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Abstract

This paper aims at providing new insights into dynamic spatial
interaction and I-0 analysis by linking a multiple objective program-
ming approach to stochastic dynamic spatial allocation models. In this
context, a multiple objective optimal control model is designed, which
appears to lead to a generalized solution for conventional spatial
interaction problems. Next, by using a Wiener {(or Brownian) motion
process model for the dynamie evolution of flows of origin, a new Lype
of dynamic spatial interaction model is generated, for which the
solution (based on Hamilton-Jacobs-Bellman equations and Lagrangean
equations) appears to incorporate a generalized stochastic gravity
model.







1. Introduection

Input=-ocutput (I-0) analysis has already a long history in the field
of regional economics. Thanks to the path-finding work of Leontief and
Isard in the fifties and sixties, I-0 analysis has become a major
analytical toel for spatial interactions and allocations in the field
of commodity flows, not only at an (inter)national but also at an
(inter)regional scale. Extensions toward environmental and energy
analysis 1in the seventies are also noteworthy in the framework of
spatial-sectoral allocation analysis.

The estimation of +the entries of a matrix in allocation analysis,
given (changes in) row and column totals, has been given much atten-
fion in the past decades. The conventional transportation model in
linear programming, the Koopmans-Beckmann quadratic assignment model,
the RAS-updating methed in input-cutput analyéis, the entropy-based
spatial interaction model and the minimum information principle are
all examples of assessment methods oOf matrix cells, when direct infor-
mation on the values of these cells is lacking. These methods have
often played an important role in input-output analysis (see for a
survey among others Batten and Boyce, 1986).

Various attempts have been made to provide a synthesis of such
methods based on different methodologies. For example, it has been
shown by Coelho and Wilsen (1977), Erlander (1977) and Evans (1973)
that a linear cost-minimizing model in spatial interaction analysis
may be regarded as a special limit case of the entropy approach. In
general, however, it is clear that the use of different assessment
principles implies essentially the use of different (i.e. conflicting)
objective functions. This case of multiple objective models in
spatial interaction analysis has recently been introduced with in an
interesting article by Hallefjord and J¥rnsten (1986).

The latter situation is also extremely important in an interre-
gional I-0 framework, as sometimes cost-minimizing principles (e.g.
the Leontief=-Strout model) are applied, while in other cases informa-
tion-theoretic or gravity-based principles are used. Thus the poten-
tial offered by multiple objective models deserves a closer analysis.

Despite the rigour and consistency achieved in input-output analy-
sis, wusually a basic flaw remains, viz. its essentially static cha-
racter. Fully dynamic I-0 models are still very rare. This is espe-
cially surprising, because in a related field, viz. spatial interac-
tion analysis, various attempts have been made at designing dynamic
models (see for a review Nijkamp and Reggiani, 1986a). It is a well-
known fact (see Batten, 1983) that (inter)regional I-0 analysis is a
particular type of spatial interaction analysis: both approaches deal




with the assessment of the entries of a matrix, given its row and
column totals. Therefore, it may be interesting to use recent achieve-
ments in the area of spatial interaction analysis as a 'model'!' for
exploring the possibilities of designing fully dynamic I-0 models, as
it is elear that dynamic spatial interaction madels may be regarded as
generalized I-0 models. Especially if the recorded marginal transac-
tions are subject to a dynamic change pattern, results from dynamic
spatial interaction theory may be helpful. In particular the use of
optimal control principles may be relevant in this context. This would
also provide a framework for endogenizing the technical structure
which is usually imposed as a fairly rigid framework in I-0 analysis.
In this sense, technological change ¢r changes at the demand side, for
instance, may als¢ be dealt with, so that indirect implications for
the spatial allocation of commodities ¢an be more properly analyzed.

A third aspect Of allioecation and I-0 analysis, which has up till now
received far less attention, is the poetential stochasticity of these
models. Various elements in dynamic models cannot plausibly be regar-
ded Lo be deterministic in nature, sc¢ that it is worth exploring the
field of stochastic allocation models. This problem has in the past
received some attention in input-cutput analysis (see Gerking, 1976},
in allocation problems based on the master equation analysis (see De
Palma and Lef&vre, 1984, Haag and Weidlich, 1986, Kanarouglou et al.,
1986, and Weidlich and Haag, 1983) and in random utility theory (De
Palma and Lefévre, 1983, and Leonardi, 1985), bhut in the broader
context of spatial interaction analysis this isswe has often been
neglected.

