1988

ET

05348

CONDITIONING AND DEPENDENCE
Herman J. Bierens

Besearch Memcrandum 1988-62

VRIJE UNIVERSITEIT
. FACULTEIT DER ECONOMISCHE WETENSCHAPPEN
EN ECONOMETRIE
AMSTERDAM






CONDITIONING AND DEPENDENCE *

Herman J.Bierens
Department of Econometrics
Free University, Amsterdam

December 1988

* Chapter 9 of:
PRINCIPLES OF NONLINEAR AND NONPARAMETRIC REGRESSION ANALYSIS
To be published by Marcel Dekker Inc., New York.






PRINCIPLES OF NONLINEAR AND NONPARAMETRIC REGRESSION ANALYSIS

TABLE OF CONTENTS:

PREFACE

PART 1: PRELIMINARY MATREMATICS

i
[= N R o P SO ]

e hy b R R B B2
o W W ke

[t
-t

[
[~

BASIC PROBABILITY THEORY

Heasure-thesretical foundation of probability theory
Independence

Borel measurable functions

Hathematical expectation

Characteristic functions

Randow functions

CONVERGENCE

Weak and strong convergence of random variables
Convergence of mathematical expectations

Convergence of discributions

Central limit thecrems

Further results on convergence of distributlons and
mathematical expectations, and laws of large numbers
Convergence of random functions

Uniform strong and weak laws of large numbers

INTRODUCTION TO GONDITIONING

Definition of conditional expectation

Basic properties of conditional expectations
Identificatfon of conditional expectations

PART 2: REGRESSION ANALYSIS UNDER INDEPENDENCE

4.
4.1

4.2

4.3

NONLINEAR FARAMETRIC REGRESSION ANALYSIS

Honlinear regreasion models and the nonlinear least
squares estimator

Consistency and asymptotic normality: General theory
4,.2.1 Consistency

4.2.2 Asymptotic normality

Congistency and asymptotic normality of nonlinear
least squares estimators In the L1.1.d. case

4,3.1 Consistency

Wonown
L

o
Lo ]

o

o h o h
ow e

oo o
= Oh tn

4.3.2 Asymptotic nmormality
4.3.3 Consistent estimation of the asymptotic
variance matrix

Consistency and asymptotic normality of the ponlinsar

least squares estimator under data heterogeneity
4.4.1 Data heterogeneity

4.4.2 Strong and weak consistency

4.4.3 Asymptotic normality

Testing parameter restrictions: The Wald test

TESTS FOR MODEL MISSPECIFICATION N
White’s version of Hausman's test

Rewey's M-test

5.2.1 Introduction

5.2.2 The conditional M-test

A consistent conditional M-test

The integrated M-test

THE HADABATA-UATSON KERHEL REGRESSION FUNCTION
ESTIMATOR

Introduction

Asymptotlc mormality in the continuous case
Uniform consistency in the continuous case
Discrete and mixed continuous-discrete regressors
6 4.1 The discrete case

6.4.2 The mixed continucus-discrete case

The choice of the kernel

Tha choice of the window width

An empirical application to specification of house-
held expenditure systems and equivalence scales
&.7.1 Introduction

6.7.2 Hodel and data

6.7.3 The results

6.7.4 Sample selection

SAMPLE MOMENTS INTEGRATING NORMAL KERREL ESTIMATORS
Kernel density estimators
7.1.1 Inceégral condtions
7.1.2 Sample moments integrating kernel density
estimators
7.1.3 The Dirac-catastrophe and the modified
SMINK density estimator






7.1.4 How to choose the window width of the modified
SMINK density estimacor

Regression

7.2.1 SMINK estimators of a regression function

7.2.2 How to choose the window width parameters

A nmumerical example

Proofs

NONLINEAR REGRESSION WITH DISCRETE EXPLANATORY
VARIABLES .
The earnings functien

' The functional form of a regression model with

discrete explanatory varisbles

The choice of the linsar separator

Estimating and testing the regression function
8.4.1 Estimation

8.4.2 Model specification testing

8.4.3 The selection of the polynomial ordex
Proofs

8.5.1 Proof of theorem 8.4.2

§.5.2 Proof of theorem 8.4.3

PART 3: TIME SERIES

9.2

9.3

9.4

10.
0.1

CORDITIONING AND DEFERDENCE

Condicional expectations relative to a Borel field
9.1.1 Definicion and basle properties

9.1.2 Martingales

9.1.3 Martingale convergence theorems

9.1.4 4 martingale difference central limit theorem
Measures of dependence

9.2.1 Mixingales

9.2.2 Uniform and scrong mixing

9.2.3 w-Stabilicy

Weak laws of large numbers for dependent random
variables

Proper heterogeneity and uniform laws for functioms
of infinitely many random variables

FUNCTIONAL SPECIFIGATION OF TIME SERIES MODELS
Linear times series regression models
16.1.1 Introduction

10,

10.

i1.
11.

11

1.
11.
11.
12.

12,
12,

LI R T )

2

3

-

10.1.2 The Wold decomposition

10.1.3 Linear vector time ssries models

ARMA memory index models

10,2.1 Intraduction

10.2.2 Finite conditioning of univariace rational-
valued time series

10.2.3 Infinlce condltioning of univariate ratlomal-
valued time series

10.2.3 The multivariate case

10.2.4 The nature of the ARHMA memory index pavameters
and the response functiens .

10.2.5 Discussion

Nonlinear ABMAX modéls

ARMAX MODELS: ESTIMATION AND TESTING

Estimation of linear ARMAY madels

11.1.1 Introduction

11.1.2 Gonsistency and asymptotic normality
Estmation of nonlinear ARMAX models

A consistent N{D,1) model specification test

A consistent Hausman-type model specification test
An autocorrelation test

HONPARAMETRIG TIME SERIES REGRESSTION

Assumptions and preliminary lemmas

Consistency and asymptotic normality of time series
kernel regression function estimators






PREFACE

This book deals with stacistical inference of nonlinear
regression models from two oppesite points of view, nawely the
case whers the functional form of the model is completely
specified as & known function of regressors and unknown para-
meters, and the opposite case where the functifonal form of the
model is completely unknown. Firsc it Is assumed that the res-
porise function of the regression model under review belongs to
a certaln well-specified parametric family of functional forms,
by which estimation of the model merely amounts to estimation
of the unknown parsmeters. For this class of models we review
the asymptotic properties of the nonlinear least squares
estimator for independent data as well as for time series.

In practice assumptions on the functional form are oftem
made on the basis of computational coenvenience rather -than on
the basis of precise a priorl knowledge of the empirical
phenomenon under review. Therefore the linear regression model
is still the wmost popular model specification in applied
research. However, even if the specificacion of the functiomal
form 1is based on sound theoretical considerations there {is
quite often a large range of functiomal forms that are theoxe-
tically admissible, so that there fs no guarantee that the
actually chosen functional Form 1s true, Functional specifica-
tion of a parametric nonlinear regressiom model should there-
fore always be verified by conducting model misspecification
tests. Varlous modal misspecification tests will therefore be
discussed, in particular ¢onsistent tasts which have asymptotic
power 1 apgzinst all deviations from the wnull hypothesis thac
the model is correct.

