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PREFACE

This beok deals with statistical inference of nonlinear
regression models from two opposite points of view, nanely the
case where the functional form of the model is completely
specified as a known function of regressors and unknown para-
meters, and the opposlte case where the Functional form of the
model is completely upknown. First it is assumed that the res-
ponse function of the regression model under review belongs to
a certain well-specified parametric family of funcclonal forms,
by which estimation of che model merely amounts co estimation
of the unknown parametexs. For this elass of models we review
the asymptotic properties of the nonlinear least sguares
estimator for independent data as well as for time series,

In practice assumptlons on the functional form are often
made on the basis of computational convenience rather than on
the basis of precise a priori knowledge of the empirical
phenomenon under réview., Thersfore the linear regression model
is still cthe most popular model specification In applied

reseaych, However, even 1f the specification of the functional

form is based on sound theoretical consliderations there is
quite often a large range of functional forms that are theore-
tically admissible, so that there fis no guarantee chat the
actually chosen functional form i{s true. Functional specifica-
tion of a parametric nonlinear regression model should there-
fore always be verified by conducting model misspecification
tests., Various model misspecification tests will cherefore be
discussed, in particular consistent tests which have asymproric
power 1 against all deviations from the null hypethesis that
the model 1Is correct.

The opposite case of parametric regression is nonparame-
tric repression. Nonparametric regression analysis is concermed
with estimation of a regression model without specifying in
advance its functional form. Thus the eonly scurce of infor-
mation about the functional form of the model is the data sst
icself. In this book we shall review various nonparamnectric
regression approaches, with special emphasis on the Lkernel
methed, under varlicus distributional assuwptions.

This book 1s divided into three parts. In the firsr parc
we review the elements of abstract probability theory we need
in parc 2. Part 2 is devoted to the asymptotic theory of para-

metryic and nonparametric regression analysis in the case of
independent data generacing processes, In part 3 we extend the
analysis involved to time series.

The selection of the topics mainly reflexes my own
interest in the subject. Instead of providing an encyclopedic
survey of the literature, I have chosen for a setup which aims
to f£ill the gap between intermediate statistics (imcluding
lineay time series analysis) and the level necessary to gat
access to the recent literature on nonlinear and nonparametric
regression analysis, with emphasis on my own contributions. The
ultimate goal 1s to provide the student with the tools for his
own independent research in this area, by showing what tools I
and others have used and what they have been used for. Thus,
this book may be viewed as an account of my own struggle with
the matorial imvolved. I think this book is particularly
suitable for self-tuition (at least it aims to be), and may
prove usaful in a graduate course in mathematical statistics
and advanced econometyics.

Acknouledgements:

The first five chapters of this book have been dissemina-
ted in draft form as working papers, 1 am grateful to Anil
Bera, Alexander Georgiev and Jan Magnus for suggesting additio-
nal references, and in particular to Lourens RBroersma, Johan
Smits and Ton Sceerneman who suggested various improvements.

A large body of the material in chapter & has been
published earlier in Truman F.Bewley (ed.), Advances in Econo-
matrics, Fifch World Congress, Gambridge University Press. I am
indebted to Cambridge University Press for granting permission
to reprint it.






4, NONLINEAR PARAMETRIC REGRESSION ANALYSTS

In this chapter we consider the asymptotic properties,
i.e. weak and strong consistency and asymptotic normality, of
the least squares estimators of the parameters of a nonlinear
regression model. Throughout we assume that the data generating
process is independent, but we distinguish between the iden-
tically distributed and the nonidentically distributed case.
Also, we consider the Wald test of nonlinear restrictions on
the parameters.

Natable work in this area has been done by Jemnrich
{1969), Malinvaud (1970a,b), White (1980b,1982) and Bierens
(1981), among others. The present approach is a further
elaboration of the approach in Bierens (1981, section 3.1).

4,1 Nonlinear regression models and the nonlinear Ileast
squares estimator
Consider an  independent data  generating process
((¥y,%X)), 3=1,2,.. where Y; € R is the dependent variable and
X, € R* is a vector of regressors. The central problem in
regression analysis 1is how to determine the conditional
expectation functions

g (X;) = E(Y %), 3-1,2,... (4.1.1)
We shall call this function g; the response function. Note that

this response function exists and is a Borel measurable real
function on R*, provided

ElY ] < = (4.1.2)
(cf. section 3.1). Defining

Uy =Y, - gy (&), j=1,2,... (4.1.3)
we get the tautological regression model

Y, = g; (X5 + Uy, §=1,2,... (4.1.4)

where by construction the errors U; satisfy



E(U,]X,) = 0 a.s., j=1,2,... (4.1.5)
In parametric regression analysis it is assumed that:

(I} g; does not depend on j:

g; = g for j=1,2,...; (4.1.6)

