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Abstract An approximate version of the standard uniformization technique
is introduced for application to continuous-time Markov chains with un-
bounded jump rates. This technique is shown to be asymptotically exact and

an error bound for the order of its accuracy is provided. An illustrative

queueing application is included.
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1 Introduction

Gontinuocus-time Markor chains are widely applicable for modeling practical
situatibns that evolv2 continuwcusly in time with jumps or changes at spe-
cific epochs. Particu.arly, applications are found in communication (queue-
ing theory, broadcasting), computer performance evaluation (computer net-
works), manufacturing (material handling systems, assembly lines), inven-

tory theory, maintenaice analysis and reliability.

In dealing with contiauous time Markov chains the technique of uniformiza-
tion, motivated by results in [2], has been shown to be a powerful tool for
both computational ard theoretical purposes over the last decades. Among
various others, see Ior instance [13], p.110 for a short description of
this techynique. For example, uniformization has been fruitfully exploited
for Markov decision processes both directly (cf.{8]) and indirectly such

as by speeding up policy improvement schemes by artificially introducing
extra decision epochs (cf. [14]).

The uniformization t.:.chnique, however, is essentially based upon the as-
sumption of uniformly bounded transition or jump rates. Unfortunately, this
assumption is too restrictive in many applications with unbounded state
spaces. For example, in an infinite queueing model the cervice or departure
rate can be linear ir the number of customers present, in an inventory sys-
tem the demand rate 1ay have unbounded peaks, and in reliability the death

rate may be linear in the elapsed life time.

Recently, cf., [17], error bounds and rates of convergence have been provid-
ed for truncations o7 discrete time infinite Markov chains. These results
could be applied to infinite queueing systems with bounded jump rates by
applying the uniform.zation technique. Other truncation results for dis-
crete time Markov chains and thus also continuous time Markov chains with
bounded jump rates ace given in [6], {7] and [20]. For infinite queueing
systems with unbound:d jump rates, however, the uniformization technique

and thus also these f{iscrete time results cammot be applied.






This paper, therefor:, is concerned with an approximate uniformization
technique that applie: to continuous-time Markov chains alse with unbounded
jump rates. This teclnique is a truncated wversion of standard uniformiza-
tion, As the state spice is hereby truncated this technique is computation-
ally applicable in =z twefold manner. As a truncation of the transition
rates and as a truncation, but not mecessarily associated te the rate trun-
cation, of the state space. An error bound for the accuracy will be esta-
blished which is reciprocal in the truncation limit with a conditioning
constant depending upon estimates for the bias terms of the underlying

reward structure associated with the performance measure of interest.

To illustrate the appzoximate uniformization technique as well as how esti-
mates for these bias.terms can be obtained the results are applied to an
infinite queueing system with breakdowns and unbounded service rates. an

explicit error bound :xpression for this application will be provided.

First, as unbounded iump rates are involved, conditions are to be imposed
so as to exclude explosions. To this end, results from [15} will be adopted
(section 2). Next, tle approximate technique and the key theorem are pre-
sented (section 3). “he application to the breakdown system will then be

examined in detail (s:ction 4). An evaluation concludes the paper.

2 Model and prelimiiary results

The system under investigation is a continuous time Markov chain or Markov
jump model with stat; space N and transition or jump rates gq(i,j) for a
transition from state i inte state j. Further, a reward rate r(i) is im-
curred per unit of tine when the system is in state i. First, let us intro-
duce some notation ar 1 present assumptions.

i
q(i) = Z;q(i,j)

p(i,3) = q(i,j)/q(i)

Further, for u: W -» TR with p(.) = 1 and p-non-decreasing, which will be

called a bounding furction hereafter, let
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B¢ = {£: N~ R |[£]], <=
where

JHEH, = sup, [£C)/u(i)]| (£ € B*).

Then B® is a Banach pace endowed with norm ||.I|H, The following assump-

tions can than be stated.