The opposite case of parametric regression is nonparame-
tric regression. Nonparametric regression analysis iz eoncerned
with estimation of a regression model without specifylng in
advance fts functional form. Thus the only source of infor-
mation about the funetionzl form of the model 1is the data set
itself. In chis book we shall review wvarious nonparametric
regression approaches, with special emphasis on the kernel
method, under wvarious distributicnal assumptions.

This book Is divided into three parcs. In the first part
we review the elements of abstract probability cheory we need
in part 2., Part 2 ls devoted to the asymptotic theory of para-

metrie and nomparametriec regression analysis in the case of
independent data generating processes, In part 3 we extend the
analysis invelved to time series.

The selection of the toplcs mainly reflexes my own
interest In the subject. Instead of providing an eacyclopedic
survey of the literature, I have chosen for a setup which aims
to fill the gap between fintermediate statistics (including
linear time series analysis) and the level necessary to get
sccess to the yecent literaturé oiv nonlineaxr and nonparametric
regression analysis, with emphasis on my own contributions. The
ultimate goal is to provide the student with the tools for his
own Independent research in this area, by showing what tools 1
and others have used and what they have besn used for, Thus,
this book may be viewed as an account of my own struggle with
the material iImvolved., 1 chink this book is particularly
suitable for self-tuition (at least it aims to he), and may
prove useful in a graduste course in mathematical statistics
and advanced econometrics.

Aclmovledgements:

The first five chapters of this book have been dissemina-
ted in draft form as working papers. I am grateful to Anil
Bera, Alexasnder Georgiev and Jan Magnus for suggesting additio-
nal references, and in particular to Lourens Broersma, Johan
Smits and Ton Steerneman who suggested varlous improvements.

A large body of the materisl In chapter 6 has been
published earlisr im Truman F.Bewlsy (ed.), Advances En Econo-
metrics, Fifth World Congress, Gambridge University Press, I am
indebted to Cambridge University Press for granting permission
to reprint ic.






9. CONDITIONING AND DEPENDENCE

Time series models usually aim to represent, directly or
indirectly, the conditional expectation of a time series
variable relative to the entire past of the time series process
involved. The reason for this is that this conditioned expec-
tation iz the best forecasting scheme; best in the sense that
it yields forecasts with minimal mean square forecast errof,
The concept of a cond:tional expectation relative to a one-
sided infinite sequence of 'past' wvariables, however, cannot be
made clear on the basis of the elementary notion of conditional
expectation known frox intermediate mathematical-statistical
textbooks, and even the more general approach in chapter 3 is
not suitable. What we n.:ed here is the concept of a conditional
expectation relative to a Borel field. We shall discuss this
concept and its consequences (in particular martingale theory)
in section 2.1. In section 9.2 we consider wvarious measures of
dependence as some, though rather weak, conditions have to be
imposed on the dependence of a time series process to prove
weak (uniform) laws of large numbers, These weak laws are the
topics of sections 9.3 and 9.4,

Throughout we assume that the reader is familiar with the
hasic elements of linea: time series analysis, say on the level
of Harvey’s (1981) text)ook.

1 Conditional expectations relative to a Borel field
1.1 Definition and ba:ic properties

In section 3.1 ve have defined the conditional expec-
tation of a vandom variable Y relative to a random vector
X € R* as a Borel measurable real function g on R such that

9.
9.

E[Y-g(X)]$(X) = 0

for all bounded Borel measurable real functions 3% on R*.
Approximating % by siuple functions (cf. definition 1.3.2 and
theorem 1.3.5) it folliws that g(X) = E(Y]X) a.s. if and only
if :

E(Y-g(X))I(X e B =0 (9.1.13

for all Borel sets B *a RF, where I(.) is the indicator func-
tion. Now let {(Q,F,P} »e the probability space on which (¥,X)



is defined and let Fy be the Borel field generated by X, i.e.
Fx is the collection of all sets of the type

{we 0 x(w) € B}, B e B*.
CE. theorem 1.1.1. Then condition (2.1.1) is equivalent to
JAly () -g(x(w)) |P(dw) = 0
for all A € Fy. This justifies the notation
E(Y|X) = E(Y|Fg).
Note that Fy is a Borel field contained in F:
Fx C F.

Actually, along this line we can define conditional expec-
tations relative to an arbitrary sub-Borel field & of F without
reference to the random variable or vector which generates G:

Definition 9.1.1. Let Y be a random variable defined on the
probability space {Q,F,P} satisfying E|Y] < =, and let G be a
Borel field contained in F, Then the conditional expectation of
Y relative to G is a random variable Z defined on {{,6,P} such
that foxr every A € G,

[aly(w)-z(w) 1P(dw) = 0

The existence of Z = E(Y|G) is guaranteed by the condition
E|Y|] <w, i.e. if E Y exists, so does E(Y|6). CE. Chung (1974,
theorem 9.1.1). Moreover, the uniqueness of Z follows from the
Radon-Nikodym theorem [cf. Royden (1968), p.238}, i.e. 1if both
Z, and Z, satisfy the conditions in definition 9.1.1 then
P(Z, = Z2,) =~ 1. We then say that Z, and Z, belong to the same
aquivalence class, Thus, E(Y]G) iz almest surely unique.

Next, we define the Borel field generated by a one-sided
infinite sequence (X.), t=1,2,..., of random vectors in RF.
First, let F, be the Borel field generated by X,,.,X , i.e. F,
is the collection of sets



(W e Xl(fﬁ) [ Bl,.,X-n(w) =3 B'l'l.)’

where B;,.,B, are arbitrary Borel sets in RX, Now (F,) is anm
increasing sequence of Borel fields:

Fo € F,., (9.1.2)

If Upe1F, 1is a Borel field itself, it is just the Borel field
generated by (¥.), t=1,2,... However, it is in general not a
Borel field, for

Ay € UppaF,, t=1,2,.
does not imply

UpziAy € UppiFy .

Therefore we define the Borel field F, generated by (X.),
t=1,2,.., as the minimum Borel field containing v »1F,.

Definition 9.1.2. Let (X.), t=1,2,..., be a one-sided infinite
sequence of random vectors defined on a common probabilitcy
space {{,F,P}), and let F, be the Borel field generated by
X,...,%,. Then the Borel field gemerated by (X,), t=1,2,... is
the minimum Borel field comtaining Ups1F,, which is denoted by
Fo = Vp1Fy -

Consequently, for every Y defined on (Q,F,P) satisfying
E|Y] < » we have

E(Y|X,,%,,%;,...] = E[Y]|Fa].

The properties of conditional expectations relative to a
Borel field are quite similar to those in section 3.2, In
particular, theorem 3.2.1 now reads as:
Theorem 9.1.1. Let Y and Z be random variables defined on a
probability space (Q,F,P) satisfying E|Y| < o, E[Z] < ». Let ¢
and H be Borel fields satisfying ¢ ¢ H € F. We have:

(1) E[E(Y|®)}6] = E(Y]G) = E{E(Y|6)|H];
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(II) (a) E{E(Y|6)] = E ¥; (b) E(Y¥|F) =Y a.s.;
(I1I) U =Y - E(Y|6) = E(U|6) = 0 a.s.;

(IV) E(Y + 2|6) = E(Y|6) + E(Z|6) a.s.;

(V) Y = Z= E(Y|G) = E(Z6) a.s.;

VI  |e¢|e| s E{|Y] |6) a.s.;

(VI1) If X is defined on {Q,6,P} and E[X| < = then E(X-Y|&)
= X EY|&);

(VIII) If every random variable defimed on {Q2,G,P)} is indepen-
dent of Y, i.e.,

Al = FY, Az € G = P(Al N Az) b P(Al)'P(Az),
where Fy is the Borel Field generated by ¥, then E(Y]G) =EY.
Proof: Exercise 2.

