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Abstract

In this paper it is shown that 2 necessary and sufficient condition for a Marko-
vian queueing network to have transient product form is that all queues are
infinite server queues,

Keywords: Queueing network, Transient behaviour, Product form, Infinite
server queunes, Necessary condition, Canonical product form.

1 Introduction

There is a very large literature which studies product forms in queueing networks
(see, for example {7}, {13], [L4], and the references therein). However, most of these
authors consider equilibrium behaviour only. For the transient behaviour of queueing
networks there seem to be very few analytical results although the transient behaviour
of single queues has been studied extensively (see, for example [9]). Here, the time
dependent probability distribution is expanded in terms of the eigenvalues and eigen-
vectors of the transition matrix. For networks of quenes, however, this method seems
to be of little value. In this case the number of eigenvectors and eigenvalues would
be almost impossible to handle. Therefore, it seems of great interest to give closed
form (e.g. product form) expressions for the transient probability distribution.

The transient behaviour of open networks of M/G/oco queues with homogeneous
Poisson input is studied in {8]. In [4] these results are extended to a tandem network
of M/G[oo quenes with non-homogeneous Poisson input. {5] studies the transient
behaviour of closed queueing networks of M/G /oo queues and open networks of
M/G/oo quenes with non-homogeneous Poisson input. It is shown in these refer-
ences that a network of M /G /oo queues has a transient product form distribution.
Furthermore, it is shown that this distribution converges for open queueing networks
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with a homogeneous Poisson input process and for closed queueing networks to the
well known product form equilibrinm distribution. The method used in these refer-
ences to derive the transient product form distribution is an independence argument.
It relies on the fact that the sample paths for individual jobs in a queueing net-
work consisting of M/G/oo queues only are independent and therefore the transient
probability distribution has product form. It is assumed in these references that the
network is initially empty in the open network case and that all jobs start at the same
queue in the closed network case. Up to now, however, networks consisting only of
M/G[oo queues seem to be the only networks studied in great detail.

Based on the experience with equilibrium product form distributions one would
expect that networks in which non M/G/ oo queues appear may also possess a product
form transient distribution. However, in this paper we show that for a Markovian
network to have a transient product form distribution all queues must be M/M/co
queues. This states the main result of this paper:

¢ For a network to have product form transient distribution it is necessary that all
queues are infinite server queues.

In the remaining part of the introduction we first describe the model. Then we
introduce canonical forms for the transient product form distribution. In section 2
we give sufficient conditions for the transient distribution to be of product form. In
sections 3 and 4 respectively we use the canonical form to give necessary conditions
for an open resp. closed queueing network to have product form. It then turns out
to be the case that it is necessary and sufficient for the network to have a transient
product form distribution that all queues be infinite server queues.

Consider a continuous-time queueing network consisting of NV stations, labelled
1,2,...,N in which one type of job can move between the stations. A state of the
queueing network is a vector 7 = (n,,...,ny), where n; denotes the number of jobs
at queue i, i = 1,..., N. Assume that the queueing network can be represented by
a continuous-time Markov chain with state space V C N = {0,1,2,...}¥. The
transition rate from state #i to state &’ is denoted by ¢(%, 7).

Assume that the transition rates are of the form

PR — e)
$(7)
where p;; denotes the probability that a job leaving queue : routes to queue j, ¢, 7 =
1,..., N, py; denotes the probability that an entering job routes to queue 3, 7 =
1,..., N and p; denotes the probability that a job leaving queue ¢ leaves the network,
t = 1,...,N and where ¢; denotes the ith unit vector, 1 = 1,..., N, ¢g = 0, the
vector consisting of zeros only and %(-), ¢(:) are arbitrary functions such that ¢(-) >
0, ¥(-) =0, and (™) = 0 if m; < 0 for some . It is known (cf. [1], [6], [12]) that
for transition rates of the form stated in (1.1) a necessary and sufficient condition for

the process to have product form equilibrium distribution

Q(ﬁ'aﬁ'“ef'l'ej):pfj i,jﬂo,...,N,ﬁEV; (11)



N
m(n) = B$R) [[ci* ReV (1.2)

k=1

is that the coefficients {c;}i_, satisfy the traffic equations

N
¢ = cpij+po; J=1,...,N. (1.3)
=1
. The form (1.3) for the traffic equations varies slightly from that given by many
authors. The usual form for the traffic equations has pg; replaced by Apo; with A the
parameter of a Poisson arrival process. The fact that po; appears here is a consequence
of the fact that we have written all transitions (including arrivals) in the form (1.1).
This point is discussed in more detail in section 1.1. Also, note that the function (-)
does not appear in the equilibrium distribution. This is a direct consequence of the
form of the global balance equations.
In this paper we will show that a necessary and sufficient condition for the time-
dependent distribution P(#,t) of a queueing network with homogeneous transition
rates given in (1.1} and initial conditions '

