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ABSTRACT

The purpose of the paper is to extend recent results of Muellbauer (1986)
for the 1life cycle consumption model under rational habit formation. For
the model with finite time horizen, it is shown that an arbitrary
autoregressive integrated moving average (ARIMA) process for consumption is
obtained by choosing an apprepriate pattern of rational habits. The model
with a moving planning horizon is analyzed for a special form of rational
habits that leads to a specification in the four period difference
operator. It is shown that under some specific assumptions the model will
yield the basic mechanism underlying the consumpticn function of Davidsen,

Hendry, Srba and Yeo (1978).
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Section 1 Introduction.

Among the many articles that deal with extensions and refinements of
Modigliani and Brumberg’'s (1955) life cycle consumption hypothesis, an
important contribution is due to Hall (1978). He formulates the life cycle
hypothesis as an intertemporal decision problem and shows that the first
order conditions for an intertemporal optimum imply a first order
autoregressive process for the marginal utility of consumption. Recently,
Muellbauer (1986) has put  forward a meodel that establishes a synthesis
between the life cycle hypothesis and habit formation, He investigates two
kinds of habit formation, myopic and rational, and gives empirical evidence
for the U.S, which favours the presence of myopic habits. For an extensive
historical overview of the main relevant contributions both in the cross
section and the time series context, I refer to his paper. Winder (19%87)
extends the results for the case of rational habits. He shows that for a
general pattern of habits and an exponential utility funection, an arbitrary
autoregressive integrared moving average (ARIMA) scheme for consumption may
be obtained. As a special case it 1is shown what structure should be
imposed on the preferences to arrive at a model in annual differences. The
empirical analysis carried out with data on quarterly seasonally unadjusted
nondurable consumption for the Netherlands, suggests the presence of
rational habits. In 1line with Hall's appreoach, many authors have tested
the life cycle medel by examining the predictive power of the information
set assumed to be wused by the consumer. The results for the life cycle
model extended for the presence of habits illustrate that checking the
significance of past realizations of consumption is mnot so much a test of
the life cycle model as a test of rational habit formation,

Both Muellbauer (1986) and Winder (1987) assume that the consumer uses in
the utility maximization problem a infinite life time. This paper
considers two alternative assumptions concerning the planning horizon,
namely a finite one and a moving cne. An obvious reason for postulating a
finite life time is the observation of mortality and this paper asks
whether the assumption of a finite planning horizon affects the conclusions

of Winder (19%87). Palm and Winder (1987a) has put forward the model with
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moving planning horizon. They argue that it is not unrealistic to imagine
that the consumer will neglect perieds far ahead in the future on which
available information is scarce and unreliable, and will confine himself to
more trustworthy information on the near Zfuture. They assume that the
consumer shifts the planning horizon further ahead in the future as time
goes on. The modified model leads te a relatiomship between income and
consumption which is highly similar to the mechanism underlying the
consumption function proposed by Davidson ,Hendry, Srba and Yeo (1978).
More specifically, as a result of adjusting the planning horizon, an error
correction term has to be included in the consumption function. As no error
is involved from the side of the consumer, they argue that it 1is more
appropriate to speak about a correction term,

Throughout the paper we make the assumption of rational expectations, that
is, we assume that the subjective distribution of income wused in the
utility maximization problem coincides with the actual distribution. The
paper is organized as follows. In section 2 we analyze the L1life cycle
model for the exponential utility function. We develop a procedure te find
the closed form solution in the case that the preference structure exhibits
a general pattern of rational habits. The framework is the same as that of
Winder (1987). In cthis ‘paper it is assumed too, that the consumer uses
only information on expected future labour income. This assumption differs
from the one often made, when consumers are assumed to take into account
the complete distribution of labour income. It will be shown that
conditional on the existence of an interior solutien, a general pattern of
rational habits will 1lead to an arbitrary ARIMA process for consumption.
The only difference with the result derived in Winder (1%87) for an
infinite time horizon is that the drift parameter and the variance of the
consumption process become age/time dependent.

In section 3 we investigate the model with moving planning horizon for a
special form of habits that yields a model in the four period difference
operator. In the first subsection we derive the univariate stochastic
process for the four period change in consumption when the annual change in
income is generated by an ARMA(p,q) process. In the structural econometric
modelling and time series analysis (SEMISA) approach to econometric
modelling put forward by Zellner and Palm (1974), checking the implicatiodns

of the economic theory for the univariate srtochastic processes 1Is an
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essential feature. The analysis may provide the skeleton of simple ARIMA
schemes for consumption with economic flesh, and may shed some light on the
frequently encountered similarities of the stochastic precesses for income
and consumption (see e.g. Protherc and Wallis (1976)). Moreover, it is
shown that the drift parameter of the consumption pfocess is proportional
to that of the income process. Hence, an unanticipated change in the
latter has well defined implications for the former. In the second
subsection we show that when the annual change of income follows an
autorégressive process of order 1, the model leads to a relationship
between consumption énd income that is similar to the mechanism underlying
the consumption function of Davidson, Hendry, Srba and Yeo (1978). More
specifically, in each quarter of a year the consumer spends the same as he
'spent in that gquarter of the previous year, modified by a proportion of the
annual change in income and by whether that change is itself increasing or
decreasing, and by the error correction term.

