (cf. for instance Tijms [1986, page 10] or Wolff [1989, page 60]),
i (@)
1P _ E(L¥)

lim =

and similarly ' “
L AR E(4R)
i—oo E (Cf{-))

with probability 1 (¢ = 1,2). We find, using the fact that almost sure convergence survives

continuous transformations,

19w E(ZR)
mi(K) := lim AQ@y  E (Ag’)) ’

almost surely (¢ = 1,2). Recalling that a loss cycle is defined as a cycle in which at
least one customer is {partially or completely) rejected, we get by conditioning on the

occurrence of a loss cycle -

£ (L}? | no loss cycle) Pk (no loss cycle)
e (4x)
E (LY | loss cycle) Px(loss cycle)
& (AD) ’

TF{(K) =

which reduces to )
r(k)  E (LR oss cycle)

oK) T E(AD)
¢ = 1,2. One of our objectives was (see section 1) to find non-trivial functions m;(.) and
n2(.) such that

m(K) < m(K) < oK),

for 1 = 1,2 and K large enough. Using theorem 4.4 and the result obtained above, we
only have to prove that the ratio of m;(K) (where i = 1,2) and o K) has a positive upper
an lower bound, uniformly in K. Then we found, in case of A; — Ag and B; having at least
exponentially fast to 0 tending tails, functions 7:1(.} and #2(.} with the desired property.

B>THEOREM 5.1
There exist two positive constants m and M such that

r(K) E (Lﬁ-} | loss cycle)

MENE) T T B (4%9) =M
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i=1,2 and K > 0.

PROOF. It is sufficient to prove that £ (L}? | loss cycle) as well as E (AE:)) has a positive
upper and lower bound for ¢ = 1,2.

e First consider E (L_(;? | loss cycle). Let {£n,n € IN} be a family of independent,

identically distributed random wvariables with
& 4 —0o(Ay — Ao) + Bs.

The sequence {S,,n € Ny} denotes the partial sums of the £,. Put Sy := 0. We
leave it to the reader to verify that

1<E (Lft? | loss cycle) < 1+ E(X),
with P(X = j} = p’(1 — p) (j € INy). Here p denotes
P({S,,n € IN} hits [0, c0)),

i.e., the probability that {S.,n € IN} attains at least once a value in [0, 0o). Since
E(&) <0, it is a well-known result from random walk theory (see for instance Feller
[1971, pages 396-397]) that p < 1. But

'1+E(X)=1+§jpj(l-—p)<1+Z:jpj=1+(—1-§-p)—2<oo.

Note that this upper bound cannot be calculated in practice, since we omit a simple
expression for the probabihty p. Fortunately, we can give a bit more tractable upper
bound for the mean of Lf;?, conditioned on a loss cycle. According to Wolff [1989,

page 418],
log( 1 )=ZP(S,1>0)'

l—-p = n
Recalling definition 3.1, we define the so-called Large Deviations rate function or
the Legendre-Fenchel transform of the function log M, (.):

I(z) :=sup (8:1: —log M&(g))_
[
The following result involving sample averages is due to Chernoff:
P(Sn > 0) < P(S, = 0) = P(Sa/n 2 0) < 7@,

uniformly in n € IN. It can be seen that E(¢;) < 0 implies that I(0) > 0. These
results can be found in for instance Chernoff [1952], Ellis [1985, page 247] or Bucklew
[1990, pages 117-119].
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It {follows immediately that

1 oo e—nI(O} 1
e ]

n=1

which leads to p < exp(—1(0)) < 1.
An upper bound for E (L_(;? | loss cycle) becornes

o~1(0)

1+ (1 — e-100))2’

which can be calculated easily. Note that no explicit expression for the density
or cumulative distribution function of £ is required, since {(in for itself speaking

notation) we have Mg, (8) = M4, 4 (—o8) Mg, (8).

e Now we investigate E (A}?) . It is immediately clear that for all positive K this
quantity is not smaller than 1. Also, the number of customers arrived in a cycle will
be smaller than in a queueing system without capacity restriction. That is,

E(AK) < E(4x) := lim E(AP) < oo,

+ = 1,2. An expression for the generating function of the random variable A, can be
found in Wolff [1989, pages 420-422}. Using this relation, an expression for E(Aq)

can be derived.