N
P(#,0) = Bog(#) T] &+

k1
to be of product form, defined by

N .
P(,) = B(t)$(7) [[ cx()™ " eV (1.4)
k=1
is that the network consist of M/M /oo queues only and that the coefficients {cx(?) }i-,
satisfy the time-dependent version of the traffic equations

1 dey(t) &
P ;E ) =Y {c{t)px —ce(t)pr} + pox —cxpro k=1,..., N (1.5)

=1

with initial conditions

Ck (0) = £k,

where for a closed queueing network we set por = pro = 0, ¥ = 1,..., N in the
relations above and where {u;}i., is a set of coefficients defined in terms of the
transition rates between specified states. '

Note that, for a given physical model, there is freedom in setting the parameters
in the description above. This can be immediately seen by observing (1.1}, where we -
are allowed to multiply both ¢(:) and ¢(-) by an arbitrary constant without affecting
the transition rates, or by observing (1.5) for a closed queneing network where we are
allowed to multiply the ci(¢) by an arbitrary constant. Therefore, since we wish to
give necessary and sufficient conditions for the time-dependent distribution to be of



product form, we first transform the model such that all freedom in the coefficients
appearing in the model is removed. This gives slightly different formulations for the
open and closed model and also changes the form of the time-dependent version of the
traffic equations for the open queueing network. Therefore, in the discussion below,
we will consider the open and closed network separately.

1.1 Canonical form for the open network

In this paper we consider an open queueing network with state independent Poisson
input with parameter A. The transition rate ¢(7,% + ¢;) for an arriving job is then
given by

g(f,n+e;) = Apg; 7 = 1,...,N.
From (1.1) we then obtain
P(n) = Ad(R) VR eV.

In the following lemma we summarize all changes this implies for P(#,1). This
lemma provides a unique form for the transition rates already obtained in {2] and
[6]. However, since it also determines the parameters of the time-dependent queuneing
network and also gives a transformation for the coefficients ci(t) we have inserted it
here.

Lemma 1.1 (Canonical form) Let P(#,t) be a time-dependent probability distri-
bution on V={f:7=(m,...,nn),n = 0,i =1,...,N} of the form

N
P(n,ty= B(t)d(R) [] ()™ neV,t>0

k=1
and let f(7i,7) be a function on the set V of the form
fi,t) = J;(ﬁ —&) 5 1=

f(#,1) T €V,1=0,...,N (1.6)
satisfying

fr,0)=A neV. (1.7)
Then by defining

B(t) = B(H)4(0) (1.8)

om = S5 |1 (1.9

cr(t) = A&() (1.10)



P(#,t) and f(#1,7) can be written in the canonical form

P{n,t) = B(t)¢(R) ﬁ ck(t)™ REV, 120 (1.11)
k=1
f(a,0) = %‘—_ﬁ)ﬁ neV,:=1,...,N (1.12)
where
$(0) = 1. | | (1.13)
Proof Comparison of (1.6) and (1.7) gives forallm € V
$(R) = Ag(). (1.14)

Substitution of (1.8), (1.9) and (1.10) into the right-hand side of (1.11) gives

— N e o DT a(ﬁ’) N g A - Nk
B(t)é(n)gck(t) = B(t)4(0) I A IT (Aé(t)

m k=1 k=1
o N
- B(t]qﬁ(ﬁ)}:_[ al(t).

Substitution of (1.14) and (1.9) into the right-hand side of (1.6) immediately gives
the right-hand side of (1.12) and from (1.9) it immediately follows that ¢(0) = 1.0

Inserting the transformation (1.10} in the time-dependent traffic equations (1.5)
gives '
1 dey, (t) N

T > A{ei(t)pix — ex()pii} + Apok —cipro k=1,..., N, (1.15)
Hox i=1i

with initial conditions
Ck([}) = /\&k

This is the time-dependent version for the traffic equations used by. many authors
when the arrival process is a state independent Poisson process. Note that for the
original process with transition rates (1.1) and stationary distribution (1.2) this is
not the appropriate form. However, for the case of the transformed model, the traffic
equations (1.15) are equivalent to (1.5).