Assumptions 2.1 For bounding functiomns By and p,. and constants Kq, K

T ¥

l|q|h,r < K, (2.1)
el s x, (2.2)
and with

pe = B (B (k =0,1,2)
and constants K,M, we have
s, P(-.j)ﬂk(j)|1“k <K (k=0,1) (2.3)

and either

U2y aCa D = m O, =¥ x-0,1,2) (2.4)
or

Psy g, s (h --»uk(.)lH#k <M  (k=-0,1,2) (2.5)

The assumptions (2.1% and (2.2) allow for instance pelynomially bounded

jump and reward rates such as with
B (1) = (1 + D)®
B (1) = (1 + 1)P

for certain m and p. The restrictive assumptions (2.3) and (2.4) or (2.5)



are purely technical and argued in detail in [15]. Roughly speaking they
are needed to exclude explosions. As per this reference, however, warious
practical situations with unbounded jumprates are covered such as most
notably when for some comstants 7, > 0, K <= and £ € N:

q(i) =z r, (v i)

g9

g{i,i+k) = 0 for all k> Ff (v 1)

which are satisfied in many one-dimensional queueing applications such as
an M|M|w-queue. Under the above assumptions 2.1 the following lemma can now )
be concluded. Roughlv, it states that marginal as well as total expected

reward functions over a finite time length are properly defined by a deter-

ministic integral equation, completely similar to the standard bounded jump
and reward case as in [l] or [5].

Lemma 2.1 For any iy -bounded function £, k=C,1, the function A f is
properly defined by:

A £(1) =3 q(i,3[£() — £(1)] (2.7)
and

a £]{, ,, < ®eDE Ilfllﬁk _ (2.8)

Further, for any finite epoch S and any pg,-bounded function r there exists

a unique u,-bounded family {T,r|t < §} and {V, |t = $) satisfying
TereX = T,(Tyx) (s+t = §) (2.9)
T,r = J* A(T,r)ds (t s 8) (2.10)

V, = f% T,rds = f* [r +AV,]lds (¢t s 8) (2.11)



Proof The statements (2.7) and (2.8) follow from (2.3) as in [15]) with
¢ (.,.) = q(.,.). For given r, the existence of a unique p, -bounded solu-
tion ({V,|t<S} satis®ying V., =  [*[r+AV_]ds is directly concluded from
theorem 2.1 of {15] w.th ¢ (.) = q(.), r®(.) =x(.), ¥ =0, t = 2Z-t and Z =
S substituted. This same theorem also proves the existence of a unique p -
bounded family (T,r{t<S} satisfying (2.10) by substituting r = 0, ¥ = ¢ and
Z = t. The semigroup-roperty (2.9) as well as the relation V, = Ofthr ds,
finally, camnot be coicluded directly from this theorem but in fact are im-
plicitly proven by the proof of this theorem as based on discrete-time

approximations, for which the discrete analogues of these statements are

standard.

From standard Markov reward theory it is well-known in view of the above
representation that the wvalue T, r(i) and V, (i) represent the expected
reward at time t resjectively the expected total reward over time t when
starting in state i st time 0 and incurring a reward r at time t respecti-
vely a reward rate r during [0,t]. The operator A is known as the infini-

tesimal operator or giwmerator of the underlying jump process.

3  Approximate unifo:mization

Congider some fixed iniformization limit Q and truncation limit N and for

any 1 = N, let t{i] = N be some given state of truncation. Here we allow

N <o and Q = sup q(i) or Q = sup q(i)
igN L<N

Then for any isN we cin define one-step tramsition probabilities

pi,g) =

- 0 >N
[1-[a(HH)Q ! A 1]] j=imt{i]

$ [q()Qr A 1] p(i, D) j=i, j=t[i], j=<N
[q()Qr A 11[p(d, e[1]) + I, p(L. )] d=t[i)mi

L [Q()Q° ! A 1][p(1,1) + Bj,,p(1,5)] + [1-[q(i)Q* A 1]] j=t[i]=i
(3.1
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The above construction has the following interpretation. For N=« and
Q z sup;q(i), the second and third probability correspond exactly to the
conditional transition probabilities under the standard uniformization ap-
proach (cf. [13], p.1.0) in which state dependent exponentizal holding times
are uniformized to one and the same exponential holding time with parameter
Q and dummy jumps inr>duced from a state into itself, as if the process 1is
inspected at an exponential rate Q, For N<w, which is of computational
interest, this uniformizing approach is retained but with truncated state
space in which transitions exceeding the truncation limit are lumped to-
gether in some state t{i]. For Q < Sup; . 4q(i) with either New or N<w, as
can be of interest bo“h from a computational and theoretical point of view,
the uniformization i: relaxed to states with q(i) = ¢ only. The special
case N<w and Q z max,q(i) which is most practically interesting, will be

referred to as "truncated uniformization®.