(I1) the function g belomgs to a parametric family of func-
tions £¢.,8);

g(.) € (£(..,8) : #§ € 8}, (4.1.7)

where @ is a subset of a Euclidean space, called the parameter
space, and f£(x,0) is known for each x € R* and each ¢ € 8.
Quite often one also agsumes that the errors U, are independent
of X; and even that the U;’'s are normally distributed. These
assumptions, however, are not necessary for the asymptotic
theory of regression analysis and therefore we shall not depend
on them. ’

Condition (I) naturally holds if the data generating pro-
cess is 1.i.d. However, if some or all of the components of X;
are control wvariables set by the analyst in a statistical
experiment, we can no longer assume that the X;'s are
identically distributed. In that case the respomse function may
depend on the observation index j.

The condition that the response funetion belongs to a
certain parametric family of known functions is cruecial te
parametric regression analysis, but is also disputable. In
practice we almost never know the exact functional form of a
regression model. The choice of the parametric family (4.1.7)
is therefore almost always a matter of convenience rather than
a matter of precise a priori knowledge. For that reason the
linear regression model is still the most popular functional
specification in empirical research, due te its convenience in
estimating the parameters by ordipary least squares (OLS). So
why should we bother about nonlinear regression models?

There are various reasons why nonlinear regression
analysis makes seunse. First, it is possible to test whether a
given (linear) functional specification is correct (see chapter
5). If we have to reject the linear specification we are then
forced to look for a nonlinear specification that is closer to



the true response function. Second, soumetimes a linear
regression model is logically inconsistent with the nature of
the data. If for example the range of Y; is [0,w=) and the range
of the components of X; is (-»,»), then the Ilinear response
function may take negative values, whereas E(YjIXJ) =20 a.s.
(cf. theorem 3.2.1.V). Another example is the case where Y; is
a binary variable only taking the values 0 and 1. Then E(lexj)
is just the conditional probability of the event Y¥; =1
relative to X;, and must therefore lie in the intexrval [0,1]. A
possible specification in this case is a logit-type model:

Y, = 1/[1 + exp(-8,-6,'X;)] + Uy, = £(X,,6) + Uy,

with E(U;[%;) = 0 a.s.

where 8 = (§,,8,')' & RxRX* = 8. Note that in this case U; can-
not be independent of X, .

Third, there are cases where theory is more explicit about the
functional form of a model. An example is the CES production
function in economics, introduced by Arrow, Chenery, Minhas and
Solow (1961). This production function takes the form

v o= {8, x;83 + 8, x£83}‘1/e3,

where ¢, >0, 8, >0, #; = -1, y is the output level of an
industry, %, is the total labor force employed in this industry
and X, is the stock of capital in this industry. Adding an
error term to the right hand side yields a nonlinear regression
model,

Fourth, there are flexible functional specifications that allow
the functional form to be partly determined by the data. A
typical example of such a flexible functiomal specification is
the Box-Cox (1964) transformation. The Box-Cox transformation
of a variable v is given by

n(v|x) = (vr-1)/x.

For X = 0 we have q(v[O) = In(v), and clearly n(vll) = -1,
This transformation 1is particularly suitable when the
regressors are positively valued. Consider for example the case
X; € R, P(X; > 0) = 1. Specifying the regression model as



Y, = 03+ 8, (X |83) + U,
yields a model that contains the linear model and the semi-
loglinear model (Yj -8, + 6, ln(XJ) + Uj) as special cases. By
estimating the parameters #,, 4, and #; and testing the
hypothesis §, = 0 against f#; = 1 we actually let the data
choose between these alternatives.

From now on we take the parametric family of functional
forms as given (though not necessarily as true). Moreover, we
confine ourselves to functions that are Borel measurable in the
explanatory variables and the parameters and are continuous in
the parameters. Furthermore, the parameter space © 1s assumed
to be s compact Borel set.

Assumption 4.1.1., Given the data generating process {(Yj,Xj)},
j=1,2,.... in RxR¥ with E!Yi' < @, the conditional expectation
of ¥, relative to X, equals f£(X,,8,) a.s. for j=1,2,..., where
f(x,8) is a known Borel measurable real function on REx® with ©
a compact Borel set in R® containing #,. For each x € R* the
funetion f(x,d) is continucus on 8,

We recall that compactness of a set implies that every open
covering contains a finite subcovering, and that a subset of a
Euclidean space is compact if and only if it is closed and
bounded. Cf. Royden (1968). Assuming that the data generating
process is observable for j=1,2,...,n, the nonlinear 1least
squares estimator for #, is now defined as a measurable
solution of the following minimisation problem:

§ €0 : QM) = infpegQ(d), (4.1.8)
where

Q(8) = (I/mE_ ¥, - £(Xy,0)]12. (4.1.9)
By theorem 1.6.1 such a measurable seolution always exists. In

the sequel of this chapter we shall give further condition for
strong consistency, i.e.