Note that part (VIII) of theorem 3.2.1 does not apply anymore.
The Berel field generated by [(X) is contained in the Borel
field generated by X, so that the first result of theorem 3.2.1
(VIII) is just part (I) of theorem 9.1.1. Moreover, if T is a
one-to-one mapping the aforementioned Borel fields are the
same, and so are the corresponding conditional expectations.

9.1.2 Martingales

A fundamental concept in the theory of stochastic proces-
ses is the martingale concept. This concept is particularly
important in regression analysis, as the errors of a properly
specified time series regression model are, by construction,
martingale differences and martingale differences ohey similar
central limit theorems as independent random variables.

Consider a sequemnce (Xj) of independent random variables
defined on a common probability space, satisfying E]Xj| < @,
E Xd =, and let

Y,

n



Moreover, let F, be the Borel field generated by (X;,....%;).
Then

E[Y,[F,.4] = BIX, + Y, |Fo. ] = EIX |F 41 + E(Y,_ |F ]
=Y _, a.s., {9.1.3)

for E[Xn|Fn_1] = 0 by independence and the condition E ¥ = 0
{cf. theorem 9.1.1 (VIII)], whereas by theorem 9.1.1 (IIb) and
the fact that

Y, is defined on (4,F,,P}, (9.1.4)

we have E[Yn—lan-ll = Y,., a.s. Furthermore, observe that

E|Y,| < = (9.1.5)
and
F, D F,_, (9.1.6)

The properties (9.1.3) through (9.1.6) are just the defining
conditions for a martingale: '

Definition 2.1.3 Let (¥) be a sequence of random variables
satisfying (a) E|Y,| <=, (b) ¥, is defined on (Q.,F,,P},
(¢) Fy ¢ F,,,, and (d) Y, = E[Y_,.|F,] a.s. Then Y, is called a
martingale.

Next, let
Uy =Y, - Y .y,
Then by (d),

B[U,|F,.,] = 0 a.s.,

whereas conditions (a), (b) and (c¢) in definition 9.1.3 hold
with Y, replaced by U,. Such a sequence (U,) 1is called a
martingale difference sequence. Conversely, let (U,) be such
that



E|U,| < =, U, is defined on (Q,F,,P}, with F, c F_,,, and
E{(U,|F__,] = 0 a.s. (9.1.7)

Can we construct a martingale (Y_) such that -

U, =Y, -Y _,?

n-1
In general the answer is no. The only possible candidate for Y
is
Yn - jﬁnt »

but in general E Y, is not defined. For example, if the U,'s
are independent random drawings from the standard normal
distribution then E [Yn | =~ ». However, for every one-sided

infinite sequence (U,), n~l,2,.., satisfying (9.1.7) we can
define a martingale (Y,) such that U, = ¥, - Yooy for nz 1,
namely

Y, = Z'j‘,lUj for n = 1,

(9.1.8)
Y, =0 form<l,

Therefore we restrict the martingale difference comcept to one-
sided infinite sequences:

Definition 9.1.4. Let (U,), n=1,2,.., be a sequence of random
variables such that for n = 1, (a) ElUn | <=, (b) U, is defined
on (Q,F,,P}, (c) F, CF_ .y, Fo = (G,8), (4) E[Un]Fn_l] - 0

a.s. Then (U,), n=1,2,.
sequence,

., is called a martingale difference

Note that for m = 1 condition (&) follows from the definition
of Fy, which is called a trivial Borel field, and the condition
EU,.= 0, for

E(U, |F,) = E U, (9.1.,9)



9.1.3 Martingale convergence thecrems

Given a random variable X defined on (Q,F,P}, with
E|Xf < @, a martingale (Yn) can be constructed as follows: let
(F,) be any increasing sequence of Borel fields contained in F
and let

Y, = E(X|F,) (9.1.10)
Then by theorsm 9.1.1 (VI),

v, | = lE&[F) | = BLX] |F, 1,
hence by theorem 9.1.1(I1a),

E]Y,] s E|X]| < =

Moreover, by definition 9.1.1, Y,
Finally,

is defined on {Q,F,.,P).
E[Y,, ,1Fa] = EIEX|F, ) |F.) = EXIF) = ¥,
by theorem 9.1.1(I). Thus (X,) is a martingale. This construc-
tion is important because it enables us to prove the existence
of
limeEXIF,),

on the basis of the following dominated convergence theorem for
martingales.

Theorem 9.1.2 Let (Y,) be a martingale satisfying
sup E]Y,] < =.
Then Y, converges a.s. to an a.s. finite limit Y4
Proof: Chung (1974, theorem 9.4.4).
Thus the martingale (Y,) defined in (9.1.10) satisfies:

limpaoE (X|F,) = Yo a.s., with |¥.| < = a.s.



Moreover, we can identify Y, as a conditional expectation of X:

Theorem 9.1.3 Let X be a random variable defined on {Qi,F,P},
satisfying E|X| < », and let F, be an increasing sequence of
Borel fields contained in F. Then limpueE[(X|F,] = E[X|Fe],
whete Fg = V»1F, .

Proof: Chung (1974, theorem 9.4.8).
A direct consequence of theorem 9.1.3 and definition 9.1.2 is:
Theorem 2.1.4 let X be defined as in theorem 9.1.3 and let

(Z,), t=1,2,..., be a sequence of vandom variables or vectors
defined on {Q,F,P}. Then

HmyoE[X|Z, ,2,,.,2,] = E[X]|2,,2,,..] a.s.

Another application of theorem 9.1.3 we need later on is the
following:

Theorem 9.1.5 Let the conditions of theorem 9.1.4 hold. Let
Zy be the random vector consisting of the components of Z.
truncated to £ decimal digits. Then

1im£*wE{X|Zf£),2§£), ...... 1 = E[X]2,,2,,...] a.s.
Proof: Let &p be the Borel field generated by (252)),
t=1,2,... and let Gy = Vy>1Gy. Since for each £, Gp C Fy, we

have G C Fo. Moreover, since for each £, Gy € Gpyq, it follows
from theorem 9.1.3 that

1im£qu[X|Z££),Z§£), ...... ] = E[X|65] a.s.
The theorem can now be.proved by showing

Foo C Gu, (9.1,11)
as .then Fy, = Gy. To prove (9.1.11), assume first that the
Z, (= z,(w)) are scalar random variables defined on a common

probability space {Q,F,P}. Next, prove aleng the line of the
proof of theorem 1.3.2 that for arbitrary £ € R,



lwe: z,(wysé} =~ (wen: limsupE#ngﬂ)(w) 2 £} E Gy

and conclude from this [¢f. theorem 1.1.1] that for every Borel
set B, in R,

{we: z,(w) € B} & G,
See further exercise 4. Q.E.D.
p The importance of theorem 9.1.5 is that the sequence
(ZE )) is ratiomal-valued, hence countably-valued. Cf. Royden
(1968, propesition 6, p.21). This property will enable us to
idencify E{K!Zl,zz,...] in terms of unconditional expectations,

similayly to theorem 3.3,4. See Bierens (1987,1988) and chapter
11,

2.1.4 A martingale difference central limit theorem

The martingale difference central limit theorem we
consider here is an extension of theorem 2.4.3 to double arrays
(Xn j) of martingale differences, based on the following
theorem of McLeish (1974).
Theorem 9.1.6 Let (X i) be a martingale difference array, i.e.