Now let us investipate how the above coustruction for fixed Q and N can be
exploited to "efficiently approximate" stationary performance measures of
the continuous time Markov chain given in gection 2. To this end, we adopt
all notatlon from section 2 and with rthe reward rate r let functions
{V,|n=0,1,2,...) be defined by

Var1 = Dpuo Tk TA=T/Q+ T Y, (3.2)
i
T £(1) = % p(d, 1) £, (3.4)

These reward functions thus correspond to the expected total reward over n
!
periods of length 1/Q with one-step transition probabilities given by
(3.1). Now let us assume that for some state £:
g = limg = v (4
and (3.5)
1i 1
g = 1lim _ T v, (D)
1
exist, where V, is tne function given by (2.11), which represent the ex-

pected average reward per period and per unit of time of the discrete con-



struction (3.2) and the original continuous-time Markov chain respectively,
The following key-theorem then shows that under appropriate conditions the
approximate uniformization construction approximates the average reward,

such as a performance measure, within an order 1/Q.
Theorem 3.1 (Approx.mate uniformization) Suppose that for some B,, B,:
Toup(2) < B, (vn) (3.6)

HTew I, <8, (vt) (3.7)
and for some B, and a.l t:

|20 PELD T (Ve (D] +

|1eqciroar Siey pﬁi,j)[vt(j>-vt(i>ll +

VL hym0y ) Byog PLIYIVEC(RIAD-V (D) 1] = pg (24, (1)By/Q (3.8)
Then for all t=n/Q an} with C={K By + (K+1)K K. By ]:

| (V) ()] = £ 3,6/Q (3.9)

|8 - & = B,Cc/Q. (3.10)

F

Proof Let h=1/Q, thén by virtue of (3.2) and (2.11)
Vn - hr + T ﬁn_l

(3.11)

h
Vop = Vap-n + Jan 1 (XA V,)ds.

i
Also noting that T is restricted to {1,...,N}, we thus conclude for i<N:

(Von = V(1) =



Von-n (1) + b AVg 0 (1) + [apoy AV, Vo, )(i)ds = T ¥,_, (i) =

[A ~ (T-Dh ']k Vnh:h(i) + [ AU,V o) (i)ds + T(Vypen—Yn-1) (1)
(3.12)

From (2.7), (3.1), (3.4) and (3.8), we conclude for arbitrary t and with h™ *=Q:
J(a = (T-DH)h" 1 v, (i) | =
laci)y 25 pCL, VLDV (1] — [q(i) A Q] *
(Ziep PED IV (D] + 2, p(,3) [V (E[1]) — V(D] =
11¢qcssmq; la(1)-Q] Ty PCLI) Ve (3)-Ve (D)) +
Yigeirsgy A1) By g P(,3) [V (I)-Vy (e[i])]) +
Ligciysqy 180 35y P [V (DY ()] ~
Q 2,y P(1,3) [V (E[L]) = V(D] =
a(Dp (p, (1B /Q <
By (1)K, By /Q. | (3.13)

From (2.8), (2,10;‘: . (2.11), (3.7), h=1/G and the fact  that
H'Hul = HHu , we also conclude
r

Hat,Von-) H,, < LR e Tox @l <

@K el |1 fenTieanl, < eDERB, Q. CRUN

Further, note that |£{1)] = u, (1) 1H£]l, and |T £0)] = 7, B(LDIEWD)]
for arbitrary function f. Hence, from substituting (3.13) and (3.14) in
(3.12) after taking absolute values, we conclude that for any i=N and with
C = [K By + (K+1)K.K.3,]:



| (V=) (A)| = hopp (A)[C6/Q) + 25 pCE,3) | (Voo i —Vop ) G- (3.15)

As the probabilities 5(i,j) remain restricted to states jsN, we thus find
by iterating the latter inequality for n,n-1,n-2,...,0 and substituting
Vo (.) = Vg (.) = O

[T, Vo) (] = he6/Q] F1) (Tny) (1) (3.16)

By applying condition (3.6) with i=£, the proof of inequality (3.9) is
hereby completed. Inejuality (3.10) immediately follows by the definitions
(3.5). 0
Remark 3.2 (Conditiou 3.8). The right hand side of condition (3.8) may
seem artificial by the inclusion of uq(i) and 1/Q. However, for practical
application one may typically think of the left hand side of (3.8) to be
non-zero only for i such that g(i) is aproximately equal to or larger than
Q. Roughly, it then comes down to verifying (3.8) with the right hand side

replaced by u, (i) B; in order to guaraﬁtee (3.10) with order of accuracy

1/Q.

Remark 3.3 (Restrictad/truncated uniformization). Below we particularize

condition (3.8) for two special cases of interest.