- by a.s. 45 n =+ « (4.1.10)



or weak consistency:

plimyed = 85, (4.1.11)
and asymptotic normality, i.e.

Jn(d - 8,) » N, (0,Q) in distr, (4.1.12)
4.2 Consistency and asymptotic normality: General theory
4.2.1 Consistency

The consistency proof contains two main steps. First we
set forth cenditions such that

Q(#) -+ Q(#) a.s. (in prob.) pseudo-uniformly on © (4.2.1)
where
Q(8) = limpel Q(6) is continuous on & (4.2.2)
and then we set forth conditions such that
8, €6 : Q(8,) =~ infyeeQ(d) = 8, = 8. (4.2.3)

Thus the latter comdition says that Q(#) has a unique infinimum
on € at #;. The cenditions (4.2.2) and (4.2.3) guarantee that

g > #y a.s. {in prob.],
due to the following fundamental theorem.
Theorem 4.2.1. Let (Q,(8)}) be a sequence of random functions on
a compact set 8 ¢ R® such that for a continuous real function
Q(#) on 8,

QQ8) > Q(8) a.s. [in prob.] pseudo-uniformly om ©.

Let 4, be any random vector in 8 satisfying

Q. (8,) = infyeaQ, (9)



and let 8, be a unique point in © such that
Q(8y) = infgegQ(d).
Then 4, -+ 8, a.s. [in prob.])
Proof: We consider first the a.s. case, Let (0O,F,P} be the
probability space and let N be the mull set on which the
uniform convergence fails to hold. For w € (AN we then have
0 = Qe (w)) - Q(8y)
= QI (w)) - QU (w},w) + Q, (0, (w),w) - Q(fy)
< QU8 (@) - Q(8,(w),0) + Q,(F,,w) - Q(dy)
< 2 suppeplQ, (F,w) - Q(8)] = 0 as n -+ =,
hence
Qo (w)) » Q(8y) as n~+ o and o &€ Q\N. (4.2.4)
Now let 4 _(w) be any limit point of the sequence (¢,(w)). Since
this sequence lies in a compact set 8, all its limit points lie
in 8. Thus, 8*(w) € 8. By definition of a limit point there

exists a subsequence (#, (w)) such that limj_mﬁ'n (w) = E*(w).
From (4.2.4) and the continuity of Q(#) it follows that also

LimjeQfpn, (©)) = QLimjunln, (@) = QUI*(@)) = Q(f,)

hence 0%(w) = #5 by wuniqueness. Thus all the limit points of
¢, (w) are equal to #, and comsequently '

By definition, this implies 4, -+ f#; a.s. The convergence in

probability case follows easily from theorem 2.1.6 and the
above arpgument. Q.E.D.



4.2.2 Asymptotic normality

Next we tuxrn to asymptotic normality. We shall put our
argument in a general framework, in order to use the results
also for more general cases than considered in the sequel of
this chapter,

Theorem 4.2.2. Let the conditions of theorem 4.2.1 be satisfied

(for the convergence in probability case) and assume in
addition that:

(1) 8 is convex and §; is an interior peint of 8;

(I1) (8/38'3Q,(8) and (3/388)(8/88')Q,(8) are well-defined as
vector and matrix, respectively, of random functions on 8

(III) J/a (8/88')Q,(8y) » N [0,4,] in distr., where 4, is a
positive semi-definite mxm matrix;

(I¥) for 4i,,i, = 1,2,...,m,
(6/6811)(3/3912)Qn(8) - (6/8811)(6/6612)Q(6) in prob.

pseudo-uniformly on a neighborhood of §,, where the limit func-
tion involved is continuous in f,;

1Rt the matrix A, = (8/88)(8/80°')Q(4,) 1is nonsingular,
Then J/n(d, - 8,) = N, [0, A; A A% Y.

Proof: Consider the following Taylor expansion of (8/36;)Q,(8,)
around f§,:

(8/865)Q,(8,) = (8/88,)Q,(8,)

+ [(8/887)(8/38,)Q,(85*2)]1" (8,-8,)
(i = 1,2,..,m) (4.2.5)

where 9;1) is a mean value satisfying

8882 - 0,] = {6, - 8,1 a.s. (4.2.6)

In the nonrandom case the existence of such a mean value 1is



provided by Taylor’s theorem. In the random case under review,
however, we should also ask whether a measurable mean wvalue
exists. For the moment we shall ignore this problem. At the end
of the proef we shall return to this issue.

Note that we have indexed the mean wvalues by i. This
indicates that these mean values may be different for different
i's., CE. Don (1986).