Note that the bounds obtained above are valid for partial as well as complete rejection. ®

Our second goal was to prove that for some positive constants 8, {3 and {; it holds
that
Jim T K)eH = ¢,
for + = 1,2. According to theorem 4.4, we only have to prove that the ratio of n;(K)
(¢ = 1,2) and oK) goes to a positive constant as K approaches co. From observations

earlier in this section, it is sufficient to prove that
. (6) . : ()
Jim E (L% | loss cycle) and Jim E (4)

exist (z = 1,2).
In the proof of theorem 5.1, we already saw that the existence of the limit of E (A_(;?)
for K -» o0 is gnaranteed. It takes only a little effort to prove that

I}]_r& E (LE;}) | loss cycle)

exists, since it 1s easy to verify that E (Lftf-} | loss cycle) is bounded (see theorem 5.1)
and increasing in K. On the contrary, considering the queueing discipline with complete
rejection, we need a lot of tedious reasoning.
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In the remainder of this section, we only consider the complete rejection case. We use
the same model as in section 4: Sp := 0 and S, is defined to be the sum of the first »
(where n € IN) &;. Here §; 4 By if ¢ is odd and &; 4 —o(A; — Ap) if ¢ is even.

Again, define Tk by the first epoch at which the interval [0, K] is left by the stochastic
process. Just as in lemma’ 3.9 concerning (S, — K | St 2 K) (the ‘overshoot’), one can
prove that (K — Sy,.~1 | St 2 K) (the ‘undershoot’) has a limiting distribution when K
goes to infinity. Define

Pr(z) = P(K — Sy <2 | Sty 2 K) where z € [0, K],
and its limit
P(z) := I}E%o Px(z) where z € {0, c0).

Note that, for fixed z, the mean number of rejected customers after the first rejection and
before the end of the cycle, given that the amount of work in the system is K — z at the
first rejection, is bounded (theorem 5.1} and increases in K. We may conclude that this
quantity, which we abbreviate to E(Lg;z), approaches a limit value when K — co. We
will call this pointwise limit E(L.; ). In the sequel we investigate

K
E(LY |loss cycle) =1+ f E(Li; 2)dPx(z)
0
for K — oo. The candidate for the limit is
E (L([f,) | loss cycle) =14 /Ooo E(Ly; 2)dP(2).

Before we prove that this limit exists, we first treat three lemmas.

B>LEMMA 5.2
E(Lk; x) is a coniinuous function of x, where z € [0, K].

PROOF. Fix an € > 0 and an z € [0, K]. We have to prove that choosing z’ near enough
to z (but 2’ # z) leads to

|E(Lx;2) — E(Lgs) | <e.

Without loss of generality, we may assume 2z’ < z. In for itself speaking notation we find
the following upper bound, using the iriangle inequality:

| E(Li;2) — E(Lx;=) | = | sz P(Lo{K) = 1) — fje P(Lo(K) = i) |

i=1 i=1
< Yi| PLo(K) = i) - P(La(K) =4) |,
i=1
According to the proof of theorem 5.1, we have for a certain probability p < 1, that
P(L,(K)=1) <p' for all y € {0, K]. Choosing an integer N such that
oo . €
Z tp < T

i=N+1

23



we find that we only have to consider a series with a finite number of terms:
| E(Lx;2) - E(Ixs;a) | < = + Zz | P(L(K) =) — P(Lo(K) = 3) | -
=]