(1) N=w, Q<o (Restricted uniformization). As N=« and only states with

Kq;.aq(i) = q(iy 2 Q@ ace involved in (3.8), in this case (3.8) reduces to:
HEy pCLd) VO, <8, ;! \ (3.17)

(ii) N<=, Q = max; .. q(i) (Truncated uniformization). As q(i) = Q, condi-

tion (3.8) is now gua:anteed by
1=,y P(L, 1) [V (DY (D] +

[Z,0 POLD) Ve GILD — V(D] s g (D)p (1)B3 Q. (3.18)
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Particularly, with t[i]=i for all i and pq(i) = (1—6)K;1Q for all i such
that p(i,j)>0 for som: j>N, where 0s5<l, this reduces to

12500 PGS VD)V (D)1 = 5, (1) By K 2 (1-6) (3.19)

Remark 3.4 For the cise N=w, the key-result (3.9) of theorem 3.1 resembles
Theorem 2.2 of [153], showing that for this special case the construction
3.2 approximates the value V, within an order 1/Q but with a conditioning
constant €, depending on t. From the proofs of this reference, however,
this constant depending on t appears to be exponential in t (see the proof
of Lemma 5.1). In contrast but most essentially, however, (3.9) proves that
this constant c¢an be reduced to a linear function in t so that the main

result (3.10) can be «oncluded.

Remark 3.5 As (3.10) implies the order of accuracy 1/Q provided the condi-
tions (3.6), (3.7) and (3.8) are satisfied, it also proves the approximate
uniformization to be asymptotically exact in Q. Particularly, the truncated
uniformization such as under (3.6), (3.7) and (3.19) seems to guarantee

this asymptotic exactness. This will be illustrated in gection 5,
4 Recursive verification of continuous-time conditions

The conditions (3.7):and (3.8) involve continucus-time functions that are
to be estimated from above independently of t. This itself is a main prob-
lem as time-recursive techniques cannot be applied in continuous-time. This
section therefore will show that the discrete-time recursive construction
(3.2) and (3.3) can also be utilized to verify the conditions (3.7) and

(3.8) in a discrete-time recursive manner.

To this end, approximation results will be established similar to (3.9) but
without continuocus-time conditions such as (3.7) or (3.8). In contrast with
the right hand side ¢f (3.9), however, the order of this approximation will
grow exponentially in t so that a main result of interest as (3.10) camnot
be concluded. But for fixed t, these approximations will suffice to verify
(3.7) and (3.8).
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let N<= and Q = max, ..q(i) be arbitrary finite numbers and consider the

one-step transition construction given by (3.1). Hence, with h=1/Q, we have

p(L,3) =
-0 j>N
1-h q(i) J=imt[1]
1+ hq(i,j) j#i, jreli]
hiq(i,t[i]) + Z;,4 a(i,1)] Jmt 1]
- hlq@i,1) + 2, 5 (i, )] + [1-h q(1)] j=tl[i]=1 (4.1)

Let T, T, be defined by (3.3) and (3.4) and write A={T-I1}h™!. The following
key-lemna is then obtained as a truncated analog of lemma 4.1 from [15}.
Its proof essentlally relies upon the technical assumptions (2.4) or (2.5).
Lemma 4.1  For k=0,1.,2 and some constant C independent of N and Q:
(T ) (1) = (1+h0)_#k(i) (1=N) (4.2)

Proof Noting that p (t[1]) < g (j) for all j>N and with q(i)=2yq(i,j) we
find

Thg (1) = iy (1) + b B 0q(1,3) i (3)
— b QD (D) + b g (LD Ty, a(L,D)
< p (1) + h 2y q(i,3) [py (3~ (1)) (4.3)
The proof is hereby completed under assumption (2.5), while under (2.4) the

proof is guaranteed b7 noting that u (j) = p, (i) for 3j=i so that the latter

inequality can be rediced to

T (1) < e (1) + 1 35, a(L,3) (e (D (D)] (4.4)
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The following lemma is a minor modification of lemma 2.1. Its proof follows

directly from theorer. 2.1 of [15] with q®{(.)=q(.), r®(.)=r(.), t=Z-t and
Z=8.