Now consider the left member of equation (4.2.3). If #,
is an interior point of ® then (8/8%,)Q,(4,) = 0, duse to the
well-known first order conditions for a minimum of Q,(8) at 4.
These first order conditions may not hold if 4, lies on the
boundary of ©. However, since ¢ 6 - #, in prob. and #, is an
interior point of € the probability that 4, is an interior
peint of & will converge to 1, hence

limp,P[ (3/86,)Q, (8,) = 0] = 1. (4.2.7)

Next consider the mxm random matrix

Ea

By = [8/301)(3/803 )0, (8572))] (4.2.8)
Then it follows from (4.2.5) and (4.2.7) that
Limy Pl /006, -05) = -A3*/n(3/30°)0, (9)] = 1,
hence
plimpw{/n(d,-4;) +.(£§1 - A1) /n(8/387)Q, (8,)
+ A1 /n(8/86')Q,(8g)) = O. (4.2.9)

If

plimy o(Az* - A3%) =0 ' (4.2.10)

then it follows from condition {(ITII) and theorems 2.3.3 and
2.3.5 that

plimnqm(gél - A1) /n(8/80')Q, (8,) = 0. (4.2.11)

Combining (4.2.9) and (4.2.11) we then comclude



Plimpew{/n(8, -840 + A;ljn(a/aa')qn(eg)) = 0. (4.2.12)

Since comdition (III1) implies

~A31/n(8/88')Q, (84) = Ng (0,45 A, A5%) (4.2.13)

(note that A, is symmetric), it follows from (4.2.12) and
theorem 2.3.5 that

Jn(8, - 6y) = N, (0,8tA,A3Y) in distr.

Thus for proving the theorem it remains to show that (4.2.10)
holds and that the mean values are indeed properly defined
random vectors., For proving (4.2,10), observe from (4.2.6) that
plilpsnf, = #, implies

Plimpoobit’ = 8,, 1=1,2,...,m. (4.2.14)

From (4.2.14), condition (IV) and theorem 2.6.1 it follows now
that

Plilpsof; = A, . (4.2.15)

Finally, since the elements of an inverse matrix are comtinuous
functions of the elements of the inverted matrix, provided the
latter is nonsingular, it follows from (4.2.15), condition (V)
and theorem 2.1.7 that

which proves (4.2.10).

We now conclude our proof with the following lemma of
Jennrich:



Lemma 4.2.1. Llet f(x,8) be a real-valued function on R¥x8,
where 8 is a convex compact subset of R®. For each 4 in @ let
f(x,8) be a Borel measurable functionm on R and for each x € R®
let £(x,#) be a continuously differentiable function on &. Let
9, () and 84,(x) be Borel measursble functions from R into 6.
Then there exists a Borel measurable function f,.(x) from R*
into € such that

(1) £(x,8,(x)) - £(x,0,(x)) = (3/38)E(x,8 (%)) (8,(x) - 4;,(%)),
(II) #,.(x) 1lies omn the segment jolning ¢, (x) and f#,(x).
Proof: Jemnrich (1969; lemma 3).

Thus, it follows from condition (I) and Lemma 4.2.1 that the
mean values #'*’ are measurable and that

855 - 801 5 [0 - 6] aus.
Q.E.D.

Exercises:
1. Let Y;,...,Y, be independent standard normally distributed
random variables. Let

Q(8) = (/e |Y; - 8], @ =~ [a,b], -=<a<O<b<e,
Let ¢, be defined in theorem 4.2.1. Prove ¢, -+ 0 a.s. Hint: use
theorems 2.7.4 and 4.2.1.
2, let Y,,...,Y, be i.i.d. random variables satisfying
P(Y;=1)=P(Y;=-1) =4.
Let
Qu (8) = (1/m)Z0_ (¥;-9)*
and let @ be as in exercise 1.
a) Prove 8, - 0 a.s.

b) Prove /o 4§, = N(0,0%) in distr.
¢) Determine o2,

10



4.3 Consistency and asymptotic normality of nonlinear least
gquares estimators in the i.i.d. case
4.3.1 Consistency
We now consider the case where (Y¥;,X;),....(Y,,%)..
are independent identically distributed randoem vectors in RxRE
and we verify the conditions for comsistency and asymptotic
normality in section 4.2 for the nonlinear least sguares
estimator, Thus, we augment assumption 4.1.1 with:

Assumption 4.3.1. The random vectors (¥;,%;), j=L,2,....m,...
are independent random drawings from a k+l-variate disz-

tribution. Moreover, E Y2 < =.