The condition (1.7) imposed on f{-) implies that the arrival process to the open
queueing network is a state-independent Poisson process with parameter A. With the
transformation defined in the lemma above the transition rates for the open network
are given by

_ n—e) . .
q(n,n—eg+ej)=p;j% t=1,...,N, y=0,...,N

g(f, i+ e;) =Apo; j=1,...,N.

which is in agreement with the transition rates obtained in [2] and [6].
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1.2 Canonical form for the closed network

Note that 1 does not appear in the time-dependent probability distribution defined
n (1.4). In the stationary case this is a consequence of the global balance equations.
Also, it was shown in section 1.1 that to model an open queueing network with state
independent Poisson arrivals it is necessary that ¢ be a constant multiple of ¢. In the
closed case, however, it is intuitively obvious that the function (-} should appear
explicitly in the time-dependent distribution. This can be argued as follows: For
fixed 72 and ¢ the role of ¥(7 — ¢;) is to speed up or delay transitions out of state
7 due to the departure of a job at station ¢ or transitions into state 7 due to the
arrival of a job at station ¢. If (% — ¢;) is changed then the arrival rate to and from
state 7 is changed. While this does not affect the equilibrium probability of being in
state 7 it will affect the time-dependent probability for most initial conditions. Thus
there is no hope that a closed queuneing network with general ¢(-) could have a time-
dependent distribution of the form (1.4). Therefore, we assume from the start that
for the closed network #(-) = ¢(.). This agrees with the condition that is imposed
on the open network by assumption of state independent Poisson arrivals.

Note that there still remain some degrees of freedom in the parameters of the
process. In the following lemma we give a transformation which removes all freedom
from the model.

Lemma 1.2 (Canonical form) Let P(7i,t) be a time-dependent probability disiri-
bution on V = {A : i = (n4,...,n5),n; = 0,7 = l,...,N,Z;’ilni = M} of the

form
P(#,t) = B(t)é(R I‘[ ™ REV,t>0

and let f(7,7) be a functaon on the set V of the form
PR —e)

f(n,1) = - evV,i=1,...,N.
Ty
Define
‘_f(MC,;,?:) —
Hi = M _11 '1N

then by defining

O] okl SRy (1.16)

Bl = Bwdo) [29?] £>0 (1.17)
@)

#(n) = 70) (1.18)

P(n,t) and f(7,2) can be written in the canonical form
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N

P(#,t) = B(t)g(a) [[ as(®)™ n eV, t20 (1.19)
k=1
_ . plA—e) -

f(n,1) = ) nev,i=1,...,N (1.20)
where

$(0) = (1.21)
and

i%:l Vi > 0. (1.22)

Proof For fixed t P(fi,t) is a probability distribution over V, therefore for all &k we
have that 0 < €.(f) < oo for all ¢ and for all ¢ there exists a k such that &(¢) > 0.
By assumption we have that ¢(-) > 0, which implies

N (s
0<Z—cl‘u<oo
i=1 #’!

from which we obtain that (1.16) is well-defined. _
Inserting (1.16), (1.17) and (1.18) into the right-hand side of (1.19) gives by using

N M

N &)

k=1 =1 i k=1 izl Hi

- ﬁ N N N Eg ng
B#)¢(@) [] ex®™ = B)d(o) (Z—) A T ey [H (z_ﬁ).) }

= P(#,1).
Inserting (1.16) into the left-hand side of (1.22) gives
N N N a1}
ci{t) 1 [ 'C;(f)]
—_ = —;(t —r =1
= M ;#; () ; Hi
which completes the proof. o

Substitution of the transformation (1.16) into the time-dependent traffic equations
(1.5) gives the following form

1 dck(t) _ N . ‘ _
g = alpk—al) k=1...,N.

i=1

In this paper we will assume henceforth that all queueing networks, closed or
open, are represented in the appropriate canonical form.
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2 Sufficient conditions

In this section we give a sufficient condition for the transient probability distribution
to be of product form.
The transition rates for the open queueing network are given by

q(ﬁ,ﬁ—eg+ej)=p;j%ﬁl ii=1,... N (2.1a)
g(fn,n+e;)=Apy; 7=1,....,N (2.1b)
Q(ﬁ:ﬁ_ei)=pi0ﬂ%'(%jig i=1a"'1N' (Q'IC)

Thus, ¢(#,7% — e; + e;} can be written as p;; f(#1,:) where the f(#,7) are given for
the open and closed models respectively by (1.12) and (1.20). We thus assume that
(1.13) resp. {1.21) and (1.22} are also satisfied. For a closed queueing network the
transition rates are given by (2.1a), obtained from the transition rates for the open
network by setting pio = po; = 0, 7 = 1,...,N. Note that we have assumed that
$(%) > 0 for all A € NY and ¢(%) = 0 if n; < 0 for some 1.