Lemma 4.2 For arbit:ary finite § and u, -bounded functions r and % there

exists a unique p_-bounded family {thtES} satisfying

W, =%+ oJt (r+ AW ds. (4.5)
Further,
W, = oft T,r ds + T, ¥ (4.6)

Now consider some fixed t and pu -bounded functions r and . Then with

£=[t/h], the functions [ﬁ;]n-0,1,2,.,.,£} can be defined by

4y =hr+T,  (n<d)
{ - (4.7)

The following lemma tnen relates this special recursive construction to the
continuous-time form. lation (4.5)., Its proof is similar to that of theorem
3.1 but with some miror though essential technical differences as the con-

ditions (3.7) and (3.3) are excluded.
Lemma 4.3  For giver N and Q z max; . q(i) assume that for some constant 7>0:
Bg (1) 2 7Q if 3Z.ep(1,J) >0 (i=N) (4.8)

Then for arbitrary S<», any t=<§, some constant C; independent of N and Q,
I=[t/h] and arbitrary pg,-bounded function £, we have

[(Tp - TOFW)] = p(1)C, /Q (i), (4.9)

| Wy — WD) = p(i)C/Q (1), (4.10)
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Proof We will first prove (4.10) for arbitrary p, -bounded functions r and
p. From (4.5) and (4.3), we obtain similarly to (3.11) and (3.12) that for
any nh=<$ and i=N:

(Mo, =¥, ) (1) =

(A — (T-Dh"11h W, (1) +

Jor WA =W, ) ()ds & T, W, ) (i) (4.11)
Now noting that q(i)=Q for all isN, for all s<S we obtain ag in (3.13):

| (A=(T-I)h W, (1) | = q(L)[Z), 4P (L, 3) W, (3)-W, (£[1])]] (4.12)
As W, is p,-bounded while also p _(ti{i]) = p,.(j) for all j>N, by virtue of

condition (2.3) with k=0 and the technical condition (4.8), the latter

expression can be estimated from above by

2 a(D) K (D) W], =

2 KRy (1) L[Vl s, (1) = g (036,00 (4.13)
where C; = 2Kquax555||Ws||“r/T. Further, from (2.8.) and (4.5):

JICAT AR

(R+1)K, [ fopow [+ AW“]dullnl <

h(R+1)K, -[||r||nl + (R+DK, sup | [W,[[, ) = hC, = G /Q. (4.14)
uss

for a constant C, independent of N and Q=1/h. Then similarly to (3.15), by
substituting (4.13) and (4.14) in (4.11) after taking absolute values, we
find for any isN:

!(ﬁn_wnh)(i)| Sy “Z(i) [C3/Q} + li(ﬁn-l"‘wnh)(i)| (4.15)
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where C;=C,+C, does not depend on N and Q=1/h. Hence, by lemma 4.1 and
{14hC) = exp(hC), we nave for all nhsS:

1A

‘-lﬁn-wnhllyz h[:S/Q] + (1j+hc) I|{‘T”1*1-1_wn.hHN2

1A

< [nh]{1+hC)™ [C4/Q]

IA

s eC5[C, /Ql. (4.16)

Finally, with n=[t/h] and h=1/Q, we conclude as in (4.14):
N9, = ¢ 0 (4.17)

By combining (4.16) and (4.17), inequality (4.10) is hereby proven for
arbitrary p.-bounded functions r and ¥, By letting r be identical to 0 and
substituing ¥=f, (4.9) immediately follows from (4.5) and (4.10). O

Theorem 4.4 (Discrete verification) For some >0 and sequences
{Nm]m-l,2,...} and {lemwl,z,...} witch Nm*; and Q = as m+o, suppose that
for all m=1,2,... cordition (4.8) of lemma 4.3 is satisfied with N=N_ and

Q=Q, . Further, assume that for all m, some constants B and B(k,j) for given
k,j:

T;pr(i) < u, (1)B (i=N) (4.18)
and

Vo (3)-Y, ()| = B(k,3) (n=0) . (4.19)

with Tn and ﬁn as per (3.2) and (3.4) based on (4.1) with N=N, and Q=Q_,
and provided k,j = N . Then also for all i and that given k,j:

Top (1) = p (1B (£20) (4.20)
[v, ()-v, ()| = Bk, 1) (£20) (4.21)

Proof By letting N = M~ and Q = Q= as m+», this follows directly from
lemma &.3. O
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Remark 4.5 (Monotonic .ty properties) Theorem 4.4 enables us to verify the
conditions (3.7) and (3.8) in an inductive manner based on the recursive
constructions (3.1), (3.2) and (3.3). As will be illustrated in detail in
the next section, ver .fication of the conditions (3.7) and (3.8) can hereby
essentially be reduced to showing that the one-step transition structure

preserves monotonicitw properties (see lemma 5.1, lemma 5.2 and lemma 5.4).
5  Application: Queueing systems with breakdowns

To illustrate how the approximate uniformization technique applies and how
the necessary conditions can be verified in practical situations, this sec-
tion concerns an application to queueing systems with breakdowns. Such sys-
tems do not exhibit z product form expression for the steady state distri-
bution and thus requi-e a numerical computation. Moreover, in this case the
necessary conditions such as (3.7) and (3.8) cannot be verified directly by
birth-death type argumenfs as a two- and thus essentialy more-dimensional
state space is invo.ved. Te this end, monotonicity results are to be
proved. Such results are currently of interest in the literature (ef. [9],
(103, [11], ([12], [13] and [19]). The present application, however, re-
quires special technicalities as infinite intensities are involved. This
has not been touched upon earlier in the literature. The proof techniques

therefore are of gene:al interest.