For proving strong consistency we use theorem 2.7.5 in order to
show (4.2.1). First,

Assumption 4.3.2. let E supggef(X;,8)? < o,
Then

E supgep(¥; - £(X;,6)1% = 2E Y,;2 + 2 E supgeof(X,,0)? < =,

(4.3.1)
hence by theorem 2.7.5
supgeela(ﬂ) - Q)| » 0 a.s., (4.3.2)
where
Q(8) = E[Y, - £(%,,8)]? (4.3.3)
From assumption 4.1.1 it follows that
Y, = £(X,,0,) + U,, with E(U,|X,) =0 a.s., (4.3.4)

hence

11



Q(8) = EU 2 + 2B U, [F(X,,0,) - £(X,,8)]

+ E[£(X, ,8,) - £(X,,8)]2 = E Uy2 + E[£(X,0,) - £(X,,8)]?
(4.3.5)

Note that E ¥,? < = implies E U;% < «». Since £(x,#) is continu-

ous in # for each x € RF (ef. assumption 4.1.1), Q is continu-
ous on 8. Now assume:

Assumption 4.3.3. Q(#) takes a unique global minimum on & at
g’ﬁo,

Referring te theorem 4.2.1 we then conclude:

Theorem 4.3.1. Under assumptioms &4.1.1 and 4.3.1-4.3.3.,

M

§ ~ f§, a.s.

4.3.2 Asymptotic normality

Next, we set forth the conditions for asymptotic nor-
mality by specializing the conditions of theorem 4.2.2, First,
Assumption 4.3.4. Let © be convex, let 6, be an interior point

of 8 and let f£(x,#) be twice continuously differentiable in ¢
for each x € R,

Then the conditioms (I) and (II) of theorem 4.2.2 hold. Now
consider the first and second derivatives of Q(#8):

(8/86")Q0) = (-2)(L/m)BB_, 1Y, - £X,.8)1(3/80)ECK, 0,
(4.3.6)

(3/88)(336°)Q(8)
= (-2) (/). [Y, -£(X; ,0)](3/86) (3/38" )£ (X, ,0)

+ 2(1/ﬁ)zg_1[(a/ae')f(xj,3)][(a/ae)f(xj,a)] (4.3.7)

12



Assumption 4.3.5. Let for i,i,,i, = 1,2,...,m,
E supgeg{(8/88,)E(X,; ,8)]2 < =3

E supseld/301 )(8/861 VE(X, ,8)]% < .

Then by Cauchy-Schwarz inequality,
E supgeol [(8/805,28(X,,8)]1((8/801,)E(K, )]}
< (E s.upge@[(a/ae?il)f(xl,3)12}*i
X(E supgegl (/083 )E(X,,6)12)% < = (£.3.8)
and
E supgeol (Y, - £(X;.,0)1(8/364 )(3/301,)E(X,,6)]
< (E supgepl¥, -£(X,,8)12)%

X(E su\pge@[(a—a/aa?il)(a/agiz)f(xl,9)]2}*i <a (£.3.9)
where the last inequality follows partly from (&4.3.1). Using
theorem 2.7.5 we now conclude from (4.3.8) and (4.3.9) that for
i;,1,=1,2,...,m.

supgeel(a/aail>(a/aaiz>é(sJ
- E{a/aail)(a/aei2)§(3)| + 0 a.s. (4.3.10)

which proves condition (IV) of theorem 4.2.,2, Now consider the
matrix A,:

A, = (8/88)(3/38')Q(dy) = E(8/88)(8/08')Q(8,)
= -2 E{Y, - £(%,,64)1€8/88)(8/38"YE(X{,8,)
+ 2 E[(8/80"YE(X,,0p)]1(8/88)E(X,,80)] (4.3.11)

Since E[Y, - £(X;,8,)1X;] = E(U; |%X,) = 0 a.s., the first term
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vanishes. Thus:

Az hind 232, (A.3.}.2)

where

Q, = E[(8/88°)YE(X,,85)11(8/88)E(X,,80)1. (4.3.13)

Assumption 4.3.6. let Q, be nonsingular.
Then condition (V) of theorem 4.3.2 is satisfied. So it remaing
to show that condition (I11) of theorem 4.2.2 holds. Observe
from (4.3.4) and (4.3.6) that
(8/887)Q(8,) = -2(1/m)32_ U, (3/80° YE(X, ,8)
= —2(l/n)2?_123, (4.3.14)

say, where (%Z;), j=1,2,.., is a sequence of i.i.d. random
vectors in RF with .