A probability distribution P(%,t) is said to be the time-dependent probability
distribution for the process with transition rates ¢(f, #') if P(#,t) satisfies the forward
Kolmogorov equations (cf. [14])

P0G - 5 (P, el 7) - PG e 7)) 22

with imitial conditions
P(n,0) = Po(fr).

The product form transient distribution (1.4) satisfies the forward Kolmogorov equa-
tions if and only if the following relation holds for all @ € V and for all t > 0

1B Xon dal) | gln—e)

B(t) dt ; c(t) dt é.jz=1 G(0)d(R) {ci{t)psi — ci(t)pis}
+ Z {ei(t)pio — Apoi } (2.3)

NgR—e)
+e§ i (t)d(R) {Apoi — ci(t)pio}

as can easily be verified by substituting (1.4) and (2.1} into (2.2}.



Remark 2.1 (Lévy’s dichotomy) In order to derive (2.3) from (2.2) we implicitly
used the fact that P(%,t) > 0 for all # € V for all ¢ > 0. This can be justified as
follows. If P(n,t) = 0 for some £, then, from Lévy’s dichotomy (cf. {3, page 126]),
P(#i,t) = 0 for all t > 0. This implies that for some kg for which n,, > 0 we have
that cg(t) = 0 for all £ > 0. However, if this is the case, then P(#,t) = 0 for all
such that ny, > 0. Therefore, for all ¢t > 0 queue kp cannot contain any jobs and we
may remove queue ko from the network. Hence we may assume that P(#1,t) > 0.

Remark 2.2 (State space V) If the product form transient distribution (1.4) sat-
isfies the forward Kolmogorov equations then for the open queueing network we obtain

P(0,1) = B(t)$(0) = B(1)

which is non-zero. Thus the state # = 0 must have non-zero probability for all time 1.
Similarly, for the closed network,

P(Me;,t) = BO)p(Me)e:() i=1,...,N

which is non-zero unless the number of customers in queue ¢ is zero for all ¢, which,
as remarked above, we can discard.

The following theorem gives a sufficient condition for the transient probability dis-
tribution to be of product form. For a network of M/G/oc queues, with non-
homogeneous Poisson input in the open network case, this product form was obtained
in [5]. However, the formulation used in that paper is rather different from the for-
mulation used in the theorem below. The transient form for the traffic equations does
not appear in [5). Furthermore, the initial conditions in the theorem below are more
general than the initial conditions in [5]. Therefore, we give the theorem in terms of
our formulation and also include the proof of the theorem.

Theorem 2.3 (Sufficient conditions) Consider a queueing network with product
form initial distribution

N
Py(n) = Bod(n) [I & eV
k=1

where ¢(-) satisfies

(" ~er) o _
o) k=1,...,N. (2.4)
Then
N
P(7@,t) = B(t)¢(R) H cx(t)™ (2.5)

where the {cy(£)}, satisfy the traffic equations
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N
idc;t(t) = Zc,r(t)P;'k +Apok —c(t) k=1,...,N (2.6)

i=1

with initial conditions

ex(0) = & (2.7)
and the normalization constant B(t) satisfies
1 dB i
B( ""‘—— = Z {Q Pgo /\Poi} (2.8)
=1

with initial conditions

B(0) = B,. (2.9)
Proof Insertion of (2.4) into (2.3) gives
1 dB(t) &
O ;{C: )pio — Apoi}

N .
B g Z(T {Z {e(t)pjs — ci(t)pi} + Apo: — ci()pio — uid_?siil}

which is obviously satisfied if (2.6) and (2.8) hold. The initial conditions {2.7) and
(2.9) give

P(#,0) = Py(7)

which implies that (2.5) gives the transient probability distribution of the process
with transition rates satisfying (2.4). D

Remark 2.4 (Explicit form for P(fi,t)) Note that the above theorem applies to
both the open and the closed network case. In the closed case interpret pro = por =0
n (2.6) and (2.8).

From {2.4) we obtain

$(R) = Ifll;i— (:k)nk- (2.10)

For the closed network case we find from (2.8) and (2.9) that B(t) = By for all £ > 0.
From (1.22) we then obtain

P(a, t)_MIkH]nk( (t))nk neV,t>0.