Finally, section 4 concludes the study.



Section 2 " The model with finite planning horizon.

In this section we discuss the life cycle consumption model. At each time
period t, the consumer is assumed to maximize his life time utility subject

to the life time budget constraint

MAX G(ct,ct+l,...,cT)
S.T T-t(1+r)'ic < (1+r)a, . + Tit(1+r)‘iz(y R (2.1)
Tt 1m0 t+i t-1 i=0 t+i' e
ct+130 . ;=0,...,T-t .

where ¢, and y, are real consumption and real labour income respectively,
a, ., real financial wealth. T denotes the life time, and r is the real
interest rate which 1is assumed to be constant {(0<r<l). E stands for the
expectations operator and I, is the set of information available at time t.
The only source of uncertainty concerns future labour income and it is
assumed that the consumer knows the value of y, when making his decision
e,. Hence E(y,{I,}=y,. Notice that © may depend on additional
predetermined wvariables. Examples are for instance taste shifters or, in
case of habit formation, past realizations of consumption.

When 0 is quasi-concave and the consumex is newver satiated in at least one
Cy s, the quasi saddle point (QSP) characterization for an optimum yields a
necessary and sufficient condition for a globai maximum (see e.g. Takayama
{1985), p.l35). When we restrict ourselves to an interior sclution the QSP

characterization reduces to the familiar condition

au | 0

£ = Ap’ (2.2a)
ach o} T-r

ple = (I+r)a_ , + iEO E{yt+i| I} . (2.2b)
A>0 L, e>0 )

where A is the multiplier associated with the life time budget constraint,
c and p denote the (T-t+l)}-vectors <{c,,Cpyy,.. g}’ and (1, {l+r)~?t
v, {(141)"T*vy’  respectively and (&,X) vrepresents the solution of
(2.2). Moreover, when 0 is strictly quasi-concave 2 is a wunique global
max imum. -

To arrive at concrete results, it becomes necessary to impose some
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structure on the preferences. In this paper we investigate

T-t . .
ey hep) = izo gru@Lyc, ), (2.3)

with U'>0 and U''<0, where U’ and U’’ are the first and second derivatives
of U respectively, § is the preference parameter, 0<8<l, and &(L) is a
polynomial of order p in the lag operator L

$(L) =1 - @L - ... --@PLP

Later we discuss the generalization of (2.3) to the case that the
preference structure depends.on an infinite number of past realizations of
consumption, Winder (1987) studies the utility function (2.3) with
infinite planning horizen, that is T==x. Notice that

du

du g7 % a(Lye

>0
acT

)

so that the counsumer is never satiated in at least one commodity. It can
easily be seen that condition (2.2a) implies
R CEe o LAl N 1 S U S

e+l ¢4t

Hence, the necessary condition for the existence of an interior solution,

that is
%E ~ >0, i=0,1,...,T-t,
t+i' ¢

is satisfied. This condition is of course not sufficient to guarantee that
corner solutions are excluded. Derivation of the restrictions resulting
from the "interior solution postulate®, on the parameters of the utilicy
function (2.3) 1is however far from being straightforward. Hence, we
implicitly assume that the parameters ¢; are such that the existence of an
interior solution is not excluded. Expression (2.3) shows that the
decision ¢, 1is affected by past choices of consumption. Past consumption

is assumed to influence current consumption in a way that corresponds to



the rational habits formulation.

For the subsequent analysis it proves convenient to define

g
c i F(L)c

T+ t+i
and

* *
e = {epCiigreaCy)

When we define

s - et - T owrt -1 (2.4)
w0
we have
¢ = w(L)c* % P v+ E P.c
t+i o+i =0 i-jet+] joi+1 h Ceei- -i

or in matrix notation

* -
¢ =Ac + ¢ |

where A 1s the upper triangulair matrix with A, ;=¢;,.; ,izj and & is the

(T-t+l)-vector (&,,%.4+1....,8¢)"' with

=§+1¢J -3+

Notice that & depends only on past realizations of consumption.
When we define

R ~ % . T-¢
u(e)=uAc+c)= 3} B fuge!

t+l
i=0

we have

~ eew %
85 _ 3% 9c”_ du -1

dc _ dc* 8c  ac*

and condition (2.2) passes into



—%

du N T,

3" c*=A-l(c—é) = ApP'A {2.5a)

~ T-t i

p'Ac” = (l+r)a_ ; + izo(1+r) E{yt+i{1 )} - p'e (2.5b)
Moreover, because
S S LS Y Gk A )
dcde’ gc* e’ dc” de™ !

negative definite, we conclude that t(c) is strictly concave and hence

strictly quasi-concave.