E 2, =EU,(3/30")EX, ,0y) = E{E(U, |X,)(8/80")E(X;,0,)) = O
(4.3.15)
(for E(U, |{%,) = 0 a.s.). Moreover,

E 2,2, = E Ulz{(a/aa')f(xl,90)1{(6/39)f(X1.9n)} =
(4.3.16)

say. 1E

Assumption 4.3.7. For i,,i,~1,2,...,m,

E supgepl¥y - £(X;,0)1%](8/304 YE(X,,8)]}(8/8685 )E(X,,0)] < =,
then the elements of the matrix I, are finite, hence we may

apply theorem 2.4.1 to arbitrary linear combinations ¢'Z;
(6 & R"): '
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(1/Jm)>:*;,,,1fg'z‘.‘I ~ N(0;8'Q,€) in distr. (6.3.17)
From theorem 2.3.7 we then conclude;

(1//m)=5.,Z; ~» N, ([0,0,] in distr. (4.3.18)
Thus

jn(a/ae')a(eu) + N, (0,40,) 1in distr,

This proves condition (III) of theorem 4.2.2 with &, = 4q,.
Summarizing, we have shown:

Theorem 4.3.2. Under the conditions of theorem 4.3.1 and the
additional assumptions 4.3.4-4.3.7 we have:

/n(é - 8,) = N [0,0;'0,0;1) in distr.,

where , and O, are defined by (4.3.16) and (4.3.13), respec-
tively.

Gf. White (1980b). Quite often it is assumed that U; is
independent of X; or that

Assumption 4.3.8. E(U;2{%,) = E U,;? = o2 a.s.

Then Q; = ¢?0);, and moreover assumptiom 4.3.7 follows then from
assumption 4.3.5 and the condition E ¥;? < =, Thus:

Theorem 4.3.3. Under the conditions of theorem 4.3.2 with,
assumption 4.3.7 replaced by assumption 4.3.8, we have:

Jn(@ - 8,) - K, (0,020;1] in distr.

15



4.3.3 Consistent estimation of the asymptotic variance matrix

Finally, we turn to the problem how to consistently
estimate the asymptotic variance matrices in theorems 4,3.2 and
4.3.3. Let

8,(8) = (L/md_ (Yy - £(X;,0)12[(3/38*)EK;,8)11(3/88)£(K;,8)]
(4.3.19)

0, (8) = (L/m)E5_, [(8/80)E(X;,0)1[8/86)E(X;,8)]  (4.3.20)

8 = (8, Oy = 0y(), 0% = Q) (4.3.21)

We have shown that under the conditions of theorem 4.3.2:

Q,(8) ~ E Q,(8) a.s. uniformly on O, {(4.3.22)
Q,(8) - EQ,(0) a.s. uniformly on 8, 4.3.23)
Q(48) =+ E Q(¥) a.s. uniformly on 8 (4.3.24)

and
R, = EGy(8y), B, = E Q,(8y), 02 = EU;2 =E Q(b;).
From theorems 2.6.1 and 4.3.1 it therefore follows:

A

8, *0 a.s.; G -0, a.s,, a2 » a2 a.s., (4.3.25)

hence, using theorem 2.1.7, we have:

Thecrem 4.3.4, Under the conditions of theorem 4.3.2,
551 51 5;1 - o;'0,0;% a.s.,

and under the conditions of theorem 4.3.3 we have:

2 1 -1
0202 -+ 0202 a.5,

ie



Exercises:

1. Verify the conditions for strong consistency and asymptotie
normality of 5 for the standard linear regression model
Y; = 8,'%; + U;, where U; and X; are mutually independent.

2. Suppose that f£(x,8) is incorrectly specified as #'x, with
§ €0 cBY, x € R*. Set forth conditions such that 4 - ¢, a.s.
and

Jn(d ~ 8,y » ¥ [0, (E Xlxl‘)'I(E(Yl-ﬁéxl)xlxi')(E xlxl')'l

in distr., where §, = (E X,%, ') 'E X,¥,. Cf. White (1980a)

4.4 Consistency and asymptotic normality of the noniinear
least squares estimator under data heterogeneity
4.4.1 Data heterogeneity
In medicine, bioclogy, psychology and physics the source
of the data set {(¥,;,X;)), j=1,...,n, is quite often a statis-
tical experiment, where Yj is the outcome of the experiment and
X; is a vector of control variables set by the analist. In this
case the vector X; is in fact nonrandom. However, nonrandom
variables or vectors may be considered as random wvariables or
vectors, respectively, taking a value with probability 1. Thus,
if (xj), j=1,2,.. is a sequence of control wvectors then we

define:
Xj bt Xd a.s.
The distribution function of Xj is then

Hj(x) = ”5_11(X23 < x(f)),

where I¢(.) is the indicator function and XIj and x{%) are the
£-th components of X; and x, respectively. Moreover, suppose

Then
Y. = g(Xj) + Uj a.s.,

J

where E U; = O and U; is independent of ¥X;. The joint distribu-
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tion function F;(y,x) of (¥;.X;) is now:
Fy{y,x) = P[U; = y-g(x;)IH;(x).