In the light of the previous remarks, this paper will center argund
3 issues in (spatial) allocation analysis, viz. multiple objectives,
dynamics and stochasticity. An attempt will be made at providing a
coherent framework for analysing these 3 issues simultaneously. There-
fore, the paper is organized as follows. In section 2 the problem of
multiple objectives in (spatial) allocation analysis is discussed,
followed by a presentation of a simple dynamic model based on opti-
mal contrel analysis in section 3. Section U is devoted to stochas-
ticity, especially in the framework of optimal control models. A
synthesis c¢ontaining a new formal approach to multiple cbjective,
dynamic and stochastic models for allocation analysis is contained in
section 5, while the paper is concluded with a research outlook.

2. Multiple Objective Spatial Interaction Analysis

In the present section we will start off with some standard results
from conventional static apatial interaction analysis (see for a
review Nijkamp and Reggiani, 1986a). The usual spatial interacticn
model based on the minimum information principle (or maximum entropy



principle) can be reformulated in the context of multiple objective
programming analysis as follows:

: .
maxw=- T . (InT, ., ~1)=-371%c..T
S.t. By 1 1 iy W S
§ Tij = Oi ¥i | (2.1)
T.. = D, ¥
? 13 DJ ]

where Tjj; 1is the flow from i to J, ¢jj its corresponding unit
cost, O3 the origin total and Dj the destination total. These
flows may represent commodity flows in I-0 analysis, transport flows
in transpértation analysis, migration flows in demo-economic analysis,
etc, The parameter B acts as a distance friction coefficient, as it
cah easily be demonstrated (see Wilson et al., 1981) that the soclution
of {2.1) is equal to:

Tij = Ay Bj 04 Dj exp {- Bcij)
with A; and Bj balancing factors defined as:
A; = exp (= BAj) / 03 (2.3}
and
By = exp (- Buj) / Dj (2.4
where Aij; and pj are the Lagrange multipliers associated with 04
and DJ- respectively.

Model (2.1) may also be presented as a multiple objective model with
2 objective funections, viz.:

maXx o = =g, T T..{lnT., - 1) —qa. E L e,. T..

I Tij = Oi > (2.5)
3

r T..=1D

PR ]

where the weight coefficients ay and a» satisfy the usual addition
conditions:

at + ap =1 (2.6)



This is obviously a model with two conflicting objectives, viz.
maximization of interactivity (measured by the entropy) and minimiza-
tion of teotal interaction costs (see also Hallefjord and J3rnsten,
1986). Now, it is easily seen that - instead of (2.3) and (2.4) - we
have the following solution for the balancing factors:

Aj =exp (-~ X1 / x) 7/ 0y
By =exp (- uy/ o) / Dy (2.7)
B az / ay

It is clear that the abovementioned model can easily be extended
with alternative objective. functions, although in that case it is
generally impossible to derive elegant analytical solutions. However,
by means of interactive numerical procedures a final solution is in
principle still possible (see for further details also Rietveld,
1980).

What is the meaning of the above mentioned multi-objective model in
the context of I-0 analysis? The use of this model in an I-0 framework
would imply a compromise between the conventional Leontief-Strout
gravity trade model and a cost minimizing pooling model for I-0 flows.
The first component of (2.1) is in agreement with a gravity (or entro-
py) specification and hence consistent with an information~thecretic
methodology. The second component emerges from a linear programming
approach assuming cost minimization. Consequently, the use of this
multi-objective approach in estimating (changes in) I-0 coefficients
is more flexihble and general than conventional uni-dimensional estima-
tion criteria.

3. Dynamic Multiple Objective Spatial Interaction Analysis

The previous multiple objective programming analysis can be extended
by ineluding a dynamic systems equation describing the evolution of
the spatial system concerned over time. It is evident that various
ways for specifying a dynamic spatial interaction model geared to
(2.1) can be chosen. In general, however, it is then extremely cumber-
some £o derive manageable analytical results. Let us consider here the
following dynamic model:

[ L]
It

Y0+Gi(ZT.‘-ET) (3.1)

i i1 . 1
A J

where Y; 1is the natural growth rate of place i, and §; is a para-
meter. It is assumed here that 0; is a state variable whose dynamic
evolution is linearly dependent on the net push-out and pull-in
effects of origin i. It should be noted that model (3.1) is among




others a member of the family of dynamic migration models proposed by
Okabe (1979) and Sikdar and Karmeshu (1982), which can be specified as
follows: '