For the purpose of 1.lustration and exposition, we restrict our attention
to the truncated uniFormization case (see remark 3.3 il) as this case is
the most natural ome {rom a numerical peint of view., However, as the essen-
tial techmnicalities sach as (3.7) and (3.8) are hereby dealt with, similar
results can be expected for other approximate uniformizations such as re-

stricted uniformization (see remark 3.3 i).

Az per inequality (3.10) of theorem 3.1, the accuracy of the truncated uni-
formization proposed will be shown to be of order 1/Q with an explicit con-
ditioning constant B,C. As performance measure of interest we will consider

the system throughpuf.
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5.1 Model

Consider an infinite server system that is subject.to breakdowns indepen-
dently of whether cus:omers are present or not at an exponential rate with
parameter v, . A breaklown renders the system inoperative for an expomential
period with parameter v,. The service requirements are assumed to be expo-
nential with parameter p. The interarrival times are also exponential but
with state dependent parameter A(p,8) whenever the svstem 1is in state
(p.8) denoting that p customers are present while the system is in status

8, where 6=1 means operative (up) and 6=0 means inoperative (down). Here we
assume that for some A<= and all (p,8):

A(p,1) = X(p,0)

{5.1)
X = A(p,8) = x(p+i,0).

For example, we can have A(n,8)=0 whenever 6=0 and n=Z for some Z, while

Af{n,8)=x otherwise, representing a system in which arrivals are blocked

above a certain level Z when the system is down.

The description above is known in the literature as the "independent”
breakdown case in coitrast with the so0-called "active" breakdown case in
which the system can go down only when it is serving (ef. [4], p.l0L).
Degpite intuition, either case 1is essentially as equally untractable
analytically., For cinstant A(.,.)=A and a single instead of infinite
server, closed form expressions have been obtained for the generating
function of the queuc length (cf. [4], p.103). Similar expressions can be
expected for the Inf . nite server case but even then explicit expressions
for the steady state distribution do not seem obtainable. A product form
expression can be shown to hold (cf. [16]) only when A(.,8)=0 for 8=0, For
the general case numerical computatlion is thus required. As infinite
transition rates are: involved, truncated uniformization will be proposed.
As performance measursz of interest we investigate the throughput, where it

is noted that this mcasure is known explicitly only when the arrival rate

is constant.
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5,2 Truncated uniform.zation

The transition rates q({p,2),[p’,9']) for a transition from state [p,o]
into [p',8'] are givea by

A(p,8) for [p’,8'] = [p+l,8]
P& lig-1, for [p’,8'] = [p~1,1] 5.2)
vy 1{8,0} for [p',8'] = [p.1l]
Vl 1{8‘1} for [p':e':‘ = [p!o]
Further, let
(p.®) =p# g, (5.3)

which represents the -leparture rate whenever the system is operative with p
customers. First, le: us investigate the conditions (2.1). Clearly (2.1)
and (2.2) are satisfied with

4o (p,8) = (1+p), K, = 4

Further, with the sta~e labeling given below one directly verifies the con-
ditions (2.6) which n turn, as per reference [.], guarantees conditions
{2.3) and (2.4) with K=8. Lemmas 2.1 and 2.2 thus apply. Particularly, the
functions V, are well-defined and their limits as per (3.5) necessarily
will equal the unique throughput g. The approximate uniformization theorem
3.1 thus becomes of iaterest,

*

To this end, label the states [p,8] by the number 2p+8+2 1 and

>
throughout this section, let i1 and j denote the label correspungin;}to e
state [p,®] and [p’,f'] respectively. Further, the preceding notation will
be adopted either wita i and j representing labels or with i and j replaced
by their corresponding two-dimensional states. For example, we write both
q(i,i) and q({p,81,(r’,8’]) for the transition rates as given above,
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Let the cperators {Tt|t20} and the functions (V_|t=0} be given by (2.10)
and (2.11) for the zbove transition rates and reward structure. Then V.
rvepresents the expected total number of departures over a time period of

length t, so that the system throughput is determined by

g = lim., £V, (0,1

In order to apply theorem 3.1 we first wish to establigh the conditions
{(4.18) and (4.19) for concluding the estimates (3.7) and (3.8). These esti-

mates are the most essential step for practically applying theorem 3.1,

To this end, consider any arbitrary truncation limit L on the queue size
and let the transition probabilities P({p,8},[p’.8']) be defined by (4.1)
with N = 2143 and <t([L,8}) = [L,8). Then with