But we can derive a bound for the terms of that series:
| P(L(K) = i) = PLa(K) =) | =
| P(Lo(K) =i, LK) # ) — P(Lor(K) =i, Lo(K) #3) | <
2 P(Lo(K) # Lo(K))-

It is clear that P(L.(K) # Lu«(K)) < ¢/2N(N + 1) yields the stated. This can be
achieved as follows. It is clear that a necessary condition for the event {L,(K) # L.(K)}
is that there exists a work requirement such that starting in z there would be no overflow,
whereas starting in z’ level K is reached. For the first work requirement with this property,
say B,, it holds obviously that B, has to be in an interval of length z — z’. Now it follows
that

o

P(L.(K) # Lo(K)) = JZOP( H(K) # LK) Lar(K) = §) % P{Lot(K) = 5)
< ;OP( oK) # La(BO\ Lo K) = §) x 9
< ;;ililgP(a<Bl<a+(x—m)) x p
o X saglgP(aS Bi<a+(z—2'))

Note that the second inequality is justified by the subadditivity of the probability measure.
Choosing z’ such that

P ¢
< ! — —r—
-5 i‘iﬁp(a Bi<at(z-2))< 2N(N +1)’
we find the desired result
!E(L x) — E(L ’)| <<4 NE 21 < €
o) r e — — .
# o 2" & T2N(N 4 1)

In view of the arbitrariness of the choice of ¢, we obtained that the investigated function
is continuous. =

Also its limit function for K — o0, E(Lo; 2), can be proven to be continuous. Since
the bounds used in lemma 5.2 actually do not depend on buffer size K, we can simply
copy the proof.
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t>LEMMA 5.3
E(Leo; ) 18 a continuous function of &, where z € [0, 00).

The next useful analytical lemma can be found in several mathematical textbooks, for

instance Rudin [1964, page 150]. It gives some sufficient conditions for uniform conver-

gence. We state the lemma without proof.

>LEMMA 5.4
Let C be compact. Suppose

¢ (fr)aso are continuous functions on C;
¢ (fn)a>o converges pointwise to a continuous function f on C;
s for fized x € C, fr(z) decreases in n.

Then fo, — f, uniformly on C. In other words:

sup | fo(z)— f(z) |[— 0 (n — o0).
zeC

Using lemmas 5.2, 5.3, and 5.4, we are able to prove that limyg— E (L

exists. The triangle inequality yields
| £ (LY [loss cycle) ~E (L [loss cycle) | =
| f E(Loy; 2)AP(x /K (Lx;2)dPx(z) | <
:Ifo E(Leo; 2)dP(z / z)dPx(z) | +
| [ ELi2)Pr(e) - [ ELiio)dPr(a)].
We prove that both last terms converge to 0.

e First consider

| [ B 0)P@) ~ [ ELaiw)dPi(z) |

}f—’ | loss cycle)

Since E(Lq; ) is continuous and bounded and Px(z} — P(z) (where = € {0, 00)),
we see that, using convergence in distribution, this term converges to 0.

¢ Finally, we investigate

| [ B 2)Pr(e) ~ [ E(Lxs2)aPx(a) ]|
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It is clear that E{L.;z) — 0 (z — o). This can be proved as follows

0 < limsupE(Ly;z)

=

< limsup_ ilimsup P(L,(K) = i)

zme0 =g Koo
< 1 b = =0,
< 132}1)%6@)213 T Jim 5(z)

according to lemma 3.6. Obviously, also liminf,_., E(Le;z) = 0, which implies
that E(L.,; ) — 0 when z — oo. Here p is defined as in theorem 5.1.