£k
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For the open network case we find from (2.8)

ﬂ%%t) = i{&'(ﬂpeo = Apo: }
3; N
= Z {q(t) (1 —Z:Pej) _)\Pos}
3 N1 deg(t)
= _EZ dt

which implies

B(t):BoﬂeXp[ olt) =& ﬁ {#k)].

k=1 Hi
From (2.10) we then obtain

P(#,t) = ﬁ exp [uck(t)l - (c“(t))nk REV,E20.

k=1 HE #k

Remark 2.5 (Mixed open and closed networks) Theorem 2.3 applies to open
and closed networks separately, but it also applies to mixed queueing networks where,
for example, part of the neiwork is closed and part of the network is open. This is
a direct consequence of the product form initial distribution which guarantees that
separate parts of the network are independent at t = 0. However, if these parts do
not interact then they remain independent and the product form holds for all ¢ > 0.
This observation is not mentioned in [5].

Remark 2.6 (Time-dependent input process) Note that, in the proof above,
we may replace A by A(t) . This implies that the results from [5] are generalized in
the theorem above to product form initial conditions.

Remark 2.7 (General initial conditions) Note that, since the forward Kolmogorov
equations are a set of linear differential equations, if P()(@,¢) is a solution of the
forward Kolmogorov equations with initial conditions P( )( ), ¢ = 1,...,1 then

I, .k,;P(')(ﬁ t) is a solution of the forward Kolmogorov equations with initial condi-
tions 3°_, & P (7). This allows us to further extend the possible initial distributions
to non product form initial conditions.

3 Necessary conditions for the open network

In this section we consider a Markovian open queueing network. We will show that a
necessary condition for the network to have a transient product form distribution is
that all queues are M/M /oo queues. First we give a general lemma considering the
solution of the traffic equations. This lemma will be used in the proof of the necessity
result stated in Theorem 3.3.

11



Lemma 3.1 Let {u;}, be a set of positive numbers, { A}, and {&}0L, be sets of

i=1
non-negative numbers and P = [py], 4,7 = 1,..., N be a stochastic matriz whose
essential submatrices ave strictly substochastic and such that

Vi =1,...,N 3 a sequence #j,,...,1; such that )t,-jlp,-_,._l,-hpgmgja e Piy g > 0.{3.1)

Let {c;(t)}Y, be a solution to the set of differential equations

1 de;(t thd .
2 C( )= _c‘(t),,1_253‘?(-{5)};.5”-|-,\1 2=1,...,N (32)
Hi dt i=1 .
such that
q(ﬁ):{; i=1,...,N. (3'3)

Then if there exists & € N} \ {0} such that

N
1:[1 c:(8)™ (3.4)

is independent of 1, it must be the case that the initial conditions are such that the
ci(t) are in equilibrium. That is, the &; satisfy

N
L= &Gpi+ A i=1,...,N.
i=1
Proof Define the vectors (t), X and £ such that [(t)]; = a(?), [,_\]_i =) and [§]; = &
and the matrix M such that
1
— fr=3
(Mi; =1 7
0 otherwise.

The system of equations (3.2) with initial conditions (3.3) can now be written

dfi(tt) = D[P — ]M + M | (3.5)
such that
50) = £. (3.6)

The assumption that the essential submatrices of P are strictly substochastic implies
that all the eigenvalues of (P — I} M have negative real parts (see {11]) and so the
solution of (3.5) can be written in the form (see, e.g. [10])

J m{d)

E(t) = .T\(I — P)_l + Z Z Ajr th et Wi (3.7)

i=1 =0

12



~ where the set {—a; }J'Ll contains the distinct eigenvalues of (P — I) M, which have
algebraic multiplicity m(j)+1, ordered so that Re{ami1) = Re(am) and Im{ompgr) >
Im{am,) if Re(ay) = Re(ams1) and the w;; are linearly independent vectors. The
Aj are constants determined by the initial conditions (3.6) and the factor A(7 — P)~?
arises as a particular solution to (3.5). The matrix (I — P)~? contains only non-
negative entries (see Theorem 2.6 of [11]). Moreover, assumption (3.1) implies that
A(I — P)™! contains only positive entries.
The individual components of {3.7) can be written

_ J mG)
ai(t) = Alge ot +3° 3 A ¢l emet (3.8)
=1 I=0

where, for convenience, we have denoted ag = 0 and A§) = [A(I — P)™Y);. For fixed ¢
J(i) = max{j > 0: 3 with A # 0}
and for fixed ¢ and § < J(¢)

L= max{l >0: AS) # 0} if such an [ exists
" 0 otherwise.