We proceed by examining (2.5), which yields T-t+2 equations to solve the

T-t+2 unknown variables &.,...,& ,X. The (i+1)*? equation of (2.5a) reads
as
. _ -i

8 Ly (Ct+i) ALY Tng L (2.6)
where

k
me = L (1+1) Ju"

j=0

Using expression (2.6) for i=0, we find

A, * -1 )
BU (e, ) = (L) qT LA (e D . iml,2,. . Tee (2.7)

To arrive at an operational model, it is necessary to make a specific

choice for U. In this paper we investigate

U(e) = -1 texp(-ve) , ¥30. (2.8)

Expression (2.7) can be rewritten for utility function (2.8) as

% * -1 -1 -1

Copg = C¢ * iy "In{p{l+r)) - ¥ ln[nT eoi- ] ., i=1,...,T-t. (2.9

T

After substitution of (2.9) into the life time budget constraint (2.5b), we

get for the decision ¢f



T-t T-t
* -k Xk, -1 -1 -1
¢r L e (1) T+ §oan (L) T ey T In{B(L+e) 1y Tnfng 00T 1)
k=0 k=1
T-t .1 | Tit -k'-‘) *
= (l+r)a + 3% (l+x) "Biy_,.|T) -} (I+r) ¥ ¢.c . (2.10)
t-1 1=0 e ekl j ttk-j

Substituting cf{=®#(L)e, inte formula (2.10) yields the current consumption
decision ¢, as a function of income, future income expectations, wealth and
past consumption. In line with Brown (1952), the latter may be interpreted
as the influence of habits on consumer behaviour. |

It is implicitly assumed that the consumption decision ¢, determined by
expression (2.10), is positive. The'feasibility depends among ‘other things
on the specific values of life time wealth and past consumption levels.
Notice also that it is required that the implied planned consumption levels
C.4; determined by (2.9), correspond to an interior solution. Expression
(2.9) reveals in this respect that we need to impose the necessary

condition

Mroe-iT >0, i=l,...,T-t . (2.1

This 1leads to restrictions on the ¥-coefficients of (2.4} and hence on the
¢-c$éfficients of the utility function (2.3). We have not been successful
in deriving the form of the restrictions in the model with a general
pattern of raticnal habits. For the specific form of rational habits
discussed in the next sectién, the restrictions (2.11) are sétisfied. To
infestigate the dynamics in consumption, it is convenient to relate ¢, to
¢ 4+1. Carrying out the same operations as before for the model for the

next period leads to

o T-t-1

c )
t+1 k=0

-k
A+r) “np gk

T-t-1

-k -1 -1 -1
+'k§1 (+r) g uetkr Tin{B(4Y] -y Tlnlng gy p

el T


http://i-l.---.T-t

T-E_l "t l T-E“ * E
(l+r)a, + . (l+r) "Ely i1 - 1+1) Y.c
t =0 t+l4+i e+l k=0 jok+l ]

*

1
( t4l4k-]"

(2.12)

Dividing {2.12) by (l+4xr), substituting ag=(1+r)ab_1+yt-ct, subtracting
(2.10) and using

-1 T'E'l -k E *
-e, - (14> { {1l+r) Y.c o+
€ k=0 joker 3 EHLHRS
T-t @
-k * *
L ()™ Y el = oS Np.
=0 jkal j t+k-j t'T-t
and
T-t-1
-1 -k -1 -1 -1
(1+r) { kél(l+r) WT_t_l_k(k7 1n{ﬂ(1+r)]'7 1n{ﬂT_t-1-kﬂT_t_1]))
T-t
-k -1 -1 -1
- kgl (L+r) “np_ (kv TIn(B(l+r)] - v Tin{ng 00 ])
T-t -
-k -1 - -
- - Lm0y G e ] - Malng_, g1pe D)
leads to
“

1
-t

* -1 -1 .
Ct+l - Ct - 1n[ﬁ(l+r)] =% ln[qT-t-qu ] +

1 T-t-1

T-t- .
-k -1 -i
(kEO (L2 qT-t-l-k) ( iEO (1+1) lE(yt+1+i|It+1) ) E(yt+l+i|1t)})'(2'l3)

When we substitute next

* * (LA
© T Cp = ®be

c+l 1

into (2.13) and define the consumption innovation &¢,; as ¢ ,;=ci,q-
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E(epsy 1), we have

A 1 -1
@(L)act+l = 9 "1ln[B(l+r)] - «v ln[qT-t-lnT-t] +ey (2.14)
with
Toeel LTl
ooy = C 2 (D) g g ) TC L () TR g [T D) B [ TO D
k=0 X i=0 (2.15)

Consumption follows an autoregressive integréted (ARL) process. When unit
roots are not incompatible with the assumption that an interior solution
exists, the order of integration may be larger than 1 for an appropriate
choice of the 1lag polynemial ¢&(L} {only integration of oxrder zero is
excluded). WNotice that a model in the s-period difference operator 4, 1is
obtained when ®(L)=l+l+...+L="1. The lag polynomial ®(L)=1+L+L2+L% yields
for instance a cousumption model in annual differences. Obviously, this
polynomial can play an important role in modeling seasonally unédjusted
consumption series. In the next section the model with moving planning
horizon will be examined for this particular choice op ®(L). )
Expressions (2.14) and (2.153) reveal that both the drift parameter of the
stochastic process and the wvariance ‘of the consumption innovation are
age/time dependent. Estimation of model (2.14) with a constant variance and
a constant drift is expected to be appropriate when the age structure of
the population and the income distribution over different age groups aré-
fairly stable over time.