EX, 41X, jo100-+5%, ) =0 forj=2, EX , =0
satisfying

(a) supnzlE{maijkh|xh,j|]2 < @

(b) ma}:jﬂ%ixn'dl <+ 0 in prob.

I, X

(c) Ej-lxg,j - 1 in prob.,

where k, ~+ = as n - =, Then

k, . . s .
Eﬁ=1Xn’j -+ N¢(0,1) in distribution,

Proof: Mcleish (1974, theorem 2.3)



Using this theorem it is mnot too hard to prove the following
generalisation of theorem 2.4.3. -

Theorem 9.1.7. Let (X, j) be a double array of martingale dif-
ferences., If

PliMpae(1/n)0 X2 | = liMpoe(l/m)E0_,E X2 | = 0% & (0,®)
(9.1.12)
and
limgme? ., E|X, ,//n]|2%8 = 0 for some § > 0 (9.1.13)

then (1/\/n)zg,1xm’j -+ N¢0,02) in distr.
Proof: Let

Yo, 0 =%y, / ((Q/0)E] B x%,d};i
Verify that (Y, j) satisfies the conditions of theorem 3.4.6
Cf. exercise 5. Q.E.D.
Remark: Note that condition (9.1.13) is implied by condition

sup, (1/m)Z;_,E|X, ;2% < = for some § > 0. (9.1.14)

Exercises:
1. Prove that (9.1.1) for'arbitrary Borel sets B in R implies

E(Y|X) - g(X).

Prove theorem 9.1,1
Prove (9.1.9)
Prove (9.1.11)
Prove theorem 9.1.7

L T o W I S
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9.2 Measures of dependence
9.2.1 Mixingales

To prove laws of large numbers for sequences of dependent
random variables we need some conditions on the extent of
dependence of the randem variables involved. Tor example, let
(X,) be a sequence of dependent random variables with E X2 < =
for each t. Then

var((1/m)Z_,X,) = (1/n?)Tg_,var(X,)

+ 2(1/m?)R im0 teov(X, o Ky) (9.2.1)
1f
Suppe1 (1/m)3;, var(X,) = M < « (9.2.2)

then the first term in (9.2.1) is O0(l/m). So for showing that
(9.2.1) converges to zero, and hence by Chebishev’'s inequality,

Plimpa(1/m)ZE_, (X, - E X)) = 0,
we mneed a condition that ensures that the second term in
(9.2.1) is o(l). So let us have a closer look at the covarian-
ces in (9.2.1).
First we Introduce some mnotation, which will be maintained
throughout this section, For -« £ n = m £ @,

F‘: is the Borel field generat‘ed 230 SN0 GNP SURPRNRI
Now by theorem 9.1.1(II,VII}) and Cauchy-Schwarz-inequalicty,

]COV(Xt_"_m,Xb)I - IE(Xt.'I-m - E xt.+m)(xt. - B X-t.)’

t
= |E(ERy4nlF ) - B X en) Xy - E %)
[
S [E(E(X,,q|F ) - E X, )02 [varX) 1. (9.2.3)

Denoting

n(m) = suppe) [E(E(Ry o [F) - E Xy \p)21% (9.2.4)

11



it follows now from (9.2.1) through (9.2.3) and Liapounov’'s
inequality

var[(l/n)= X, ]
< (L/m)M + 2(1/m)E_, [var(X,) 1 (1/n)SE . n(m)
< (1/mM + 2{(1/n)E_, var(X,) Y (1/m)=0,, 7(m)
= (L/a)M + 20(L/m)ES . n(m) > O (9.2.5)
if
limgaen(m) = O. (9.2.6)

Condition (9.2.68), together with (9.2.2), 1is therefore a
sufficient condition for a weak law of large numbers. Sequences
satisfying condition (9.2.6) are called mixingales [Cf£. McLeish
(1975)7.

Definition 9.2.1., Let (X;) be a seyuence of random variables
defined on a common probability space, satisfying E ¥ < « for
geach t 2 1. Then (X;) 1Is called a mixingale if there exists
nonnegative constants c., ¢, with ¢ =+ 0 as m > =, such that
for all t =z 1, m =z 0,

t -
(E(ER, olF.) - 8%, 0217 ¢, ¥

Thus, conditiom (9.2.6) now holds if supg»jce < =, as then

n{m) = 0(p_ ).
Examples of mixingales:

1. Independent sequences. If the X,’s are independent then by
theorem 9.1.1 (VIII),
t
E(X4plF. ) = E Xy, form=1,

hence ¥, = 0 for m = 1. For m = 0 we have

E((X FT) = X,

12



[ef. theorem 9.1.1{1Ib)], hence we may choose
e, = {var(}{t)lli, Py = 1.

2. Finite dependent sequences. The sequence (X.} is finite
dependent if for some nonnegative integer £, Xeyp, Xerp+ls
are independent of X,, Xocgr Zpngs vonn Then for m = 2,

t
E(xt.-b.m‘F_m) =E X

hence rﬁ"; =0 for m = 2. We may now choose

¢m-1form<£

T
e, = maXoemeg [E(EK, o [FC) - E X,,,)2]%

3. AR(1l) processes. Let
Xp = pX,_; + Y
where |p| < 1 and (U.) is an independent process with
EU, =0, EU2 =02 < o,
Then
<l
X - 2:j«-CI‘«’ Upy e

Since X_, b S Xicgs =vvnn can be constructed from U, U, 1.
U

e-21 and vice versa, the Borel field F'fm is also the
Borel fleld generated by the latter sequence. We now have

t ©
E(Xy,nlF. ) = E[Ej‘OpJUt+m_J|Ut,Ut_1,...]

= E["11590 + 30 g

t+m=jJ j-m Ut- ’U

t+m-j[ TR

>
- Ej-mp U,‘_‘.,_m__j

and E Xt ™ 0. Thus

! t 2 =
(BB, o [FI) - B X0)? 1% = (5] 08002y = [o|m (2] _po® o2y,

13



So we may choose
cp = o, P = tp|"/S(1-p?)
4, ARMA(p,q) processes. Let

Xb - p]_xt-l + PZXt-Z +..+,Opxt_p + Ut - fIUt_l-..-‘qut_-q,
(9.2.7)

where (U.) is an independent sequence with
EU, =0, EU2 = g% < =,

and the lag polynomials
p(LY =1 - gL - p,12 -...-pPLF (9.2.8)
r(L) =1 - r,L - 1,12 -,..-fqlﬂ (9.2.9)

have roots all outside the complex unit circle. Then X, has a
moving average representation:

X, = z?_oﬂjut,j (9.2.10)
wherxe the §;'s are exponentially decreasing:

Iﬁj| = c*pJ for soﬁe c, > 0, p & (0,1), (9.2.11)
and U, has a moving average fepresentation:

U, = z;_
Cf, Harvey (1981). Therefore, again,

R7% P (9.2.12)

th is also the Borel field generated by U,,U U

- t=-1 t-2!"'!
and so

-3

t 0
.E[Xt+mlF—m] = E[zj=0ﬁiut#m-d Uh’Ut-l"“l = Ejn ﬁjUt+m-j‘

EX - 0.