Thus, there exists an zo such that for all z > o we have that E{L;z) is smaller
than ¢/2. If K runs from zo to oo, we see

| /OKE(Lw;a:)dPK(:B)— /DKE(LK;:E)de(m <

I ~/[0,a:o] (E(Loo;x) — E(Lk; :z:))dPK_(:c) I +

| o (B )~ i) aPsto) |

Because of the choice of z,

| ](EO,K)(E(LM;&?)—E(LK;:z:))dPK(x)| <

[ 3

Now we still have to prove that there exists a Ko such that for all K larger than K

| [, (E(Ls2) — E(Lxi o) )aPr(a) | <

b

We invoke lemma 5.4 (with respect to the compactum [0, z¢]). The first condition
is satisfied because of lemma 5.2; the second because of lemma 5.3; the third since
E(Leo; z) — E{(Lk; ) decreases in K for fixed z € [0, zo]. Applying lemma 5.4, there
exists a Ky such that for all K > K,

sup l E(Le;z) — E(LK; 2) I < E,
z&{0,z0] 2

which implies the stated.

t>THEOREM 5.5
The ratio of a( K) and m;(K) converges to a certain constant, when K — oo (1 = 1,2).

We may conclude that, provided that the distributions of A; — Ay and B, are such that

there exists a & with the desired property, we proved our second objective. As mentioned

before, § denotes the unique positive solution of My, _,,(—c@)Mp,(8) = 1. Supposing
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that the customers arrive in accordance with a Poisson process with rate A, this equation
can be simplified as follows. Using integration by parts,

) : o0 [:o e"dB(y)
= 3 —:09 (1 + j:o 968”*(1 - B(y))dy) .

Therefore, M, - 4,(—08)Mp,(6) =1 is equivalent to § =0 or

M, - 4o (—08)Mp, ()

.;l/o“’ ef’y(i — B(y))dy = 1.

We proved the comjecture given in Tijms {1986, page 330] for the long-run fraction of
rejected customers in the model with a Poissonian arrival pattern and complete rejection.

6 Estimation of 7;(K) by fast simulation

IN THE PREVIOUS sections we proved the following asymptotical result for the long-run

fraction of customers causing an overflow:
7 K) =~ (e~

for large K and : = 1,2. Whereas we can solve 8, for the amplitude factors (; and (; we
did not find an explicit expression. We know that {; and {, are constants, but we do not
know their values. By means of simulation, we may try to estimate them. Moreover, the
approximation above is only valid for large values of K, so for small K simulation is an
important tool to obtain information about the values of 7 { K} and mo( K).

To estimate the n:(K) (¢ = 1,2) we simulate the (complete or partial rejection)
queueing process. Supposing that n customers entered the system, an estimate of 7;{ K)
(2 = 1,2) is the usual Monte Carlo estimate: the number of customers causing an overflow
divided by n.

However, the long-run fraction of customers that cause an overflow is typically small,
say 107%. Clearly an enormous number of arrivals must occur to obtain an accurate
estimate, which causes large simulation times. Apart from that, perhaps more random
numbers are needed than the period of the random generator! This may cause unstable
estimates. In the sequel of this section we present a method to cope with these problems.

In the further analysis, we will apply the following equation from section 5, where
1=1,2:

E(LY)  E(LY |loss cycle)
E(AR) E (AY)

It is clear that we can obtain an estimate of the long run fraction of rejected customers

by estimating subsequently E (L{;? | loss cycle), E (A{I:}) and a(K'). Note that we have to

mi(K) =
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deal with the .same kind of problems when estimating oK) instead of m;(K) (¢ = 1,2).
However, a ot of time can be saved and instability can be avoided estimating o K) by
Importance Sampling, as we will explain now. Basic references in the field of variance

reduction by Importance Sampling in conjunction with Large Deviations are Cotrell et
al. [1983], Parekh and Walrand [1989], and Bucklew [1990].

As usual, define §; := B; — o(Aiy1 — Ai), where i € IN. We assume that the eguation
M;,(#) = 1 has exactly one positive root, which we will call simply §. We define by Q¢,(.)
the exponential tilted or twisted version of P, ({.):

dQg, () == *dPg, (2),

The choice of @ yields that Qg,(.) is a probability measure as well. But where the mean
under Py, (.) is negative

f °; 2dPg,(z) = E(&) < 0,

conversely it holds that -
[ 2dQq(2) = E(@e™) > 0.