Pp=YyPy v ITy - 2Ty (3.2)
J J
where P; = Pj(t) is the population size of place i. In fact, if we

assume that the total push-out effects from origin { are linearly
dependent (through the parameter 61) on the population size in i, we
abtain:

oi = 51Pi (3.3}

or

Oi = Gipi ! (3.4)

In the context of the previous general dynamic model one may again
raise the question of the relevance of such a model in the framework
of I-0 analysis. As mentioned before, & basic flaw of many I-0 models
iz the static nature of both the technical relationships and the
column and row totals. In owr present model, the assumption is essen-
tially made that the column (or row) totals are not only determined by
external forces, but also by internal dynamics of the cell entries. In
other words, the change in these totals is inter alia a funetion of
the cells estimated in a previous period. This change is then due to
attraction and repulsion effects (either between regions or between
sectors). Clearly, a model of this nature leads to a highly dynamic I-
0 pattern, which may be further analyzed by means of dynamic program-
ming or optimal control methods.

Next by substituting (3.3) and (3.4%) into (3.2), we clearly obtain
the dynamic equation {(3.1). The general idea of (3.1) is that the rate
of change of marginal totals in a given place is influenced by its own
state value and by the net push-pull effects exerted on that specific
place. Then we may specify the following coptimal control model (with
Tij as control variables) with 2 conflicting objective functions:



T .
max u S -z T,,{lnT., ~1) dt
U S S E &
T
max w, = f ~%¢e, T 4t
s.t. 2 0 i 11744
ET,. =0 )
ij i
J >
t T.. =D,
i 4 (3.5)
T 0, =D,
i J
i J
Oi = Yioi + Gi (? Tji - § Tij)

Obviously, the constraints in (3.5) are assumed to hold each time
period. It is also assumed that ¥ < §;. It is a well-known fact
that maximization of the first objective funetion will generate more
dispersion among the cell values of an interaction matrix, whereas
maximization of the second function will lead to an orientation toward
a limited number of corner sclutions (see Nijkamp, 1977).

Multiple objective programming theory indicates that the sclution of
(3.5) has to be located on the efficiency frontier of the two objec-
tive funections. The set of efficient solutions can (in principle} be
generated by a linear parametrization of these objective functions
{see Nijkamp, 1980), sc that the following Hamiltonian H and
Lagrangean function L can be obtained for a constrained optimal con-
trol model:

H=e (-3 T.(InT, -0} +ef=3Te T..} +J¥ o, (3.6)
1 i ij ij 2 i3 ij i3 g 1

where wi reprasents the costate variable (associated with O %, and:

L=H+5A(0~8T.) +Cu(D-25T, ) +p(£D,~20) (3.7
g 11 j ij j S R i o
The first-order conditions for a constrained maximum are:
ij (3.8)
5L,
30,7 1 1
3H
— = 0
awi i



while the first-order optimality conditions related to the first set

of conditions in (3.8) are:
aL

é__Tj_?a - £y in Tij - 32013" Xi‘ uJ' Gi‘}’i"‘ GJ‘Pj = 0,
30 that we find:
Tij = exp {{- A= uy 8, ¥+ GJWJ ezeij) / 31}

Now it is straightforward to derive that:

Tij = A G OlBjGij exp (= Bcij)

where:

A, = exp (-Ai/ 31) / 0i
B, =exp (- n / £, Y/ D
G. = exp (Gi?i/ 51) g
G, = exp (ajwj/ 31)

52/ €

By redefining

-1

A, = &G
B, = B,G,
J 37

we can derive the following elegant standard sclution:

Tij = Ai BJ 4] DJ exp (~Boij)

which is equivalent to the following logit form:

) T, . B. D. exp (- Bcij)
.p.‘_o 3

J J

z.—

B. D, exp (~ 8¢, .)

55505 % 1]

with pjj representing the probability of a move from i to
tion (3.14) of our optimal control problem is unique, as we
ing with a concave integrand.