%+tm
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Consequently,
t
supex1 (B(E(X ,, IF_ ) - E x“m}z}a
- .
- {:j-mﬂgaz }!’5 <+ 0 as m—=+ o
So we may take

ey =0, b = (E‘;—nﬁ)}! < ¢ |p]®//(1-p2).

9.2.2 Uniform and strong mixing

A disadvantage of the mixingale concept is that it does
not necessarily carry over te functions of mixingales. However,
it 1s desirable to work with conditions that are invariant
under Borel measurable transformationg. We consider here two of
these invariant conditions, namely the uniform (or ¢-) mixing
condition and the strong (or «-) mixing condition. Cf.
Iogsifescu and Theodorescu (1969) and Rosenblatt (1956).

Definition 9.2.2. Let (X,) be a sequence of random variables or
vectors defined on a common probability space. Denote for
mz0

(m) = sup, sw P{(B|A) - P(B

¢ Pt pAeth,BEFm ,P(A)>0I (8[a) ®|
- t+m

a{m) = sup, su P(ANB) - P(A)YP(B

(m) P PAeFt,BerI( ) - P(a)B(B)]
-0 t+m .

If
limpame(m} = 0

then (X,) is called a uniform (or ¢-) mixing process, and if
limpseea(m) = 0

then (X,) 1is called a strong {(or a-) mixing process, with
mixing coefficients ¢ and a, respectively.

The quantities ¢(m) and a{(m) measure how much dependence exists
between events separated by at least m time periods, Clearly,

15



¢, = {E|X |*11/% < @ for some r > 2 (9.2.14)
then the mixingale coefficient ¥, equals
Yo = 20(m)1THE Y= 21+ JDa(m)/ 2T, (9.2.15)

respectively.

9.2.3 v-Stability

A disadvantage of the mixing conditions is that they are
hard to verify. The traditional time series models, in particu-
lar ARMA(p.q) and AR(p) models, however, can be represented by
moving averages of mixing wvariables, provided the errors are
assumed to be independent. For example, a standard ARMA(p,q)
model may be considered as an AR(p) model with gq-dependent
hence ¢- and o-mixing, errors, and if the AR lag polynomial
(9.2.8) has roots all sutside the unit circle the process can
be vrepresented by an infinite moving average of these g-
dependent errors. A natural extention of these kind of
processes is therefore to consider processes of the type

Xy = £,(U, .U, ;.U psennn), ' (9.2.16)
where (U.) is a mixing process.and f. is a mapping from the
space of one-sided infinite sequences in the range of the U,'s

such that the righthand side of (9.2.16) is a properly defined
random variable or wvector.

In order to 1limit the memory of this process (X,) we need a
condition which ensures that the impact of remote U _  's on X,
vanishes:

Definition 9.2.3. Let (U,) be a sequence of random vectors in
R? and let X € RF be lefined by (9.2.16). For some r = 1 and
all t =z 1, let E{X |® < =, and denote

v(m) = supep1{E|E(X, [6E_ ) - X |51/,

where

17



the o@-mixing concept implies the e-mixing c¢oncept, for.
P(B|A) = P(A n B)/P(A), hence a(m) = ¢(m). Thus the strong
mixing concept is weaker a condition than the uniform mixing
concept,

Examples of ¢-mixing processes are independent processes
(p{m) = 0 for m = 1), finite dependent processes {p{(m) = 0 for
m larger than some finite integer) and statiomary Markov
processes with finite state space [cf. Billingsley (1968, pp.
167-168)]. An example of an e«-mixing process that iz not -
mixing is a Gaussian AR(L) process., [Cf. Ibragimov and Limnik
(1971, pp. 312-313)].

An important feature of the mixing concepts is that they
are invariant under arbitrary Borel measurable transformations;

If (X)) is an @-[a-] mixing process, them so is (P, (X.)),
' (9.2.13)

where (y¥.) 1is an arbitrary sequence of conformable Borel
measurable functions. Moreover, a ¢- or a-mixing process is a
mixingale, provided a certain moment condition holds. The
following theorem points out the ralation between the mixing
and the mixingale concepts. 4

Theorem 9.2.1. Let (X.) be a sequence of random vectors satis-
fying

(EIX, |*1Y/% < « for some r 2 1, r = .

Then for 1l = p = r,

[EIE[Xt+mIF?m} - E Xt+m|P]1!p <2 ¢(m)1-1!r{E|Xb+m|r}llr’
t
(EfE(X , 1P ) - E X, |P1t/P

< 2(213p+l)a(m)ll.p-1!r{E‘Xtﬂn ‘r }l.-’r: .

Proof: Serfling (1968) for the g-mixing case and Mcleish (1975,
Lemma 2.1} for the c-mixing case.

Thus, if
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Gi_, is the Borel field generated by U,, U

t L=1t"" " t-m’

If
limy v (m) = O,

then (X,) is a v-stable process in L with respect to the base
Uy

Cf, Mcleish (1975) and Bierens (1983). This concept is reminis-
cent of the stochastic stability concept of Bieremns (1981),
which is somewhat weaker a condition,.

The actual contents of this definition is not in the
first place the condition that v(m) - 0, for this 1s always
satisfied 1f the processes (X,) and (U,) are strictly
stationary, as in that case we may delete "supi,1" and take for
t some arbitrary fixed index, say t = I:

vim) = (E|E(X, |6 ) - X {=yt/=
From theorem 9.1.3 it then follows

limpoE(X, |G. ) = E(X |Gl ) a.s

Mo 115 - 115 -S.
where
L
67 = Vm=206i -4
is the Borel Field generated by U,, U, U.,,.... Since X, is a
function of this one-sided infinite sequence, the Borel field
generated by X, is contained in G_w, by which
1

E(X |6_) = X, a.s.
Cf. theorem 9.1.1 (IIb). Thus,

limgaoB(X, |61_. ) = X; a.s.

and consequently by dominated counvergence [theorem 2.2.2],

vim) - 0 as m = o,

i8



Summarizing, we have shown:

Thecrem 9.2.2. Let (U,) be a strictly stationary stochastice
process in RY and let for each t

Xy = E(Uy,Uy_y, Uy _pyeen)

be a well-defined random vector in R¥, where £ does not depend
on t. If E|X,|* < » for some r 2 1 then (X,) is v-stable in LF
with respect to the base (U.).

Therefore, the actual contents of definition 9.2.3 is that this
result goes through if the X,’'s and/or U,’s are heterogeneously
distributed (that means that the distributions of U, and/or X,
depend on t). In other words, the v-stability condition actual-
ly imposes restrictions om the extent of heterogeneity of (X.)
and (U,).

In checking the w-stability condition the following
result is useful,

Theorem 9.2.3. Let X, be of the form (9.2.168). If there exist
Borel measurable mapping £, _ such that for some r = 1,

E|X |f <=, t=1,
v¥(m) = supemi (B, (U, Uy, ..U ) - X [T
+ 0 as m =+ =,

then (X,) is v-stable in L¥ with respect to the base (U,),
where

vim) < 2v¥(m).
Proof: Observe that
EX 168 ) = B(X |U,, U, _y,.. . U )
is a Borel measurable function of the conditioning wariables.