These kind of data-generating processes will be called hetero-
geneous. Data heterogeneity also occurs when the sample is
stratified. For example, let Y; be the expenditures of house-
hold j on a certain commodity and let X; be the disposable
income of househeld j. We wish to estimate the Engel curve
E(YJ|X3) (cf. Cramer (1969)) on the basis of a stratified
sample of size n with ¢ strata of different sizes n
(i=1,...,4q, n—n1+,.+nq), corresponding to q income classes.
Then the distribution of (Yj,Xj) depends on the stratum to
which j belongs. See further White (1980b).

In order to cover data heterogeneity as well, we now aug-
ment asgsumption 4,1.1 with:

Assumption 4.4.1. The random vectors (Yj,XJ),'j=l,2,...,n,.
are independent with joint distribuclon functions F;(y,x),
j=1,2,...,n,..., respectively. Moreover, denoting

FOV (y,x) = (1/m)=5.,F, (y,%),

one of the following alternative conditioms hold:

(a) F{") - F properly, setwise,

(b) F‘®) - F properly, pointwise, and f(x,0) is continuous
in both of its arguments.

The distinction between the alternatives (a) and (b) is due to
the distinction between the conditions of theorems 2.7.1
through 2.7.4, i.e., under assumption 4.4.1 (a) we shall apply
theovems 2.7.3 and 2.7.4 and under assumption 4.4.1 (h) we
shall apply theorems 2.7.1 and 2.7.2.

4.4.2 Strong and weak consistency

Now let us modify the assumptions of section 4.3 to the
case under review. Depending on whether we wish to prove weak
consistency, i.e.
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or strong consistency, i.e. -
8 - 6y a.s.
we assume either
Assumption 4.4.2.(I}. Let for some § > O,
supn(l/n)E?le supgeele - f(X3,9)|2+8 < @,
or

Assumption 4.4.2.(II). Let for some § > 0,

sup, (1/n)33_ E supgep|¥; - £(X;,0) |4 < o,

Denoting

Q8) = [y - £(x,8)]2dF(y,x) (4.4.1)

it follows from -assumptions 4.1.1, 4.4.1 and 4.4.2(I) and
theorems 2.7.2 and 2.7.4 that

plimpwsupges|Q(f) - Q6)| = 0, o (4.6.2)

whereas from assumptions 4.1.1., 4.4.1, 4.4.2.I1 and theorems
2.7.1 and 2.7.3 it follows:

suppep|Q(8) - Q8] = 0 a.s. (h.4.3)

Moreover, in both cases the limit function Q¢(4) is continuous.
Furthermore, it follows from theorems 2.5.1 and 2.5.4,

Q(8) = limpseE Q(8)
= limpa(l/m)0 E[U; + £(X;,8,) - £(X;,8)]2

J=1

= limpe(1/m)55,, B0, 2 + limpae(l/n)20,  E(£(X;,00)-£(X;,8) ]2
(4. b b)

hence
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Q(8y) = infae=gQ(8). _ (4.4.3%)
Thus, if
Assumption 4.4.3. Q(f#) takes a unique minimum on 8,
then by theorem 4.2.1:
Theorem 4.4.1.
(1) Underx fssumptions 4.1.1, 4.4.1, 4.4.2(1) and 4.4.3,

(1I) gnder assumptions 4.1.1, 4.4.1, 4.4.2(11) and &.4.3,
6§ + 6, a.s.

4.4,3 Asymptotic normality
Next we shall modify the assumptions 4.3.4-4.3.8 such -
that we may replace the reference ¢to theorem 2.7.5 by
references to theorems 2.7.2 and 2.7.4, and the reference to
theorem 2.4.1 by a reference to theorem 2.4.3.
Assumption 4.4.4. Let assumption 4.3.4 hold. If part (b) of
assumption 4.4.1 hold then the. firgt and second partial
derivatives of f(x,#) to # are continuous in both arguments.
Assumption 4.4.5. Let for some § > 0 and 1,1,,1, =~ 1,2,..,m,
sup, (1/n)25,, E suppep|(3/80,)E(%;,0) |28 < »;

sup, (1/m)Z5, E SUPeeel(3/3311)(3/3912)f(xj,9)[2+5 < o,

Assumption 4.4.6. The matrix

0, = [[(8/38")£(x,8,)1((3/30)E(x,8,)dF(y,x)

is nonsingular.
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Assumption 4.4.7. Let for some § > 0 and i,,i,=1,2,...,m,

sup, (1/n)E7.,E supgep|Y, -£(X, -£(X;,0) | 276 ] (87005 YE(K; ,6)|1*8

x| (8/081 VER;, )| < =,
Assumption 4.4.8. For j=1,2,3,..., E(U,2|X,) =« EU;2 = o2 a.s.

Moreover, let

Q) = I[y-f(x,ﬁo)]2[(6/66')f(x,€0))][(a/aﬂ)f(x,ﬂa)]df(y,x).
Then similarly to theorems 4.3.,2, 4.3.3 and 4.3.4 we have:

Theorem 4.4.2, Let the conditions of theorem 4.4.1 (part I) be
satisfied.