(3.9)

{3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15}

J. Solu-

are deal-



The parameter £ functions also as a weight factor according to
(3.12): if for instance £+0, then g2+0 s that in case of a negli-
gitle distance friction the contribution of the corresponding cost
function also vanishes, and vice versa. It should be noted that if we
consider the optimal contrel problem (3.5) without the standard con-
straints on origin and destination (i.e., exclusively a model with the
dynamic equation for 0Q3), we will obtain an unconstrained spatial
interaction model of the following type:

T, - o' G, exp (- Boy,) (3.16)
where Gi and Gj may be interpreted as potential attractors of i
and j, respectively. '

The previous optimal control approach {3.5) can again be extended by
introducing general dynamic objective functions, but then less tracta-
ble analytical results will emerge (see also Nijkamp and Reggiani,
1986b}.

4. Stochastic Dynamic Multiple Objective Spatial Interaction
Analysis

In the present section an attempt will be made at introducing
stochasticity in the model desceribed in section 3. First of all,
following Arnold (1974), we define a '"stochastic process" as a
"differential equation for random functions™, so that dynamics is
implicitly embtodied in the concept of stochasticity. In particular, we
assume here that the originally deterministic model (3.1) has a random
component of the so~-called '"white noise"™ type, representing the
statistical uncertainty on the marginal totals of our dynamic spatial
interaction model (caused e.g. by stochastic external growth
processes).

It is well-known (see Arnold, 1974) that this "white noise" is a
"vepy ugeful mathematical idealization for describing random influen-
ces that filuctuate rapidly and hence are virtually uncorrelated for
different instants of time". In this context we assume, instead of ocur
dynamic equation (3.1), a stochastic differential equation that obeys
a continuous Wiener or Brownian motion process (related to the ™white
noisem), which c¢an be represented as follows (see alsc Kamien and
Schwartz, 1981, Kushner, 1971, and Malliaris and Brock, 1982):

do,
i

”101 + 61( § Tji- 'Jz Tij)} dt + Oiaidzi

gidt + Oicidz (4.1)

i

where dzj 1is the incremental change in a stochastic process 2z that



satisfies a Wiener process. It is clear that (4.1) is a time-dependent
process which should essentially be written as:

dOi(t) = gi(t)dt + Oi(t)ui(t)dz (4,2)

The formal expression (4.2) 1is called ItH's stochastic differential
equation (with initial condition 03 (0) = Of), where ¢i 1is the
diffusion componént of the stochastic process. Clearly, in a deter-
ministic context, gi = 0.

The latter specification indicates that the expected rate of change

(*drift') is in fact represented by gi(t), but in this case there is
also a stochastic disturbance term, which we have assumed to be pro-
portional to the origin size Q. It should be noted that - although
Wiener processes medelling stochasticity have been used Dbefore in
econcmics, physies and biology - the addition of a stochastic term to
the differential equations describing the dynamics of a gpatial
model has been proposed s¢ far only by 3ikdar and Karmeshu (1982} for
*a non-linear gravity migration model and by Vorst (1985) for an urban
retail model. It is a well-known result from the literature that, for
& Wiener process 2z and for any partition tg, t1, tz of the time
interval, the random variables z{t1)-z(tg), z(tp)=-z(ty),
z(t3)*z(t2), ess (i.e., the incremental changes) are independently
and normally distributed with mean zero and variances t1-tp, to-
t1, t3=tp, ..., respectively.

As far as this appreoach in the framework of I-0 analysis is con-
cerned, it is worth noting that the source and nature ¢f stochasticity
in I-0 models is fraught with uncertainties. The specification of a
conventional probability distribution for uncertain elemenfs is then a
less meaningful approach. By using a general Wiener proecess, wWe are
able to encapture random changes in both the average pattern of column
or raw totals and in their dispersion.

Next, it can be shown (see Annex A) that without further constraints
the solution of (8.1} is equal to:

2
Oi Pt,z} 0i exp {( 85 ci/Z)t Yozt

£Yi+ (&8 /oi) L T i]t} (4.3)

i J
J
s0 that (4.3} is the optimal trajectory of the state variable 0;,
Assuming again two objective funetions (viz., an entropy function
and a cost function), we may specify the following parametrized opti=-
mal control model, in which the mathematical expectation E of the
weighted objective functions have to be maximized:


http://Karm.es
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T

w=max Ef -[le.{zZT,.(8nT,.~Y}+e., £ I c, T, K lat

s.t. o 1 {3 ij ij 2 i3 ij'ij

£ T,. =0,

A | i

;5 4

I T..=0D (4.4
I ] (4.4)
L0, =1D,

T

doi = {YiOi + ai(z T.i- b Tij)}dt + Oiaidzi = gidt + Oioidzi

39t
We will now analyse the latter model by first regarding the con-
straints on the control variables Tij. Following Malliaris and Brock