By Jemsen’s inequality for conditional expectations {(theorem
3.2.68) it follows
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'E(thub’ut-1’°"’un-m) ' ft..m(Ut"“’Ut-m)lr
S E[)X, - £y oy U D IF T, -0 UL, )

hence
EIE(thGE—m) ) ft,m(Ut’Ut-l""Ut‘m)‘r
= E|Xt - ft,m(Ut'Ut-l""’Ut-m)Ir

Using Minkowski’s Inequality {(cf. sectiom 1.4) it now follows:

(E{E (65 o)X [PV < 2E[Rg-£, [ (Uy,... U, _)[")t/"
Q.E.D.

It should be noted that the v-stability concept is only
meaningful if we make further assumptions on the dependence of
the base (U,), for every sequence (X,) Is v-stable with respect
te itself. In the next section we shall impose mixing
conditions on (U.), in order to prove various laws of large
numbers.

The w-stability concept, like the mixingale concept, 1is
not generally invariant under Borel measurable transformations.
However, an invariance property holds under bounded uniformly
contimious transformation, and this is just what we need to
generalize the weak law of large numbers in sections 2.5 and
2.7 to v-stable processes in L2 with respect to a mixing base.
Thus, let (X,) obey the conditions in definition 9.2.3 and let
¥ be a bounded uniformly continuous function on the domain of
the ¥, 's. Tor notational convenience, let for m = 0O

(m) £
X, = B |6 o)
and let for a = 0

€a) = sup| Ly |<alPE) - ¥R (9.2.17)

Then for arbitrary q > O
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Elp ™) - $(X )% = ¢(a)?

+ 2sup, [p(0) |IR(|K™ - K| > )

< ¢(a)® + 2sup, |$(x) [9E|X," - X, |72
s ¢(a)? + 2sup, [¥(x){Tv(m)*/a%,

where the second inequality follows from Chebishev’s inequa-
lity. Then

supex1 (E[BCE™)) - 9% ) |19 < ¥ (m),

where
v¥(m) = 2-infang(¢(a)? + 2sup, [$(Xy) [Sv(m)T/a" 11T (9.2.18)

Using the fact that ¢(a) - 0 for a I 0, it is easy to show
v (m) > 0 for m » =, It follows now from theorem 9.2.3 that
Y(X,) is 2v¥(m)-stable in LY with respect to the base (U, ):

Theorem 9.2.4. Let (X,) be v-stable in L¥ with respect to the
base (U,). Let ¥ be a bounded uniformly continuous function on
the domain of the X,’s. Let gq > 0 be arbitrary. Then %(X,) is
v¥-stable in 19 with respect to the base (U,), where v¥ is
defined by (9.2.17) and (9.2.18).

9.3 Weak Laws of large numbers for dependent random variables

In section 9.2 we already have derived a weak law of
large numbers for mixingales. We shall now generalize this
result to processes that are v-stable in L' with respect to a
o- or a-mixing base. Let (X,) be a sequence of bounded random
variables, i.e., for scme M < = and zll t,

P([X, | =M) =1, (9.3.1)

with the structure (9.2.168). Define the Borel fields

t o L=

x)
F-, Ft’ G_m and Gt

-

as in section 9.2. Moresover, let the base (U,) be p-mixing or
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a-mixing and denocte

{m}
Xy = E(R|6E.) = g Wy Upoysee o Upln), (9.3.2)

say. Note that Xim) is bounded too by M. We shall now derive

an upper hound of ]cov(Xt+£,Xt)[ in terms of v, ¢ and/or c.
First observe that by (9.3.1) and the definition of wv-stability,

(m)
lCOV(Xt.hg, Xt) - COV(thi’Q, Xt)l

(m)
< 2°E|Xeeg - Keapl [Xe - B Xl

< 4M-v(m), uniformly in 4£. (9.3.3)

Next observe that for fixed m, and «-mixing (U,)

X_:m) - E X:‘m)

=8 20U y....,0,_) - EX" is o*-mixing (9.3.4)
with
Fm*) =1 if n* < m,
(9.3.5)

-cx*(m*) - e::vz(m""= - m) if n* = m,

Similarly, if (U,) is ¢-mixing the process (9.3.3) is o*-
mixing, with

e (m*) = 1 if n¥ < m,

(9.3.6)
¥ (m®) = o(m* - m) if ¥ 2 m
Thus by theorem 9.2.1 with p =1 and r = w it follows,
(m) t . %
E|E(Xe4£|6.) - B Zeazl s 22M07(0),
(9.3.7)

.() -
E|E(Ret2]6°) - E Xpap| = 6Ma™(8).

Hence, similarly to (9.2.3), we have

22



leov (e, Xe) |

1A

M p(L-m),
(9.3.8)

A

lcov(Xihr.Xe)| < 6M2a(2-m),

where o{(m) = a(m) = 1 if m < 0. Combining (9.3.3) and (9.3.8)
now yields:

Lemma 9.3.1, Let (X,) be v-stable in 1! with respect to a base
(U, ) and let p and o be the mixing coefficients corresponding
to (U,). Moreover, let for some M < » and all ¢, P(|Xt| = M)
=1, Then for £ 21, m= 0

lecov(Xesp, Xe) | < M29p(L-m) + 4M-v(m),
where
$(L-m) = minf{2e(L-m),6a(l-m)] if f-m > O,

Pp{L-m) = 1 if £-m =< 0.

Use this result in (2.2.1) now yields:
fvar ((L/my=8_ X, )| s M2/n + Su(m)M + 2n M2 [my(0) + E;_Oﬁ(ﬁ)].

Letting m - =« with n at rate o(n), we mnow see that the
following lemma holds

" Lemma 9.3.2. Let the bounded stochastic process (X.) be v-
stable in L! with respect to the base (U.). Assume either

=]

{a) (U.) is ¢-mixing with 22=0¢(£) < w, or
(b)  (U,) is a-mixing with E;=0a(£) < @,
Then limpsevar[(l/m)3Z, ,%X.] = 0.

We are now ready to generalize theorem 2.5.2 to wv-stable
processes in L' with respect to a mixing base,
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Theorem. 9.3.1. Let (X,) be an RF -valued v-stable process in 1!
with repect to a ¢- or a-mixing base. let % be a continuous
function on R* and ler F, be the distribution function of X, .
If

(L/m)Z}.,F, * G properly, pointwise,
supngl(l/n)22,1E|¢(Xt)|1+5 < o for some § > 0
and either
z:=0¢(£) < w or Ej,oa(ﬁ) < «,
then plimpa(l/m)Z2_ #{X,) = [¥(x)dG(x)
Proof: We prove the theorem for the case X, € R, The proef for
the case X, € R* is almost the same. We show that (2.5.7) in

the proof of theoxem 2.5.2 goes through. Thus, define similarly
to (2.5.1) -

¥, (x) = $(x) if |p@)| = a,
P, (x) = a if  YPr) > a, {9.3.9)
wa(x) =-g if ») € -a,

and let for b > 0,

bap (X) = ¥, (x) if x| 5 b,
' : (9.3.10)
P, () = ¥, (b-x/|x]) if |x] > b,

Then ¢, (x) is bounded and umiformly continuous, for.the set
{x € R¥: [x| = b}

is a closed and bounded subset of R* and hence compact, whereas
continuous functions on a compact set are uniformly continuous
on that set. The proof of the uniform continuity outside this
set is left as an exercise (Execise 1). It follows from theorem
9.2.4 that ¢ah(Xt) is v-stable in L! with respect to the mixing
base involved. Thus it follows from lemma 9.3.1 that

Lilpagvar [ (1/m) 2L, 4,, (X,)1 = 0,

24



hence by Chebishev’s inequality,
PLiMn e (L/MYED ) (8, (X)) -E ¥, (X)) = 0.
Since
LimpaoB| (1/n)22_, (¥, (X, )-E ¥, (X))
- (LB, (B, (R )-E ¥, (X))

= 2a*limpae(1/n)E]_ E I(|X, |>b)

A

2a- Limpe(1/m)S2_, [1-F, (B)-F, (-b)]

2a[1-G(b)-G(-b)] + 0 as b » =,
we now have
PLimey s (1/0Y2 ., (¥, (X )-E ¥, (X)) = O.
Thus (2.5.7) in the proof of theorem 2.5.2 goes through. Since
the rest of the proof of theorem 2.5.2 does not employ the

independence condition, this result is sufficient for theorem
9.3.1 to hold. Q.E.D.