J(z) is well defined because (‘3 # 0. Using (3.8) and the ordering of the o; it follows
that the coefficient of

[tLJ(a')i e—aJ(e)t] ™

in ¢;(t)™ is B(#) = (AsL,.,.)" which is non-zero. The coefficient of

tz; nil iy exp [_ z ng&]{g}fl (3.9)

in the expansion of (3.4) is
N
11 BG)y™.
i=1

Now for 2 # 0 € N{¥ (3.9) depends on t unless crj;) = 0 Vi. If this is not the case

(3.9) is linearly independent of the other terms in the expansion of (3.4). It follows

that, for (3.4) to be independent of ¢, ayy) = 0 Vi which in turn implies J(i) == 0 Vi.
Thus, from (3.8)

a(t) = AQ = \(I - P)™%);

and the system is in equilibrium. o

13



Remark 3.2 In the following theorem §;, A; and p;; will be interpreted as initial
conditions, arrival parameters and routing parameters for an open network of queues.
In this context the ijth entry of (I — P)~! gives the expected number of visits of a job
to station § per sojourn time in the network conditional on it entering the network
in station z. Thus the jth entry of

1
A

is the expected number of visits of a job to station j per sojourn in the network.
By Assumption (3.1) this is non-zero. If this assumption is not satisfied there exist
queues which cannot be reached from outside the network. Assume queue ¢ is such a
queue. Then in (3.8) above A$) = 0. There are now two cases to be considered:

-A(I - P)™!

(1) There exist 7,/ such that Ag? > 0, in which case B(¢) > 0 and an argument
similar to that used above leads to the conclusion that (3.4) is dependent of t.

(ii) «(2) = 0 V¢, which implies £; = 0 and queue ¢ started off empty, as did all other
queues § with p;; > 0. In this case these queues never have any jobs and can
be removed from the model.

Conversely, if queue % is such that it can be reached from outside the network but
customers can never depart the network having reached queue 7 the assumption that
the essential submatrices of (I — P) are strictly substochastic no longer holds, and 0

is an eigenvalue of (I — P). In this case the ith component of the particular solution
of (3.5) has the form

Al 550

where A(' # 0. It follows that ¢;(2)™ and [IIV, ¢;(2)™ can never be independent of t.
This is to be expected since, in this case, there exists no equilibrium distribution for
the queueing network.

The last case to be considered is that in which there exist queues to which jobs
can neither arrive from outside the network nor depart to outside the network. In
such a situation there must exist an irreducible closed network which is isolated from
any other nodes in the network. In this case we need a result slightly different to
Lemma 3.1. This is given in Lemma 4.1 in section 4.

Theorem 3.3 Assume the network has an initial distribution of the form
P(7,0) = Byd(fa HE . (3.10)

Then it is necessary for the time-dependent probability distribution to be of product
form

N
P(n,t) = B(t)qﬁ(ﬁ)kl:_[ cr(t)™ {3.11)

14



that for the set of numbers {u, Y, defined as

1
= e a
the {cx ()}, satisfy
C N
iiﬁ% = ;C"(t)pik + Apor — cx(t) _ (3.13)

with initial condition
cx(0) = & (3.14)
and that the normalization constant B(1) satisfies

_ N
:E%t)% =Y {—Apoi + ci(t)pio} ' (3.13)

i1

with initial condition
B(0) = By. (3.16)

Furthermore, if the network is not in equilibrium, then it is necessary for the existence
of a product form transient distribution that

¢('ﬁ, - ek) .

—_— = g A7

) o (3.17)

Proof Relation (2.3) must hold for all #1, therefore in the light of Remark 2.2 insertion
of A = 0 is allowed. Using the fact that ¢(i} = 0 if n; < 0 for some ¢ this gives (3.15).
From (3.10) and (3.11) we obtain for # = 0 that B(0) = B, which proves (3.16).
Insertion of (3.15) into (2.3) gives

N 5. de: N A_e) (X | .
2 cg(;) dj?) =3 Cit) Q&(qﬁ(ﬁ) ! {E {ei(t)psi — cilt)pis} — cilt)pio + ,\.pﬂ,r} {3.18)

i=1 i=1

Insertion of # = ¢; into this relation and use of (1.13) and (3.12) gives the traffic
equations. From (3.10) and (3.11) we obtain for { = 0 and & = e; that the initial
condition for ¢(t) is given by ¢x(0) = &. Insertion of (3.13) in (3.18) gives