Q = {Lptdtvgtyy+p] = max o) |psi,e-0,1) (2({P.8]) + 4}, (5.4)
we have

l_q(iL!e])/Q + ’\‘([L’G])XQ [P':e']“[Pse}“[L,e}
plip.e],[p',€"']) =4 —q([L,8))/Q ip'.8')=[p,8]=[L,8]

q([p,®],[p",8']1)/Q otherwise (5.3)

for all [p,®] with psL. In words, this construction rejects arrivals ex-
ceeding the thresheld L. First let us prove that this construction pre-
serves monotonicity,

Lemma 5.1 For any function £(n,®) such that

£(p+l,86) — £f(p,8) =2 O (p=0, 6=0,1) (5.6)
also

T f(p+1,8) - T £(>,8) = 0 (p=0, 8=0,1). (5.7)
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Proof For any p+l <=L and 6=0,1, we obtain from (5.1) and (5.5):
T £(p+1,8) — T £(p,8) =
(APH1,0)/Q) Lo,yaqy £(042,0) + 11, £(L,8)]
+ [(ptl) g lig=13/Q) £(P,8) + [vy l(gm0;/Q) £(p+1,1)
+ [vy lig=13/Q) £(p+1,0)
+ (1L — [A(p+1.8) + (p+l) g Ligmyy + ve]/Q) £(p+1,8))
- {[x(p.®)/Q] £(p+1,8)
+ [P # Ligm1y Llipa0y/Q] £(p-1,1)
+ [vy liga13/3] L(p,0) + vy 1g.0y/Q) £(p.1)

(L~ [Mp.8r + 9 8 Liemyy Lipaay + ¥ 1/Q) £(p,0))

= [X2.8)/Q) 1( 414y [£(p+2,8) ~ £(p+1,8)]
+ [A(p,8)/Q) 1,y [£(L,8) — £(L,86)]

+ [{X(p,8)-A(p+1,6}}/Q] [£(p+l,8)—E(p+1,0)]
+ [P # lie=1y Li,.0,/Q1E(P,@)—£(p-1,8)] *
+ (8 Liguy;/Q (£(p,8)~£(p,9)]

+ [vy liewsy/ A1E(P+H,00-£(p,0)]

+ [vg ligag;/ W [£(p+l,1)—1(p,1}]

+ {1 = {A(p.,8) + (p+L) p Lliga1;+ve}/QI[E£(p+l,8)-E(p,08)].
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Noting that the second, third and fifth term of the last expression are
equal to 0, applying (5.6} to the other terms, and recalling (5.4), we have
hereby completed the proof. O
Lemma 5.2 For k=0,1 2 and all w=0:

Tos: #(0,1) s T, g, (0,1) (5.8)

Proof By induction to n we will show that for any function f satisfying

(5.6), we also have
(Tae £ — T,£)(0,1) 2 © (5.9)
For n=0 this follows by:
T£(0,1) = [x(0,1)/Q] £(1,1)
+ (1 - [X0,1)/Q]) £(0,1) = £(0,1).
Suppose that (5.9) hotds for n < m—1, then for n=m:
(Tger £ — ToE)(0,1) = (T,~T,.,)(TE)(0,1) = O,

by virtue of the induction hypothesis provided (Tf) satisfies (5.6). This,

however, is proven by lemma 5.1. : O
Lemma 5.3 Let p = A[u *4vgi4p tv,vgt). Then, for k=0,1,2
Top (0,1) < €7@ 3. (I+)F* 1) pd /91 = B(K). (5.10)

Proof The arrival i1ate of the original queueing system is estimated from
above by X. Also, a- the mean number of breakdowns during a service is
estimated from above >y v,/u while upon arrival the system can be down, the
mean sojourn time of 3 customer in the original queueing system is estimat-

ed from above by [1+Hl/p]v51+p'1. Therefore, with X, the gqueue length of
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the original breakdown system in equilibrium and X the queue length of a
stationary M|M|e system with arrival rate X and mean service time
[l+v, /vy ] /@, one can prove by stochastic monotonicity results such as in
(2], [10], [1l1], [18] and [19] that