Referring in the proof of theorem 2.7.2 to theorem 9.3.1
rather than to theorem 2.5.2, it immediately follows:

Theorem 9.3.2. Let (X_,) be an R* -valued v-stable precess in Lt
with respect to a ¢- or a-mixing base. Let F, be the distribu-
tion functien of X, and let f(x,4) be a continuous function on
REx®, where © is a compact Borel set in R™. If
(l/n)E:=1Ft - G, »roperly, pointwise,
(1/m)=®_ . E su Ve, 0|1t <
supn=1 (/Mm% ., Peepi (X,

for some § > 0, and either

z;=0¢(2) <o or E;toa(ﬂ) < @,
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then

plimpawsupgeg] (1/n)S0_, £(X, ,0)-fE(x,8)dG(x)| = 0,
where the limit function invelved is continuous on 8

Mext we want to allow the function ¥ in theorem 9.3.1 to
be Borel measurable rather than continucus. There is ne problem
if the process (X,} is strictly statiocnary and of the type
Z, = £(U,, 0, _,,...) with (U;) a strictly stationary mixzing
base, as we then may apply theorem 9.2.2.
Theorem 9.3.3. Let X, € R* be such that

Xf_ - f(Ut ’U‘t'l’Ub'z"")
where (U.) is a stri&tly stationary ¢- or a-mixing process and
the time-invariant mapping £ is such that (X} is a well-
defined strietly stationary stochastic process. lLet ¥ be a

Borel measurable real function on R*. If E|¢(X,)| <« and
either

25 <0

2£=0¢(£) < @ or Ej_oa(ﬁ) < @
then plimpoe(l/m)ZY, ¥(Xy) = E $(X;).
Proof: Define ¥, as in (9.3.9). Then for fixed a > 0, ¢3 is a
bounded Borel measurable real function, and by theorem 9.2.2,

wa(Xt) is v-stable in L! with respect to (U.). From lemma 9.3.2
and Chebishev'sinequality it follows that

PLimpae(l/m)EE, ¥, (X)) = E ¥, (%) .
Now by (9.3.9) and theorem 1.4.1
B (1/n)20_ (X, ) - (1/m)Z0 o, (X, ) |
= 22 Elp@E) vt > a) - 0 as a » o,

for P(|¥(X;)| > a) » 0 as a = =, as otherwise E|y(X,)| = =.
Similarly
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|E $(X,)-E %, (X,){ » 0 as a ~» o,

The theorem under review now follows from the argument in the
proof of theorem 2.7.2. Q.E.D.

Again, referring to theorem 9.3.3 instead of theorem
2.7.2 (with § = 0), theorem 2.7.5 carries over.

Theorem 9.3.4, Let (X.) be as in theorem 9.3.3. Let £(x,4) be a
Borel measurable real function on R¥x®, where @ is a compact

Borel set in R®, such that for each x € R*, f£(x,§) is con-
tinuous on 8, If in addition

E supgeg|f£(X,,0)] < =
then

plimpmsupges| (1L/M)ET_, £(X,,8)-E £(X,,8)] = 0,
where E £(X,,8) is continuous on 8.

For generalizing theorem 9.3.1 to Borel measurable func-
tions ¥ we need the following lemma.

Lemma 9.3.3. Let ¥ be a Borel measurable real function on R
and let X be a random vector in R* such that for some r z 1,
El¥(X)]* < =, For every ¢ > 0 there exists a funtion wa on R®
that is bounded, continuous and zero outside a compact sat
(hence uniformly continucus), such that

Ef¥) -9, (X" < ¢
Proof: Dunford and Schwartz (1957, p. 298).

A direct corollary of this lemma is:

Lemma 9.3.4. Let (X,) be a sequence of random vectors in F* and
let (F.) be the sequence of corresponding distribution func-
tions. Assume

(1/n)z¢_,F, = G properly, setwise.
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Let ¥ be a Borel measurable real function on R such that
S“Pzgl(l/n')?:..lEW(Xb)H""s < = for some & > O,

For every ¢ > 0 there exists a uniformly continuous hounded
function w: on Rf such rhat

limsuppaeb | (1/m)Z7 L 9(X ) - (1/m)Z2_ v . (X,)] < ¢

Proof: Exercise 1 (Hint: combine lemma 9.3.3 with theorem
2.5.5).

Combining lemma 9.3.4 with theorem 9.3.2 yields:

Thecrem 9.3.5. Let the conditions of theorem 9.3.1 be satis-
fied, except that now ¥ is Borel measurable and

(L/m)Zy_,F, = G properly, setwise.
Then the conclusion of theorem 9.3.1 carries over.
Proof: Exercise 2,

Finally, referring in the proof of theorem 2.7.4 to theorem
9.3.5 rather than to theorem 2.5.6 , yields:

Theorem 9.3.6. Let the conditions of theorem 9.3.2 be satis-
fied, except that now

(1/n)Z} ., F, = G properly, setwise,

f(x,8) is Borel measurable on R¥x® and for each x € R¥ a con-
tinuous function on 8. Then the conclusions of theorem 9.3.2
CAYYY OVer.

Remark: It seems possible to generalize the results in this
section further to strong laws, using theorem 3.1 of McLeish
(1975). This, however, will require further conditions on the
rate of convergence to zero of v, ¢ and «.
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Exercises:

1. Prove that the function (9.3.10) is uniformly continuous.
2. Prove lemma 9.3.4

3. Prove theorem 9.3.5

9.4  Proper heterogeneity and uniform laws for functions of

infinitely many random variables

For some time series models like ARMA and ARMAX models
least squares parameter estimation is conducted by minimizing a
sum of functions of a one-sided Iinfinite sequence of random
variables. See chapter 11. In order to prove consistency of
these parameter estimators under data hetercogeneity we need an
extension of the proper convergence concept to distributions of
one-sided iInfinite sequences of ©random <variables (cf.
definitions 2.3.1 and 2.5.1), as well as some generalisatjons
of the uniform laws in sectionm 9.3.

Definition 9.4.1. Let (Xt) be a sequence of random variables in
RE, and let Ft’m be the distribution fumetion of (X ,..,X _.).
The process (X,) is said to be pointwise (setwise) properly
heterogenous if there exists a one-sided infinite sequence
(Xf), t = 0, of R*-valued random variables such that for m =

oflrz’ v
(A/m)z_,F, . = H, properly pointwise (setwise),

where H_ 1s the distribution function of (X¥,X* ,X* ). The

ot SR R
sequence (Xf), t £ 0 will be called the mean process.