= 51 de(t) $(7 — e;)
0= i=1 WT {n; - i () } (3.19)

which must hold for all 7i. We now show by an inductive argument that for all & &(-)
is given by

am=ﬁi(ﬂm- (3.20)

15



If 72 = 0 then, by (1. 13) #(0) = 1 which satisfies (3.20). Now assume that (3.20) holds
for all @ such that Z,_l n; < M — 1, then for 7 such that 2 -, 7 = M we obtain by
insertion of (3.20) for & — e; into {3.19)

B N 4 EIC‘_(Q - 1 N 1 i e — B
’ = ;Z;Cs'(f) dt {n' #fﬁﬁ(ﬁ)g(ﬂk—‘ske)! (#k) }

N N Ry
ni de;(t ) { 1 1 ( 1 ) }
1l ——— — . 3.21
2w @ U L m (3.2
From Lemma 3.1 and Remark 3.2 we obtain, unless the process is in equilibrium,
that for at least some ¢ > 0

N o n; de;(t) d N ny
2o dtlog[n +(t) ]#0‘

=1 & k=1

Therefore, from (3.21) it follows that (3.20) holds for 7, which completes the induction
step.

Taking the quotient of (3.20) for # — ¢; and i immediately implies that (3.17)
holds. o

4 Necessary conditions for the closed network

In this section we turn to closed queueing networks, Because the state space is
restricted to V = {72 : 1N, n; = M} the induction argument used for open queueing
networks cannot be applied. We are able only to prove that if one queue of a network
with time-dependent product form is an M/M /oo queue then, unless the network is
in equilibrium, all the queues must be M /M /oo queues. The queues can always be
re-labelled so that this "special” queue is queue number 1. Lemma 4.1, below, gives
a preliminary result needed for the theorem. In the analysis below we assume that
the network is irreducible. Note that this is not a restriction since we can analyse
the irreducible subnetworks separately if the network is reducible.

Lemma 4.1 Let {y;}, be a set of positive numbers and {£;}L, be a set of non-
negative numbers, P = [p;;] be an irreducible stochastic matriz and {c;(t)}; be a
solution to the set of differential equations

14 N ,
C‘( ) = C;’(t)"l'zcj(t)})ji = 1,...,N (4.1)
p dt =
such that

C"(O):Eg 2'=1,...,N

and
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% al) _q oy, (4.2)

i=1 i

Then if there existn € V = {i € NV : TN, n; = M} other than Me, such that

N
I a@)™ (4.3)

=2

is independent of t, it must be the case that the initial conditions are such that the
¢i(t) are in equilibrium, i.e. the € satisfy

N
&=y &p; j=1,...,N.

im=1
Proof Equation (4.1} can be written
de(t)
dt
such that

&0)=¢

and the individual components ¢;() still have the form (3.8) except that the term
A((,':O}e‘ 0! arises not as a particular solution to the inhomogeneous differential equation,
but because ap = 0'is now an eigenvalue (of multiplicity 1) of (P — I)M. It follows
that the A((;D) are the equilibrium values for the closed network. The ¢;(t) can be
chosen such that (4.2) holds by the lemma on canonical form.

Using similar arguments to the proof of Lemma 3.1 we can conclude that the
coefficient of

N
Din ML S0y
exp

= &(t)(P — M

i

N
-2 nm(«')f]
=2

in the expansion of (4.3) is [[)L, B(:) which is non-zero.
Thus (4 3) is independent of  only if A?I} =0 in (3.8) for all § > 0. In this case
() = Aoo =§;, i1 =2,...,N. However, by (4.2), for all ¢

at) = m (1—%5‘.@.)

i=2 M
= fl-

The network 1s thus in equilibrium. o

Theorem 4.2 Assume the network has an initial distribution of the form
N
P(#,0) = Bod() [] "
k=1

17



Then it is necessary for the time-dependent probability distribution to be of product
form

N

P(n,t) = B(t)¢(n) [T cx(t)™ . (4.4)

k=1
that for the set of numbers {u; Y}, defined as

_ (M —1)ey)
HE = M 3(Mer)
the {ci ()}, satisfy
1 dey N
id dit) = > {ei()pir — cu(t)ps} (4.5

i=1

with initial condition

Ck(U) =& (46)
and that
B(t)y=B, t>0. ' (4.7)