(Cf. the proof of lemma 3.2. E(£e%1) is the slope of the moment generating function
M, (.} in the point (8,1), which is obviously positive.) So, sampling the £; not from P, (.)
but from distribution Qg (.), the queueing process gets a positive instead of a negative
drift. In other words: we are dealing with an unstable instead of a stable queueing system.

Changing the distribution of §; has several advantages. Suppose that we simulate the
queueing system until [K, 00) or (—oo, 0] is hit, and we repeat this procedure several times.
It turns out that K is crossed often under Qg (.), in contrast with the case that the &
are sampled from their original distribution. We see that under the new distribution rare
events occur more frequently. Furthermore, the drift of the new process (i.e., a straight
line with slope E(£1€%:) ) equals the optimum trajectory to a high level, as mentioned in
section 2. It can be seen that in some sense this change of measure is optimal (Cotrell et
al. [1983], page 910]). Roughly speaking, if the buffer contents reaches a high level, it is
as if the & are sampled from Qg,(.), see also the final paragraph of section 3.

To simulate the queueing model under the new distribution, we have to know the
new densities of the amount of work brought along and the amount of work processed
between two arrivals. We assume that —o(A; — Ag) and B, have densities a(.) and 5(.),
respectively. Trivially we have

dPe, () = /

e

6(:1‘,‘ - y)a(y)dya
o
which results in the new density

Qe (2) = [ eba~ylalpdy = [ bz — y)ea(y)dy =

—c0 —co
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© Vb —y) eMaly)
f_m Mz, (0) Ma,_a(~00) "
Under distribution Q¢, (.) we see that £; is distributed as the sum of two random variables
having densities

. % b(z) *b(x
) om ) )
Jo* e™b(y)dy  Mp,(6)
for non-negative z and
LE bz
o (z) e a(x) _ e a(x)

TP e va(y)dy My, (—00)

for z < 0. We find that under the twisted distribution we may let By have density 6*(.)
and —o (A — Ag) density a*(.).

Simulate the queueing process under Qg (.) until either a value in [K, 00) or in {—00,0]
is attained. We will call this a run. Perform n; runs. It is clear that estimating oK) by
the number of runs in which the interval [K, co) is reached diveded by n, would give too
large values. Obviously, we have to measure how more likely K is exceeded in a run under
Q¢, () than under P¢, (.) to compensate the fact that reaching K occurs more frequently
under the twisted distribution. Therefore, we determine likelihood X; of run j. Suppose
that in run j the interval [K, 00) is hit via the path {wq,...,wn ), where wo =0, w,,, =2 K
and w; € (0,K) for ¢ € {1,...,m — 1}. Then the likelihood ratio (cf. Radon-Nikodijm
derivative) of this run is

m =1
T;= H a£°) H aée},
=1, odd i=2, even
Here a,@ is defined as the likelihood ratio of a step upwards from w;..; to w;, which reduces
to
a(_O) - Mp, (9)
T eflwimwia}

On the other hand aﬁe} is the likelihood ratio of a step downwards from w;_; to w;:

o©) = Mar-a(=09)

v efwimwio1)
It turns out that z; = Mp, (0)exp(—bwy). Put z; := 0 if in run j the interval (—oo,0]
is hit. It can be proved that z; < 1 (for j € {1,...,n;}} guarantees that we get a more

accurate estimate using the sample mean

Z(ng) == “Z: z; /0y

j=1

instead of the estimate obtained by simulating under Pg (.}, see Walrand [1988, pages
336-337). It can be proved X{n.) converges to E(X;) = a(K) almost surely (n, — o).
Note that z; < 1 is achieved for

K > log (Mz,(0))/6.