The following theorem now specializes theorem 9.3.2. This
theorem is the basis for the consistency results of linear
ARMAY models, in chapter 11.

Theorem 9.4.1. Let (X,) be an stochastic process in R which’
is v-stable with in L! with respect to an a or p-mixing base,
whetre either

TP.00(3) < = or TP _ja(}) < =,

and pointwise properly heterogenous with mean process (Xf). Let
(wj i(9)), i=z0, i=1,...... ,P, be sequences of continuous map-

29



pings from a compact subset @ of a Buclidean space into R¥,
such that for i=1,2,...,p,

SmosuPgeslY; (O] < = (2.4.1)

Let ¥ be a differentiable real function on RP such that for

c =+ o,

SUP| ¢ ) 2o | (978080 = 0(eH) (9.4.2)
where p > 0 iz such that for some § > @,

sup, E|R, |1HA+6 < «, (9.4.3)
Penote

Pj(a)=(71'1('6):---*s’fj.p(g))" ‘
Then

Plimpawsupgeg | (1/m)E ., (B 15T, (6) 'K, )

- E (LT, (8) XD = 0,

Moreover, the limit function E ¢(z?_or3(9)*xfj) is a econtinuous
real function on 6.

Proof: Denote

py =max,_, supgegly; ()] (9.4.4)
Then condition (9.4.1) implies

Z?=opj < @, (9.4.35)
Moreover, denote for noa-negative integers s,

(s} r

.27 (8) = E;_OFJ(S) Xt_j. (9.4.86)

We shall now prove thecrem 9.4.1 in four steps, each stated in

a lemma,
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Lemma 2.4.1. There exists a constant K such that for every
nz1land every s = 0,

E supges| (L/n)Z0. $(&{™(8)) - (L/m)Zo_,$(&{* (8))]
= RELpy
Lemma 9.4.2. For every fixed s = 0O,
plimpawsupgee| (1/n)20 L ¥(E ., T, ()%, L)

- E (T, T, ()X = 0.

Lemmaz 2.4.3. There exists a counstant K such that for every
sz 0,

supgee|E $(T5.,T, (0)'XE,) - E $(Z7.,T, (6)'X¥ )|
< K-Z7

j=s+1P; ¢

Lemma 9.4.4. The function E ¢(E§,Drj(a)'xfj) is continuous on
e.

Realizing that (9.4.5) implies
limpswZy 1Py = 9,

the theorem under review now easily follows from these four
lemmas.

Proof of lemma 9.4.1:; Observe from (9.4.4) and (9.4.6) that for
6 8,

‘55“)(9) - 6] = E?-s+1lrj(3)'xt-31
= 2?=s+1max1-1,2,..,pl7j,1(8)'xt-j! = E?-5+1pjlxt—j|'
Moreover, by the mean value theorem there exists a mean value

X, ,(6) & [0,1]
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such that
[9cel=) (8)) - $(&l*> (8)]
= [ (€{=)(0) - {22 (8))' (8/88)p(x, ,(8)€{=)(8)
+(1-a, L (8))€37 ¢

< |£{=)(8)-£{*) (8) |sup KEZERTI]

J¢|=max(]e{=) ()], €520 (8)) |

S ZP.,41Py | Xy | sup |cazaerveer, (9.4.7)

! 1&1==7200, 1%, |

where the last inequality follows from (9.4.4). According to
condition (9.4.2) there exists a constant € such that

SUD| ¢ (<ol (8/880%(8)] = Ca¥, (9.4.8)
hence by (9.4.7) and Holder’s and Liapounov's inequalities

E supges|$(£{™) (0)) - $(£{®) (8))]

SRR AN OO b S DY e PN b S T3

= C{E(E?‘s*lpjlxt_j|)1*P}1/(1+#){E(2?_apjlXt_j|)1+H}P/(1+ﬂ)

S G, 41 P (ST 0y BIX, |10 1/ (i)
x {(E?.opj)“(z?;uijlxt_j|1+#)}n/(l+p)
= C(E?'ﬂpd)psuptElxtll+p(2?-s+1pj) “K'E?=s+1pj,
(9.4.9)
say. This proves the lemma, 0.E.D.

Proof of lemma 9.4.2: Lemma 9.4.2 follows straightforwardly
from theorem 9.3.2.

Proof of lemma 9.4.3: From lemma 9.4.1 and the conditions of
theorem 9.4.1 it follows

limn,e® E|X,_ (148 « glx¥ |1+s,
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hence
SuPJzoE|X?j|1+p < .
The lemma now follows similarly to lemma 9.4.1. Q.E.D.

Proof of lemma 9.4.4: Let ¢, €6 and 0, € 8. Similarly to
(9.4.7) (with (9.4.8)) we have

W(EDL Ty 0 KT ) - $(E7 (T (8, XY ) |

J

1A

clETLO(FJ(sl) - rd(ez)'xfji(z?_opjlejl)ﬂ

1A

C(z?;ocz$=ol7j_1(31) B 73,1(Bz)l)lej|)(E?=OPJ|ij\)“-
(9.4.10)

Thus similarly to (9.4.9) it follows from (9.4.10),

[B $(I3.,T, (0,0 'X5,) - B $(S7. T, (0,) K5 |
= c'(z?-opd)”supdanlea|1+“z?-ozg=o|7j,i(91) - 75,3 @0 -
Since the 5 j‘(ns?)'s are continuocus on 8, this result proves the

lemma, ' Q.E.D.

The next theorems are easy extentions of theorem 9.4.1,
They will enable us to prove consistency of least squares
parameter estimators of nonlinear ARMAX models. Cf. chapter 11,

Theorem 9.4.2. Let &, ¥, u, (Xt) and (X'f) he as in theorem
9.4.1, Let the functions v, j(E,x), j=0,1,2,.., i=1,2,..,p, be
conitinuous real functions on eka, such that

max,., . .supges|v; ; (F,x)]| S p,b(x), (9.4.11)
whare
=0, <@ (9.4.12) °

and b(x) is a nomnegative continuous real function on E¥such
that for some 6 > 0,
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sup, E B(X,)1#4+8 < o, (9.4,13)

Finally, let

I'j'(g,x)“('rj_l(ﬂ,x), ----- ’73’9(5:}:))'- (9-4-14)

Then
plimnﬁmsupgee](l/n)E“,lw(Zg;éPj(ﬁ,Xt_J))
- B (LT (0,XT)) =0,

Moreover, the limit function E ¢(E?,°PJ(3,XfJ)) is econtinuous
on B,

Proof: Replacing IXt_Jf and fX?JI in the proofs of lemmas 9.4.1

through 92.4.4 by B(X _j) and b(ij), respectively, the theorem
easily follows. 0.E.D.

Theorem 9.4.3. Let the conditionsof theorem 9.4.2 be satis-
fied, except that (X,) 1s now setwise properly heterogeous and
the functions 7i'j(6,x), j=0,1,2,.., i=1,2,..,p, are for each
x € R* continuous real functions on © and for each § € & Borel
measurable real functions on RX., Then the conclusions of
theorem 9.4.2 carry over.

Proof: Note that the function b(.)may now be merely Borel
measurable, The proof of this theorem is similar to the proof
of theorem 9.4.2, referring to theorem 9.3.6 instead of theorem
9.3.2, Q.E.D.
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