Furthermore, if queue I is an independent M/M[co queue, and if the network is
not in equilibrium, then i is necessary for the existence of a product form transient
distribution that

$(n — ex)

= UpNk. 4.8
o) (4.8)
Proof Insertion of n = Me; into (2.3) gives after rearranging the terms
1 dB(t)ei(?) 1 dei(t) =
BGR) dt 1 + i dt M; {ci(t)pii — cilt)pi;} (4.9)
Summation of (4.9) over all 7 gives by using (4.2)
dB(t) _
@ D

which implies (4.7). Insertion of (4.7) into (4.9) implies that the traffic equations
(4.5) hold. Insertion of i = Me; into (4.4) for ¢t = 0 gives (4.6). Insertion of (4.5)
and (4.7) into (2.3) gives

L L da -
R U NS 0

Now assume that queue 1 is an independent M/M /oo queue with service rate nyuy
if n, jobs are at station 1, then the transition rates can be rewritten as

i=1

18



(6 ~e)
$(v)
where ¥ is the vector which is obtained from # by removing the 1st component and
¢ is the function which is obtained from ¢ by removing the 1st component irom the
argument of ¢ and 1{A) is the indicator function of event A. Note that ¢ is defined

up to a multiplicative constant only, therefore, without loss of generality we may
assume that ¢(0) = 1. Insertion of (4.11) into (4.10) gives

i=2 Hi (v)

q(ﬁ,ﬁ~—e,~+ej) = ( ( 75 1)+ﬂ‘p‘.11(t = 1)) Pij (411)

which must hold for all # in the set V = {'5 tv; 2 0, Z?;z o < M} The remaining
part of the proof is very similar to the proof of Theorem 3.3. By using Lemma 4.1
we obtain by induction that, unless the process is in equilibrium

3(‘2— &)
#(?)

= Vifti, O

5 Discussion and general remarks

The major contribution of this paper is a proof of the fact that a Markovian queueing
network which is not in equilibrium can have the transient product form

P(n,t) = B(t)$(n) [] ex(t)™ (5.1)
k=1

only if it is a network of infinite server queues.
In addition we prove the result that a network of M/M/co queues with an initial
product form distribution

P(i,0) = Bog(7 H &*
k=1

has the tramsient product form distribution (5.1} where the ci(t) satisfy the time
dependent traffic equations

1 dc;,.(t)
P

N
= D ei(t)pa + dpox — exlt) (5.2)
i=1

subject to

Ck(o) =
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These two results can be combined to show that it is necessary and sufficient for a
network of queues, not in equilibrium, to have a product form transient distribution
that it be a network of infinite server queues.

For more specific inttial conditions, but more general arrival characteristics and
service time distributions the sufficiency part of this result has been previously estab-
lished in [4], [5] and {8]. However, the time dependent traffic equations (5.2) appear
to be new, as is the expression of the open and closed models in canonical form.

Our results have the advantage of reducing the derivation of the transient distri-
bution of the network to the solution of a set of linear differential equations with a
number of variables equal to the number of queues in the network.

There are several observations that can immediately be made from our results.
It is clear from the form of (3.7) that as ¢ — oo P(#,t) approaches the equilibrium
distribution 7(7). For open networks it is of interest to also consider the case where
the arrival rate to queue ¢ is a function of time (say App; = Ai(2)). This was considered
in [4] and [5] where it was shown that networks of queues with non-homogeneous
Poisson input have a product form transient distribution. It is easy fo show, using
methods similar to ours, that if a Markovian network of queues with non-homogeneous
Poisson input has product form then (3.13) - (3.16) must be satisfied. However, it is
unclear how to argue, in general, results analogous to Lemma 3.1 and Remark 3.2.
These results are used in the proof of Theorem 3.3 only to show that if a network is
not in equilibrium then for some ¢ > 0

N on; de;(t)
L @ *° ©2)

If (5.3) can be assumed then (3.17) also holds for networks with non-homogeneous
Poisson input.

A similar observation can be made with respect to the proof of Theorem 4.2.
Statements {4.5) - (4.7) can be shown to follow from product form even if ¢ is replaced
by an arbitrary + in the numerator of (2.1a) and if it is not assumed that one queue
is an infinite server queue. These assumptions are used only in the proof of (4.8).

If a network of queues is to have product form for arbitrary service time distri-
butions then it follows from our analysis that it must be a network of infinite server
queues merely by observing that exponential service times are special cases of general
service times.
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