29



If cycle 5 is a loss cycle, we have a good starting point for the simulation of the
number of customers lost in a loss cycle Y;. In case of partial rejection, this starting point
is obviously K. On the contrary dealing with complete rejection, we start to simulate
in wpy—q. {This is justified by the fact that, if a high level is reached by the queuneing
process, the §; seem to be sampled from distribution Q¢ (.).) The simulation of ¥; should
be performed under Pg (.). The realization of this simulation is denoted by y;, where
7 €{1,...,ny}. An unbiased estimate for E (L}? | loss cycle) is

oy
¥(ny) == Zyj/ny°
J=1
According to the strong law of large numbers Y(n,) — (Y1) with probability 1, n, — co.

Finally, simulate n, cycles of the (partial or complete rejection) queueing distribution
under distribution P¢,. Let Z; denote the number of arrivals in cycle 7, z; its realization.
Again, an unbiased estimate for E (Af{;)) is its sample mean Z(n,). The estimator Z(n,)
also converges almost surely to E(Z;) if n, tends to oo. An estimator for 7;(K) is

o X(na) Yny)
E(ng,ny,n,) = —w.
Since almost sure convergence survives continuous transformations, we see that this esti-
mator converges to 7;( K} with probability 1, if n,,n,,n, — oo.

However, we do not want only an point estimator for 7;(k ), we also want to know
how ‘good’ the obtained estimate is. Estimating the ratio of two means, it is possible to
construct a confidence interval using the central limit theorem, see for instance Law and
Kelton [1986, pages 299-300]. Unfortunately, a similar approach seems to be impossible in
this case. Therefore, we have to use other techniques to do statements about the accuracy

of the estimate of the quantity of interest. We introduce the notion Level of Confidence
(see also Walrand [1988, page 335)).

t>DEFINITION 6.1
An estimate & of o has Level of Confidence (a,5) € (0,1) x (0,1) if

g

The parameter a is called the relative precision; b denotes the confidence. Usual values

&~ «

Sa)zb.
a

are for instance a = 0.2 and b = 0.9 (i.e., we can claim with 90% confidence that the true
value is contained in the confidence interval; the ratio of the confidence interval half-length
to the true value is smaller than 20%.)

Now we try to find a lower bound for the probability

E(nx,ny,nz) — m(K)
dEr ‘ <o)
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to see what confidence is guaranteed given relative precision ¢. First we define a4 :=
1+ a and a_ := /1 — a, and the following intervals:

L = [E(X)e-, E(X1)ay] o= [EX)(2-ay), E(X1)ay]
I, = [E(W)e_, E(M)ay] I [E®)@ - ay) s E(i)as]
L = [E@&)/es, E@)fa-] L = [E(H)/as, ER)@ - 1/ay)]

It is easy to derive that the intervals I, I}, and I; are symmetric with respect to means

E(X:), E(Y1) and E(Z1), respectively. Now consider the following trivial inclusions:

{;'E(nz,ni;:(zjg)— ar,-(K)} < a} 5

{HX_(nw) €, 0 Y(r,)el, 0 Z(n.) E Iz} >

Xtr) el 0 Y(ny)el, 0 Z(n)el}
Noting that {X ¢ I'} implies that | X — E(X(n.)) | > E(X3)(ay — 1), we find the
following upper bound, based on Chebyshev’s inequality (for instance Williams {1991,

pase ) Var(X(n,))

(Xa)(ay = 1)%’

and an analogous expression for Y (n,). For Z(n.) we find

P ()_((nz) g I;) <E

— . Var(Z(n,))
P (20) ) < gt ey

Note that in case of complete rejection {X;,5 =1,...,n,} and {Y;,7 =1,...,n,} are
‘almost’ independent sequences. This can be seen as follows. Suppose that in cycle j level
K is reached by trajectory (wy,...,ws) then z; is determined by {(we,...,wy), whereas
the appropriate realization of the number of customers lost in a loss cycle mainly depends
oD (Wm41s Wm+z, - --). In case of partial rejection, both sequences are obviously completely
independent. '