Palm and Winder (1987a) investigate the model (2.1), (2.3) with utility
function (2.8) without habit formation. In that case &(L)=n, =1 for all k
and (2.14) and (2.13) specialize to ‘

Ac = y'lln[ﬁ{1+r)] + £

t+1l t+1

with
T-t-1 k-1 T-t-1 i
feel = k§0 (lrry 5 iEO Q) R g [T By 10D

Many observations made in that paper remain valid fer the extended model
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investigated here, An unanticipated change in the process of the exogenous
variable y, has for instance definite effects on the model for consumption.
In line with Lucas (1976) these effects cam be traced by using expressions
(2.10) and (2.12). The empirical analyses carried out in Palm and Winder
{1987a) and Winder (1987) provide illustrations how the implications of the
structural changes in the income process can be handled.

In the model discussed above the consumer is assumed to have a preference
structure that depends on a finite nuwber of past realizations of
consumption. Pollak (1970) mentions the possibility that the wutilicy
function includes all past values of consumption and (2.3) may be
generalized by replacing the wutility function argument &(L)c.,; by
¢(LYO(L) c,,,;, where ©(L) is a finite order lag polynomial. It seems
reasonable to impose the additionzl restriction that the roots of ©(L)=0
lie outside the unit circle. By this restriction we are assured that the
consumetr attaches declining weights to the wvery past of consumption. When
we define ¥(L) in (2.4) as

T(L) = @(L)‘le(m

it can easily be seen that the foregoing analysis remains valid. The

ultimate result (2.14) passes into

(Lyde,; = 8(L) (v nlBL+0] - v Malng_ 750 )) + 8L,y (2.16)

where &.,, 1s given by (2.15). Hence, consumption will follow an ARIMA
process, the parameters of which correspond to the weights attached to past
consumption in the wutility function. The results of this section
correspond with those obtained by Winder (1987) for the infinite horizon
model. The only difference consists in the age-dependency of the drift
parameter of the stochastic process and the variance of the consumption
innovation for the model discussed in this paper. In both models, the drift
parameter depends only on parameters that characterize consumer behaviour.
A change in the slope of the consumption line can only be explained in this
framework by a change in the parameters of the decision problem determined
by (2.1) and (2.3). 1In Palm and Winder (1987a) it is shown that in the

model with moving planning horizon, the drift parameter of the consumption
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process 1s proportional to that of the income process, Hence, an

unanticipated change in the slope of the income line will imply a change of

the constant term of the consumption model. The next section asks whether

this implication remains wvalid for the extended model with habit formation.
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Section 3 The model with moving plauning horizen of constant length.

In Palm and Winder (1987) the model with moving plamming horizon 1is
introduced as an alternative for the life cycle model. The modified model
is capable to relate a change in the slope of the consumption line to a
change in the drift parameter of the income proéess. An attractive feature
of the model 1is that it leads to a consumption function with an error
correction term. This term was found to yield favourable empirical results
in Davidson, Hendry, Srba and Yeo (1978), where it was derived along
completely different lines of reasoning. In this section, we ask whether
the assumption of a moving planning horizen together with habit formation
will produce a consumption function with error correction term in annual
differences. In the light of the analysis carried out in section 2, the
special form of rational habits that leads to a model in the four pexriod
difference operator A, is of particular interest. In the first subsection
we describe the model and derive the consumption function for an arbitrary
income process. Next, we examine the implied univariate stochastic process
for comsumption when the amnual change in income follows an ARMA(p,q)
process. In the second subsection we show that when the annual change_in
income is generated by an AR(1l) process, the model leads to a relationship

between consumption and income that is highly similar to that of Davidson
et. al. (1978).

Section 3.1 The model and the implied univariate stochastic process for

" consumption.

We assume that the consumer solves at each time period t the utilicy

maximization problem

T
. i
MAX 'Eo Fu(e(Lye, )
i ‘ : (3.1)
‘B -

E]

T ) T )
-i -1
S5.T. izo(l+r) Copy = (L¥rda_ | + iEo(lw) E(yt+i|It)

with
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(L) =1 + L + L2 + L3

The difference with the model (2.1) and (2.3) is that now the length of the
planning horizon T is time-independent and shifts as time goes on,
Tt can easily be checked that

@(L)'l =1 -La+1% -1+ L8 - L9 + ...

and accordingly we have for the Y-coefficients of (2.4)

Yrg =1

Yazer = 71 (3.2)
0 A =0, 1, 2

¥ ?