(1982), we may write the Hamilteon-Jacobi-Bellman equation associated
with (4.4) as:

Bm -
e $ax (-[ET{F L Tij(ln Tij 1) + €5 E I cijTij] +
‘. i3] i3]
1]
aw 3203 2 2
z 801 Si*‘ t/2 ? 'a-ai- ( § Tij,) Cli) (u4.5)

where the assumption is made that Oj; is uncorrelated with 0j.
Equation (4.5) can now also be written as:

d *
5z = X K (4.6)

ij
where H* is the functional form of the expression in brackets at the
right hand side of (4,5),

Next, if we define the costate variable ¥§(t) as follows:

2w

w?(t) = 55; (4,73
we may write H¥ as:
H* = -[51{f by Tij(ln Tij- 1)}+52 > cijTij} +
J _ i]
3¥§
? qﬁf g+ 1/2 f 55—1- "21 (g Tij)z (4.8)
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Then by comparing (4.8) with (3.6) we can derive:

BT?
¥ = -1 2
H H+1/2 ? 301 i (? Tij) (4.9)

where the last term at the right hand side of (4.9) represents thus
the stochastic part of the dynamic process concerned.

Now we will introduce the constraints on the control variables. Then
it is straightforward (see Chow, 1979) to define the fﬁllow1ng Lagran-
gean expression:

L% = H¥ + f *iFOi- § Tij) + § uj(Dj~ § Tij) + p(§ Dj- ? 01) (4.10)

In the latter case we may apply the Pentryagin Stochastic Maximum,

Principle (see Malliaris and Brock, 1982), This principle states that

for an optimal control variable T*# that maximizes the Lagrangean

(4.10) the Following conditions Hdld:

- the costate function wi satisfies the following stochastic differen-
tial equation:

p Sy

H = ...........1
d?i 301 dt + z ao 0,0,d2, (4.11)

- the following transversality condition holds

w; {o (M, T} = a {o (7)), T} =
i (4,12)
¥% (T) 0.(T) =0
1 1

Furthermore, it is easily seen that the optimal solution T? is equal
to:

3?*

TH ¥y o= exp {C=ay Mym 8 ¥E v 8 - egey ot 0,0} 5. ) / eqd  (B.13)

This expression leads thus to the interesting result that - apart from
the last stochastic term - the same formal outcome is obtained as  in
(3.10), so that the final solution is:

¥ = A% * - 4,14
Tij Ai OiziBj Dj exp( Bcij) ( )
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where A* and B* have similar formal definitions as in (3.13), 1i.e.:

1 |
A* A, exp (& */ )—1
. = . - [
i i ii ™
B* B (8 * ) 1)
= ex ¥, /e .
J 3 TP Yy 75
and where Z; is equal to:
3??
= 2 —
Zi exp(Oioi 30i / 51) {4,16)

It should be noted that here A; and B; are stochastic terms as
they incorporate the costate variable ?? satisfying (4.11) and
(4.12). Obviously, W? does 1ot have an  explicit solution owing to
the difficulties involved in the caleulations of (4.%) and (4.11), It
should alsc be added that the term Zj is stochastic because it
incorporates the diffusion component °§ of the stochastic Wiener
process zj.

It is also interesting to see that the stochastic solution (4.14)
ean formally be transformed into a logit form as follows:

* * -

p* _ Tij B ?ij exp{ Bcij) 1)
- * .y -

ij Oi 21 z Bj Dj expi{ Bcij)

J

which is in agreement with standard results from conventional spatial
interaction analysis. In fact if o5 = 0, eq. (4.17) yields as a
special case the logit form (3.15) obtained from the deterministic
approach. Consequently, intreduction of a stochastic white noise
precess  in interaction and I-0 analysis is in prineciple possible and
does not affect the basic structure of a gravity type ¢f solution.

5. Conelud;gg Remarks

The main result emerging from the previous analysis is that stochas-
tic fluctuations tend to de-stabilize a spatial interaction system.