The observations above yield

([Pt <) 2

(1 - EEF;()ﬁyﬁ—%l)z) (1 - EE/Y)((Y)/Z)) (1 - E(;)((lz : /17)) |

We may estimate Var(X;) by the sample variance

122 — 2(ne))

nz_]_
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(Var(Y1) and Var(Z,) analogously). Sample mean F(n,) can be used as estimate for
£(¢41) (E(Yh) and E(Z,) analogously). Deciding that the sequences {X;,7 = 1,...,n,}
and {Y;,j = 1,...,n,} are not independent, according to the Bonferroni inequality (Law
and Kelton [1986, page 308]) we still have the lower bound

_ _Var(Xa)/ne  Var(W)/n,  Var(Zy)/n,
E2(Xi)ey —1)2  BP(M)e: —1)  EHZN1-1/ay)?’

1

which is a bit weaker than the bound above. Noting that ¢, ~ 1+2aand 1/ay =~ 1 - z2a,
the bounds obtained can be simplified to

9 (Var(Xy)/n, Var(Yi)/n, Var(Zi)/n.'
‘?2( E2(X,) | B(vn) | EZ) )

Given relative precision ¢, we can find in this way a guaranteed confidence b. But,
since the used inequalities may be not sharp, the actual Level of Confidence is probably
considerable higher than this guaranteed Level of Confidence (a,5). Note that relative
precision and confidence are in some sense exchangeable: a higher accuracy a yields a
lower confidence b.

To conclude this subsection, we give some simulation results. In the case of Poisson
arrivals (i.e., the interarrival times are exponentially distributed, say with mean A™1)
excellent approximations are available for the buffer size K such that #;(K) is smaller
than a given fraction v, where v € (0,1). We call this buffer size K;{v), : = 1,2. In this
way, we can compare v with the simulation estimate. In the remainder, we take for the
sake of convenience E(B;) = 1 and ¢ = 1. Furthermore, we choose the parameters of the
distribution of work requirement By such that its squared coeflicient of variation (Tijms
(1986, page 393]), say ck, equals 7.

We let §ldet) {998 o g 4 respectively 4P, ¢ and ({*®) be the corresponding
values of 8, {; and {; in case of By having a deterministic and exponential distribution,
respectively. In for itself speaking notation, it can be found in Tijms [1986, pages 314 and
329] that the following two-moment approximation is valid:

Ki(v) = C%Kz‘(epr(v) + (1 _ CQB) K"{det)(y)
(exp) {det)

~2 : exp) i (det)

log( » )/29 +10g( U)/Q& ,

where i = 1,2, Denoting the offered load AE(B;)/o by p, we have according to Tijms
[1986, pages 57-59, 311, and 326-329],

1 agldet) G(det) )
{det) — - ]
6 BB log (l -+ X ) log (1 + 3 ) ,
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(det) _ (1 = p)obld=y (1 — p)ptdey
: MoCE(B) - (1—p)) (6620 = (1 - p))

b

dey _ (1=pep(BUVE(B)) (1= p)2exp(69Y)
2 - G{det)E(Bl) -_ (1 -— p) - B(det) _ (1 _ p) ’
l-p
6{exp} = = 1 — F
E(B1) p
=P plexp)
’ A
Cgexp} —_ (1 _ p)e—p .

Note that the first equation of this display can be solved numerically, using a fixed point
iteration scheme.

For the work the customer brought along, we focus on three distributions. These
distributions have two parameters each to make sure that we can choose them such that
E(B:) =1 and ¢ = 1. First we consider the Frlang(2) distribution with shape parameter
g. Since E(By) = 1, we see immediately that g = 2. Denoting by 8 the solution of
Mg, (6) = 1, we obtain that the twisted version of the distribution of B, is again Erlang(2),
but with shape parameter g — 6. |

Then B, is distributed as a mixture of Erlang(l) and Erlang(3) random variables
with the same shape parameter g. Under the new distribution, B; is still a mixture
of Erlang(l) and Erlang(3)} distributions, but the weights have changed and the shape
parameters become g — 6.