Yoiap = ¥4ie3 =

Along the lines of section 2, it can be shown that for the utility function

(2.8}, we have for the consumption decision

T . T
-i -i
e L omp vy T o = (rda, g+ § () Ry ]TD)
T {2 N
- LT Y e L, (3.3)
10 j=i+1 oL
where
: i -1 1 -1
a = L (4ry Tpp ALy T In((IHr) -y Tlalng gng )
i=1 )
and
Copi = ¢(L)ct+i for all i.

Along the lines of the analysis of section 2 we assume that the consumption
decision ¢, determined by (3.3) 1is feasible. As a consequence of the

pattern of the #¥-coefficients, it becomes necessary to make an additicnal
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assumption on the length of the planning horizon. Here we make the
additional assumption that the consumer uses a time horizon of i years,
that is T=4i.

After some simple manipulations with the lag polynomial &(L), we find

Z P.c = -(Cy-y * Cpug + Cpo3) ,i=0,4,8,...,T
jumial J “e+i-] Ce-s ,i=1,5,9,...,T-3
Co-s ,i=2,6,10,...,T-2
Conq ,1=3,7,11,...,T-1

and hence after some rearranging

T

i -T
Y (l+r)"* Z v S(I4E) (e,  te_ ke, o) +
) joitl Je+i-j t-1 "t-2 "t-3

+ 7 (T-4) (-7 (1+r)3)° RASE s Fenyy (1+r)2)° ot (-l = 1+r)ct 3t (3.4)

where

x A
r(ak) = ¥ (L+r) 0T

i=0

Also, it follows for the p-coefficients given by (3.2) that

T

L (40 ey = (D) : (3.5)
1=0

Substitution of (3.4) and (3.5) into (3.3) yields for the decision ¢f

T

HT)e + a= (l+r)a ) (1+r)'iE(y I1.) + (L+r) " T(e
t t-1 t+i' e

) £-1"C-0% s F
i=0

1 1 1
+ T(T-Q){(1-W)Ct‘l+(l-w)ct_2+(l-m)ctq3I‘ . (3.6)

For the next period, the expression for the decision cf,,; reads like

T

. -i -T
T(Te q +a= (la)a_+ izo(z+r) E(YppqeqlTegr) © (1400 Tlebe, q+e o) +
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1 1 ' 1
+ T(T-4){(l-TTI;TE)ct+(1—fi:;jf)ct-1+(1—i:;)ct_2} . (3.7}

Dividing (3.7) by 1l4r, substituting a,=(l+r)a,_,+y.,-c, and subtracting
(3.6) leads to

T+1 :
4 w* -1 -1
(e e )T (M ()~ = (Lo + i§1(1+r) (BT | T B, 1Ty +
oy TP ey 1) e (3.8)

where we have used

1

- 1 i 1
-ct+f(T-4)(l+r) ((lvfiigyg)Ct+(l-fii;jf)ct_l+(l-i:;)ct-2] +

+

(1+r)'(Tf1)(ct+c - (1+r)-T(ct +c

£-1+C¢.2) 1t Ce.otCey) -

. 1 1 1
O A S A ST LRh S M et Uiy

-{T+1)
Ct‘3 .

-1 %
~{r(T)-(1l+r) T(T))Ct - (1+)

Substitution of Acf,,=A,c.4; into (3.8) and mulciplying with (l+x)/7(T)
vields finally

T

1
120(1+r) G earail o) By 100

-1 -1
ﬁéct+l = 7(T) "ra + r{T)

N r(T)-L(l+r)_T!E(yt+T+1lIT)-ct_3] . - (3.9)
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An interesting feature of the consumption function {3.9) is the appearance
of the error correction term E(y¥,,pss|I ) Cpoy- Its presence arises from
the adjustment of the plamning horizon as time goes‘ ort. The introduction
of a moving planning horizon provides an alternative explanation for the
inclusion of an error correction mechanism in the consumption function. To
conplete the model for consumption, we have to specify the process for
income. In the next subsection we "show that when the annual change of
income follows an AR(l) process, (3.9) passes into the consumption function
of Davidson et. al. {(1978). 1In this section our concern will be to derive
the implications of the model (3.1) for the univariate stochastic process
of ¢,. .