E(L+X)F = E(1+0F = C(k).
Now consider the original breakdown system with the modification that arri-
vals exceeding the threshold L are rejected and let X; be the queue length
of this system in equilibrium. Than, as Intuitively clear, one can prove as
in [16) that also

ECLHOE £ B(1+%)E.
On the other hand, by virtue of the construction (5.5) and the standard
uniformization technique (cf. [15], p.ll0), the steady state distributicns

of this truncated breakdown model and the construction (5.5) are the same,

so that particularly
The monotonicity as proven by lemma 5.2 thus completes the proof. DO

The following lemma is concerned with estimating the bias terms of the

reward structure of interest, being the throughput. To this end, let
r({p,81) =p p 1;,.1, (5.11)

and consider the functions ﬁn as given by (3.2) as based upon T given by
(3.4) and (5.3).

Lemma 5.4 For allr, p+l =L and 6=0,1 we have

0 < V,({ptl,8]) - V ({p,@]) =1 (5.12)
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Proof Since for p+: < L:

Voer ([p+1,8]) = V0  (Ip,8]) =

[# Liouy, /Q) + T U, ([p+1,8]) = T T, ([p,0]),

as in the proof of lemma 4.1 with f replaced by ﬁm and terms equal to zero

omitted, we find
Vpra ([p¥1,8]) — Vyuy ([p.0)) =
(8 1i6.-1,/Q)
+ (AP, @) /AL, Ly [Vo(pt1,8) = Y, ({p,08])]

+ [P # Ygmay Lip.0,/7Q) [Vp(lp,11) ~ Vo ([p=1,1])]

+

[v: lie-13/Q) [V, ([p+1,0]) — ¥ ({p,0])]

+

(vg liom03/Q1{V,{Ip+1,1]) ~ V, ([p,01)]

+

[1 = (A(p,@)+(E+L) g Liguyy + ¥g1/Q)[V,(p+L,0) = ¥ (p,8)] (5.13)

We can now give the proof by induction to n. Clearly, (5.12) holds for n=0
as ?50(.,.)-0. Suppose that (5.12) holds for n<m, then substitution of the
lower estimate 0 in (5.13) directly yields the lower estimate 0 also for
n=m+l. To conclude also the upper estimate 1 for n=m+l, note that the first
term of the right hand side of (5.13) is compensated by p 1{a=1} of the
last term together with the upper estimate 1 for o=m by induction hypo-

thesis and recall (5.4). 0

We are now able to apply theorems 3.1 and 4.3. To this end, let g be
defined by (3.2) and (3.5) as based upon the truncated uniformization (5.3)

for given truncation limit L.
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Theorem 5.5 Let B(O: and B{2} be given by (5.10). Then for any queue size

truncation limit L and Q = [L g + vy + v, + X + pl:

Ig-g| = B(2)C/Q = 0(1/L) (5.14)

where

c = [Kq By + 9 K, K: B(0)]
A+ 24 + vy + ]

K,/ (L+1)

K, = u.

o
w
1

Proof First note that the label N = 2i43 Ebrresponds to the state
[L,1). The only states with label i such that a state with label j>N can be

reached, therefore, esre the states [I.,8] with 8=0 or €=1. For these states

one has
pe ([L.8]) = (1+L) =z 7 Q (5.15)
for 771 = [A+2ptry+r, |, Condition (4.8) is thus satisfied with fixed ¢ > 0

for any N = 2L41l, Q = [Lp + vy + v; + XA + u) and arbitrary L. By letting
L= and recalling l=2mma 5.3 for k=0 and lemma 5.4, the conditions of
theorem 4.4 and thus inequalities (4.20) and (4.21) are gatisfied with
B = B(0) given by (5.10) (5.16)
B([L+l,8},{L,8]) =1 ) (5.17)
for arbitrary L. Now consider a fixed L. Then by wvirtue of lemma 5.3 and
(5.16) we have thus verified the conditlons (3.6) and (3.7) of theorem 3.1

with #=1 the label of state [0,0] and

B, = B(2),
B, =~ B(0)

as per lemma 5.3. Fu ther, as t[L,8]) = [L,8] and q([p,8]) £ Q for all
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P=sLl and 8=0,1, by using (5.17} as estimate for [Vt([L+1,9])—Vt([L,8}}\

and substituting pq('L,B]) = u ([L,8)}) = (L+l), one immediately verifies
(3.8) with

By = Q/(L+1)% = { A 2ptwg+yy | /(L+L) .

Application of theorem 3.1, where it is noted that K=8 as by (2.3), com-
pletes the proof.. O
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