Finally, B; has a shifted exponential density : B, & E +1, for some positive constant
! and F distributed exponentially with mean u™*. It can be seen that the twisted version
of this distribution is again shifted exponential with location parameter {, but with decay
rate u — 8.

Noting that the new distribution of the interarrival times is exponential with mean
(A +6)71, we are ready to implement the fast simulation of the queueing systems. In the
next tables, we choose the buffer size such that the long-run fraction of customers that
cause an overflow is about 10~%, 10~¢ and 107°, using the two-moment approximation
given above. Fixing the relative precision at 20%, we get the following results.
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Partial rejection

v =103 Erlang(2) Mixed Erlang(1,3) Shifted Exp
p=02K=580 |206-10"° 1.00-10~3 2.79- 1073
(96%) (96%) (94%)
p=05K=0916 |1.61-10% 1.18- 1073 1.71- 102
(96%) (96%) (97%)
Il p=0.8 K =20.39 |1.31-1073 1.28 - 1073 1.32-107°
| (92%) (90%) (91%)
Complete rejection
v =10"3 Erlang(2) Mixed Erlang(1,3) Shifted Exp
p=02 K =565 |141-10"3 0.92-10-3 1.98.10°3
(94%) (95%) (94%)
p=05K=2853 |1.25-103 1.04 - 1073 1.54-10-°
(96%) (96%) (97%)
p=08K=1776|1.24-10"° 1.08-1073 1.26 - 10~®
‘ (92%) (93%) (93%)
Partial rejection
v=10"° Erlang(2) Mixed Erlang(1,3) Shifted Exp
p=02K=11.42|1.72-107° 0.85 - 10~° 5.23-107°
(96%) (96%) (97%)
p=005K=1882)163-10"° 1.12-1078 2.24 107
(94%) (94%) (97%)
p=08 K =4569|123.107° 1.11-10-° 1.48- 107 |
(91%) (91%) (90%)
Complete rejection
v=10"° Erlang(2) Mixed Erlang(1,3) Shifted Exp
p=02K=11.27]140-10"° 0.79 - 108 2.32-10°°
b(94%) (95%) (94%)
p=05K=1818|137-10"° 1.07 - 1078 1.94-107¢
(96%) (56%) (94%)
p=1038 K =143.04 | 1.35-107° 1.25-10-° 1.40-10-¢
(92%) (93%) (90%)
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Partial rejection

v=10"° Erlang(2) Mixed Erlang(1,3) Shifted Exp
p=02,K=1704|1.46-10"° 0.56 - 10~° 9.67-10°
(96%) (95%) (96%)
p=05,K=2848]1.49.10"° 0.95-10° 3.55-10"°
(96%) (94%) (97%)
p=08 K="709911.27-10"° 1.12-10°° 1.66-10°
(90%) (91%) (%)
Complete rejection
v=10"° Erlang(2) Mixed Erlang(1,3) Shifted Exp
p=02K=1688{1.01-10"? 0.55 - 10~° 6.23 - 10~°
(95%) (95%) (97%)
| p=05,K=2784]1.32-10"° 0.87-107° 2.40-107°
(96%) (94%) (93%)
p=90.8 K =6835|1.28.10"° 1.16-107° 1.57-107°
(92%) (91%) (91%)

We added the gnaranteed confidence between parentheses. We chose n, and n, such
that this confidence was at least 90%. In the complete rejection case, the simulation
results can be compared with those in Tijms [1986, page 330]. In case of partial rejection,
buffersize Ki(v) differs slightly from the values found in Tijms {1986, page 315]. This is
a consequence of the fact that we did not use exact values for K{*(v) and K{™(»).

¢ I am indebted to Ad Ridder for his useful comments and suggestions.
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