The corresponding expression for the consumption decision in period -3

reads like

T

. -1 -1 -1
8,804 = T{T) Txa + 7(T) izo(1+r) {E(yt-3+i|It-3)-E(yt_3+i‘It_4)} +
+ (D L) B g5l T e ) (3.10)

Subtracting (3.10) from (3.9) yields

: -1
Byteyy - (1 - (o Trn Hage, g -
1 I i
r(D -zo (1+r) {E(yt+i+l|It+l)"E{yt+i+1|It>} )
1-
1L -1
(T 'Eo (L+r) B g Te 9)-BG a1 00 +
ll=
. T
(D) (1) THEW gy [T B g 51T 000 (3.11)

Let us assume that the annual change in income is generated by a stationary

process with moving average representation
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o

=]
2 2 2
b¥esy =8 ¥ iEo“i”tu-i' o=l iEOIi @ 0 Weyg)my, (3.12)

It can easily be verified from (3.12) that the relevant conditional

expectations in (3.11) satisfy

i
B ppraateg | Teat) ECvarrateg 1 1) = k§0“4k+j Yeel
i
E(yt-3+ai+j‘It-B)'E(yt-3+41+jlIt-a) = kéoxak+j V-3 (3.13)
with j=0,1,2,3 and i=0,1,2,... , and
& T/4 ©
E(y [T )-E(y, o ofl. )= % L&, v R R T W Y, + 5.
t+T+1 ! "t £+T-3! "t-4 521 k=0 4kt37e+l-37707e-3", & i eaTHL-1

Substitution of (3.13) into (3.11) yields after some rearranging

8,Ceqt ~ [1*(l+r)-TT(T)-1]A4ct_3 = 0 ey Ts 4
(T-4)/4 3 S ey L T/4
-1 ={4i+j) -T
(D) [ % ¥ (1+r) Lo o+ (lr) Yo, ] v +
120 35=0 X0 4k j T 4k’ T+l
1 o 3 T/
T) (1 . . -
e j§1 kEO "akh i eeL-3
(T-4)/4 3 . i
-1 - (A4i+3)
AS Y ) L (L+r) Yom, ) v .+
=0 j=0 k=0 2k+3T E-3
f<T)_1(1+r)-T ) Trel4i¥e-i (3.14)

1=4

From (3.14) it can easily be seen that when the annual change of income is
generated by a MA process of order q, A,c, follows an ARMA(4,max{4,q-T))
process. HNotice that the ARMA process for A,c, in (3.14) 1is subject to

exclusion restrictions. This c¢an easily be seen for the AR part which
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equals 1-[1-(l+z) Tr(T)"1]L*. Conditional on the specific form of the
income process, one .or more MA parameters may be equal to zero. It can

easily be verified that when A,y, satisfies

k
BYesr =67 _Z Tai¥e4l-41
i=0
with k€(0,1,2,...,(T+4)/4), formula (3.14) passes into
-T -1 -1 -T
a&ct+l - [1-(1+x) r(T) ]Aact_3 = 7(T) “(l+r) “&§ +
-1 (T‘g)/a -4 i -T Tf‘
7{T) { {1+x) n + {(1+1) 7 v
i2o k=0 4k K0 4k ST t+l
1 (T'E)/“ -hi%
r(T) [ {(1+1) " lv, o - (3.15)
1=0 k=0 4k "Tt-3

Hence, A,c, follows an ARMA(4,4) process with ouly the coefficients of the
highest lags of the AR and MA parts unegual to zer;. To derive the
stochastic process for A,c, when A,y, is generated by an ARMA(p,q) model,
it becomes necessary to explore the restrictionms on the n's implied by the
p+q ARMA parameters. In appendix A it is shown that 1in that case 4,¢,
follows an ARMA (p+&, max(p+4, max(p-1,q)-T)) process, where the
autoregressive éart is proportional to that of income.
Models like (3.15) are frequently encountered im time series studies and
the analysis of this section may shed some light on the economic story
behind the ARMA specifications. Obviously, the theoretical framework can
provide wuseful insight in the structures of the income and consumption
process, which may be of some use. in the identification stage of the
modeling procevure. Moreover, Lucas (1976) has convincingly argued that a
thecretical framework enables one to incorporate in his predictions the
perturbations in the specification of the consumption process caused by a
specific policy. Expression (3.14) shows in this respect that a change in
the income line will 1lead to a change in the constant term of the
consumption model. All these results are very similar toe those of Palm and

Winder (1987a). The empirical analysis carried out in that paper may serve
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as an illustration, In Winder (1987) the life cycle model extended for the
presence of habits 1s examined wusing data on quarterly  seasonally
unadjusted nondurable consumption per capita for the Netherlands. The
chosen specification 1is an AR(l) process for A,c,. As the fall in
consumption since 1979 cannot be explained by the model, a structural
change in the time preference parameter B is postulated. Notice that the
model (3.1} 1is not capable to obviate this assumption. Expression (3.14)
shows that the highest lag of the autoregressive part of the stochastic

process is at least 4,

Section 3.2. The Davidson, Hendry, Srba and Yeo model.

In this subsection we will show that if the amnual change in income is
generated by an autoregressive process of order 1, the consumption function
(3.9) is highly similar to the mechanism put forward by Davidson et.al..