(1) Under the additional conditions 4.4.4-4.4.7 we have:

/(8 - 8,) - N [0,9;'e,a;!] in distr.,

A ~

plim, Q! 9, 931 = g;ig, 051,
(11} Under the additional conditions 4.4.4-4.4.6, 4.5.8 we have:
Jo(§ - 8,) - N [0,020;'] in distr. and

plimy mo?f; ! = 02052,

4.5 Testing parameter restrictions: The Wald test

Estimation of a regression model is usually not the final
stage of regression analysis. What we actually want to know is
the properties of the true model rather than of the estimated
model ., Given the truth of the functional form, we thus want to
make inference about the true parameter vector 4,. Various
restrictions on #;, may correspond to various theories about the
phenomenon under review. In particular the theory of interest
may correspond to a set of q (nom)linear restrictions in 4&,,
i.e.,
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Hy : 1(8g) =0 for i=1,2,...,qsm (£.5.1)

Throughout we assume that the functions #; are continucusly
differentiable in a neighborhood of 4, and that the gqxm matrix

T'= [(8/861,)m1 (85)] (4.5.2)
has rank g. We now deri?e the limicing distxibution of

(ny (B), ... m (8"
under H;, given that

Jn(d - 8) - Ny{0,al, (£.5.3)

~

where O is nonsingular. and that  is a consistent estimator
of Q:

plimn-»ma = Q. (4.5.4)

Observe from the mean value theorem that

Jaln; (8)-n, (8,)) = [(8/88)n, (870 ) 1 /n(b-8,) (6.5.5)
where 3(1) satisfies ‘

jaci) . 9D] < |8 - 6,} a.s. (£.5.6)
Since (4.5.3) implies

plimn+m§(i’ = 8y,
it follows from theorem 2.6.1 that

plimpae(8/38)n, (9€37) = (8/30)n, (8,) (¢.5.7)
and consequently by (4.5.3) and theorems 2.3,3 and 2.3.5,

pliftpe[ (3/30)n, (817)(8/38)n, (8,)1/a(8-8,) = 0 (£.5.8)

Combining (4.5.5) and (4.5.8) it follows
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PLiMpoe(/n; (8) -0y (86))-(8/80)n, (8)/n(f-85)) = 0 (£.5.9)

and consequently

plimpaw(sn(n-n) - T/n(d-4)}) = 0, (4.5.10)
where

7= (1 (8g), ... 1 (§5)) (4.5.11)
Since (4.5.3) implies that

T/o(d - 85) = N_(0,TAr") in dist.,
it follows now from (4.5.10),

Jq(ﬁ - m) = N_[0,rar’] in distr. (4.5.12)

Note that I'GQl' has rank q and is therefore nonsingular. Now let

~

T = [(8/3681,)n5, (8)] . (6.5.13)

Then plimgswd = 8, implies

Plimpsel’ = T ' ' (4.5.14)
and thus
plimpol @ I'* = Tar’. ' (4.5.15)

Using theorem 2.3.5 we conclude from (4.5.12) and (4.5,15) that

A A A

(r Q T')%/n(g-n) = N_(0,1) in distr. (4.5.16)

and consequently by theorem 2.3.4,

MAA A

n(n-7)' (T G T') " (7-n) = 32 in distr. (4.5.17)

The Wald statistic for testing Hy : 7 = 0 is now
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A A A

W o=on9'(T 6T 1y,

n

Clearly,

W, > x4 in distr. if Hy is true.

If Hy is false, i.e., n = 0, then
plimpsoW, /0 = 7' (IO )" *p > 0,
hence

plimpueW, = .

Remark. A drawback of the Wald test is that changing the form
of the nonlinear restrictions n,(#;) = 0 toe a form which is
algebraically equivalent under the null hypothesis will change
the Wald statistic W,. Recently, Gregory and Veall (1985) have
shown on the basis of Monte Carlo experiments that differences
in functional form of the restrictions are likely to bhe
important in small samples,

Note that the result in this section is in fact a
straightforward coxollary of the following general thearen.

Theorem 4.5.1. Let (4,) be a sequence of random vectors in RE
‘satisfying r, (8, - 85) = N (0,8), where (r,) is a sequence of
real numbers converging to infinity and ¢, € R¥ is nonrandom.
Let n,(8),...,n,(#) be Borel measurable real functions on R¥
such that for j=1,...,m, n;{¢) is continuously differentiable
in 8. Let n(d) = (n,(8),...,n,(0))" and let T be tha gxm
matrix

T = [(8/383,)n3 (60)]

Then 1, [n(d,) - n(8e)] » N, {0, IQC’'] in distr. (N.B. m may be
larger than k)
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