This result 1s fully in agreement with a recent stochastic analysis
of a spatial interaction problem, proposed by Sikdar and Karmeshu
(1982), where, however, the stochastic process is solved via a so-
called S3tratonovic prescription. In particular the introduction of
random perturbations of the "white noise™ type in the rate of change
of the exXits 04 sheds new light on stochastic process models ana-
lyzed 30 far (see for an interesting review also Pickles, 1980, and
Kinaroglou et al., 1986). If we consider the dynamic probability
Pij as a transition probability from a state i to a state j, as
given by eq. (#.17), it can be decomposed (see also Cordey~Hayes and
Gleave, 1974, and Tomlin, 1979) into an "escape frequency™ (determined
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by the term 1/Z;) and a "capture probability" (determined by the
stochastic 1logit form). In owr context the "escape frequency" is a
function depending on the variance ¢i% which, according to Cordey-
Hayes and Gleave's'hypothegis, might be caused by generic factors like
age distribution of population, variation of income with time, ete,
{or, in case of I-0 analysis, by sectoral developments); the "capture
probability" incorporates implicitly the stochasticity via the term
B .j*'

From a theoretical viewpoint the above concept might have some
resembliance with fluctuations in biolegical models. Here, it is well-
known {see Maynard Smith, 1974) that the effect of the- environmental
(external) fluctuations is to change the level prevailing in a deter-
ministic framework (for example, the case of very strong fluctuations
causing the extinction of a population).

Another important . result emerging from our analysis-is that the
solution 1is formally compatible with a logit expression in beth a
deterministic and a stochastic approach. On the one hand this. confirms
also the descriptive and explanatory power of logit models (and hence
implicitly alse of wmacro appreoaches related to the maximization of
entropy) in a dynamic context (see Nijkamp and Reggiani, 1986a). On
the other hand this may offer especially appealing perspectives in the
field of empirical applications. In this context it 1is interesting to
recall the contribution by Haag (1986). This author introduces sto-
chasticity via a master equation approach and ends up with the same
structure of the stationary flow distribution as statie random utility
theory.

Finally, in the framework of multi-objective analysis equaticon
(4.17) shows which are the efficient (stochastic) solutions, emerging
from two conflicting objectives varying over time and subject to a
atochastic evolution of the state varjables. Although multi-objective
analysis has been used in dynamics before (see for instance Nijkamp,
1977, 197% and 1980), its use in a stochastic context is still limited
so far ({see Ermeoliev and Lecnardi, 1981):; the analysis presented in
section 4 tries to make a new theoretical effort in the field of
spatial interaction and I-0 analysis.

The merger of the above mentioned classes of I-0 models and spatial
interaction models appears t¢ lead to new thecoretical insights regard-
ing the stability of spatial-economic systems. At the more practical
level of empirical I-0 analysis, it is worth mentioning that the use
of a more general multi-objective method for estimating (changes in)
cells consequent upon changes in column or row totals may lead to a
higher flexibility and a plausible range of estimates (instead of
single point estimates). This is alse extremely important to test the
long-run stability of results of input-output models, as was shown in
our optimal control appreoach. And_finally, the use of white noise
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random processes allows the researcher to include stochastic processes
in a more flexible way than is being done in conventional probabi-
listic¢.approaches. '
In conclusion, we may stress the importance of steochasticity in the
evolution of a spatial interaction aystem by showing, through equation
(4.17) how the fluctuations may influence the standard results, in
beth a theoretical and empirical respect. In this context, I-0 models

can be represented in a generalized structural form incerporating
stochastic dynamics.
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Annex A. Proof of the Solution of a Wiener Process
for a Dynamic Spatial Interaction Model

By starting off from (#.3) and using Itd's theorem, we have:

dF(z,t) = Fy dt + Fp dz + 1/2 Fyy (dz)2 (8.1)
and
| dz  dt
dz dt 0 - (4.2)
a | O 0
80 that:
= - - 2 *
F, (=8,= 03 / 2 + Y0+ 8, § Ty (A.3)
= . u
F, 0,0, (A 4)
i
F = Q g2 (A.5)
Zizi i“i

By substituting now (A.2), (A.3), {(A.4) and (A.5) into (A.1), we can
easily cheek that (U4,1) is consistent with the original Wiener pro-
cess:

= - - 2 2
dOi { oiai (ci / 2)oi+ (oi / 2)oi+ Y,0;* 6, ? Tji}dt + Oicidzi
= {Y101+ 61(§ Tji~ Oi)}dt + Oicidzi {A.6)
= {YiOi+ 51(2.Tj1' L Tij)}dt + Oiaidzi
J J
Q.E.D.
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