(1978). More specifically, we assume that
Aol = PRYe * Vean o

For the sake of simplicity we omit the coustant term, which does not change

the conclusions. It is straightforward to calculate the relevant

conditional expectations, which read as .

i

N _ o 3-1 4k i _
E(yt‘f"*i’fjllt*l) E(yt*"‘*i*‘JlIt) - §“’ SOASSARS ST ’Jl=1’§,g)a
and (3.16)
T/4 43
k=0
Substitution of (3.16) into (3.9) leads after some rearranging to
B,y ™9y + <a1'a2)&&yt+l + QZAAAyt+1 + a3(yt~3-ct~3) (3.17)

with
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., = f(T)_lra

0
L (T-8)/5 4 VU o T/b
ap = r(M7H LT (T GHIDI g S+ ()T T M
i=0  j=1 K=0 k=0
_ o T/A
ay = 10 o a - T T 6%
k=0

a, = () Ferery T

Expression (3.17) shows that we have the same mechanism as found in
Davidson et. al. (1978). With our theoretical model we can determine the
sign and size of the coefficients. For «; we find chat it should be
positive and smaller than 1. The sign and size of both (e;-a,) and g
depend on the sign of ¢. It is easy to show that if 0<g<l we have O<a, -
@<l and O<@,, and when -i<p<0 we have <0 and e;-2,>l. In the
consumption function of Davidson et.al. the_coefficient for the annual
change in income is between 0 and 1, and the coefficient for the change of
that change is negative. Clearly, their point estimates do not satisfy the
plausibility requirements of our theoretical model.

We have also investigated the model under various assumptions concerning
the length of the planning horizon. The wultimate consumption function
differs only from (3.17) with respect to the lag of the correction term. It
can be shown that for a time horizon T such that there is an i, with
T=4is+k, k=0,1,2,3, the correction term reads like (¥._341-C¢-a+x). The
coefficients of (3.17) need slight revisien for a choice of k unequal to 0
but leaves the inference with respect to the sign and size of the
coefficients intact.

Finally, it should be remarked that there remain important differences
between specification (3.17) and the consumption function found by Davidson
et. al.. The main differences concern the role of the inflation wvariable
and the log-linear fumctional form. We have the impression that with
respect to the functional form, a possible solution might be the use of the
utility function with constant relative risk aversion. Palm and Winder
{1987b) have investigated this utility function which leads to a leog-linear
gpecification for the consumption model. The paper of Muellbauer (1986)

however, shows that an analysis of the model extended for the presence of
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habits with this utility function is far from being straightforward.
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Section 4 Summary.

In this paper we established a synthesis between the life cycle theory and
rational habit formation ~in consumption. Two options concerning the
planning horizon were considered, namely a finite one and a moving one.

For the model with finite planning horizon it was shown that an arbitrary -
ARTMA process for consumption is obtained by choosing an appropriate
pattern of rational habits. In the analysis we implicitly assumed that an
interior solution existed. However, as a result of the non-negativity
constraints on cdnsumption, the possibility of corner solutions can not be
precluded. Exclusion- of this possiblity may lead to restrictions on the
parameters of the utility function and hence on the parametexrs of the ARIMA
process. This may lead to the conclusion that some ARMA processes are
incompatible with the model of intertemporal optimization examined in
section 2.

In the second part we investigated the model with moving planning horizon
for a special pattern of rational habits that yields a medel in four period
differences. We derived the consumption function for an arbitrary income
process, The only requirement is that the first (conditional) moments -of
the income process exlist. As 8 consequence of adjusting the planning
horizon, an error c¢orrection term has to be included in the consuﬁption
function. In our framework ne error 1Is invelved from the side of the
consumeY, and therefore we prefer to label it as a correction term. Next,
we derived the implied univariate stochastic process for consumption when
the annual change in income is generated by an ARMA(p,q) model and we
argued that the results can.provide useful insight in the structures of the
income and consumption processes, which may be of some wuse in the
identification stage of a time series modelling procedure. Finally, we
showed that when the annual change in income follows an AR(l) process, the
model with moving planning horizon leads to a relationship between
consumption and income which is highly similar te the consumption function

obtained by Davidson, Hendry, Srba and Yeo (1978).



YA

References.

Brown, T.M. (1952): "Habit persistence and lags in consumer behaviour",
Econometrica, 20, 355-371.

Davidson, J.E,H., D.F. Hendry, F. Srba and 3. Yeo (1978): "Econometric
medelling of the aggregate time-series relationship between
consumers’ expenditure and income in the United Kingdom",
The Economic Journal, 88, 661-692.

Hall, R.E. (1978): *“Stochastic 1implications of the life cycle-permanent
income hypothesis: Theory and evidence", Journal of
Political Economy, 86, 971-987,

Lucas, R.E. (1976): ‘"Econometric policy evaluation: a critique", in

K. Brummer and A.H. Meltzer (eds.): The Phillips

Curve and Labor Markets, Carnegile-Rochester Conference

on Public Policy, 1, Amsterdam, North-Holland
Publishing Company, 19-46.
Modigliani, F. and R.E. Brumberg (1955): "Utility analysis and the

consumption funetion®, in K.K. Kurihara (ed.): Post-

Keynesian Economics, London, George Allen and Unwin,

Muellbauer, J. - (1986): "Habits, ratiomality, and myopia in the life- cycle

consumption function”, Nuffield College, Oxford,.

Palm, F.C. and C.C.A. Winder (1987a): "Econometric modeling and time series
analysis of the 1life cyele coﬁsumption hypothesis under
structural changes in income and moving plamning hovizons", Free
University, Amsterdam, Paper presented at the Econometric Society
European Meeting in Copenhagen.

Palm, F.C. and C.C.A. Winder (1987b): "Incorporating economic theory into
structural time series models with an application to aggregate
consumption", . Free University, Amsterdam, revised version of a
paper presented at the Econometric Society European Meeting in
Budapest.

Pollak, R.A. (1970): "Habit formation and dynamic demand functions®,

Journal of Political Economy, 78, 745-763,

Prothero, D.L. and K.F. Wallis (1976): "Modelling macroeconomic time

series™, Journal of the Royal Statistical Society", series




-25.

a, 139, 468-500.

Takayama, .A. (1985):Mathematical Economics second edition, Cambridge,

Cambridge University Press.
Winder, C.C.A. (1987): '"Rational habits in the life cycle consumption
‘ function", Free Univefsity, Amsterdam,
Zellner, A. and F.C. Palm (1974): "Time series analysis and simultaneous

equation econometric models", Journal of Econometrics, 2, 14-54,




-06-
Appendix A The univariate stochastic process for consumption in the model
with moving plamming horizon. '

We consider a stationary invertible ARMA(p,q) process for the annual change

in income

. 2 2 }
Q(L)Aayt - G(L)vt , with E(ut)-O and o (vt)-av . (a.L)

The lag polynomials ®(L) and 8(L) are defined as

#(L) =@y - oL -...- mpr . #g=1
and

- . . a4
oLy = g - 8L -...- 8. L8 g1

respectively. The MA(«) representation is denoted as

ﬂayt - H(L)Vt (A.2)
with

mLy = ¥ ﬂiLl . mp=l .
1=0

From (A.1) and (A.2) follows

3(L)TI(L) = &(L) . ' | (A.3)

Relationship (A.2) can be used to trace the restrictions on the parameters

n, implied by the p+q ARMA parameters. It is Straightforward to show that
(A.3) implies
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Fis

The parameters m;, j2max(p,q+l), are generated by a p*®? order homogeneous

difference equation. When we define y, as the MA part of (3.14), we have

e = jgo ajvt-j
with
(T-4)/6 3 i T/4
-1 -(&i+i) -T
@y = 7(TY (¥ Y, (l+r) Yom, .o+ (L) Lo, )
0 i=0  j=0 k=0 KH] k=0 *K
-1 r T8 .
o = r(T) " (l+r) kzo Tykej 0 4=1,2.3
. (T-6) /4 3 R
-1 - (4i+3)
a, = -(T) [ ¥ ¥ (L+r) Lo ]
“ i~0  §=0 gm0 “KH]
a, = r(T) H(l4x) Ta 25
j | T4y o 323

Calculating the autocovariance function for u, yields for all iz5

o2 vt T T
v 520

E(“t“t-i)

For every 1 satisfying T+izmax(p, q+l), we can use (A.4) to rewrite (A.5)

as
E(p s, ) = o’ f(T)_l(l+r)-T E E O f 41 - k%
: v 3=0 k=1 1-x 3
4 2 -1 T oo
- Yo [ o° r(T) "(l+r) N AT (A.6)
kel k- v =0 T+i+j-k™j

; = ¢lﬂj-1 + ...+ ¢ij'P for all'jzmax(p,qfl). (A.4)

ﬂT+i+jaj . (A.3)
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For every i satisfying in addition T+i-pzT+5, substituting of (A.4) into

(A.6) gives as a result

P
E(Jut:ut_i) - kglgokE(pt“t-(i_k)) (A.7)

From the requirements in (4.5}, (&.6) and (A.7), we see that for all
izmax(p+5, max(p, q+1)-T) the autocovariances of g, are generated by a pt®
order homogeneous difference equation. .For an ARMA{(r,s) process the
autocovariances vy; are generated by an r*P order homogeneous difference
equation for all jzs+l. Because the autocovariance function determines the
order of a stationary stochastic process, we conclude from (A.7) that g
follows an AﬁMA(p, max{p+4, max{p-l, q)-T)) process, where the AR part

coincides with the one for the income process. Say

= 2 2
¢(Lyp, = O(L)S. , E(C )=0 and o (ft)wg. ,
or in MA representation
- oy lE(L) (A.8)
P Ce .

Substitution of (A.8) in (3.14) leads to the conclusion cthat A,c, is
generated by an ARMA(p+4, max(p+4, max(p-l, q)-T)) process. HNotice that
"this ARMA process 1s subject to exclusion restrictions. The AR part

factorizes as

$(LY(L-(1-7(T) L(1er) " TiL

and the example discussed in section 3 illustrates that conditional on the
specific form of the income process (A.1) one or more of the MA parameters

may be equal to zero.



