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PREFAGE

This book deals with statistical Inference of nonlineax
regression models from two opposite peints of view, namely the
case where the funetional form of the model is completely
gpecified as a known function of regressors and unknown para-
meters, &snd the opposlte case where the functiomal form of the
model is completaly unknown., First it is assumed that the res-
ponse function of the regression model under review belongs to
a certain well-specified parametric family of functional forms,
by which estimation of the model merely amounts to estimation
of the unknown parameters. For this class of models we review
the asymptotic properties of the mnonlinear least squares
estimator for Independent data as well as for time series.

In practice assumptions on the functlonal form are often
made on the basis of computational convenience rather -than on
the basis of precise a priori knowledge of the empiricsl
phenomenton under review, Therefore the linear regression model
is still the most popular model specification in applied
reaearch. However, even {f the specificatlon of the functional
form is based on sound theoretical considerations there is
quite often a large range of functional forms that are theore-
tically admissible, so that there 13 no pguarantee that the
actually chesen functionsl form is true, Functional specifica-
tion of a parametric nonlinear regression model should there-
fore always be verified by conducting model misspecification
tests. Various model misgpecification tests will therefore be
discussed, in particular ecomsistent tests which have asymptotic
power 1 against zll deviations from the null hypothesis that
the model 1Is correct.

The opposite case of parametric regression is nonparame-
tric regression. Nonparametrie regression analysis is concerned
with estimacion of a regression model without specifying in
advance itz functional form. Thus the only source of infor-
mation about the functional form of the model 1s the data set
icself. In this book we sghall review wvarious nonparametric
regression approaches, with special emphasis on the kearnel
method, under, various distributlonal assumptions.

This book ls divided inte three parts. In the first part
we review the elements of ahstract probability theory we need
in part 2, Part 2 is devoted to the asymptotic theory of para-

metric and nonparametric regression analysis In the case of
independent data generating processes. In par:t 3 we extend the
analygis involved to time series,

The selection of the topids mainly veflexes my own
interest in the subject. Instead of providing an encyclopedic
survey of the literature, 1 have chosen for a setup which aims
to fill the gap between intermediate statistics (including
linear time series analysis) and the level necessary to get
access to the recent liteyature on nonlinear and nonparametric
regiession analysis, wich emphasis on my ovm contributions. The
ultimate poal is to provide the student with the toolz for his
own independent research in this aréa, by showing what tools I
and otheis have used and what they have been used for. Thus,
this book may be viewed as an account of my own struggle with
the material invelved. I think this hook is particularly
suitable for self-tuition (at least it aims to be}, and may
prove useful In a graduate course in mathematical statistics
and advanced econometrics,

Acknowledgements:

The first five chapters of this book have been dissemina-
ted {n draft form as working papers, I am grateful te Anil
Bera, Alexander Georglev and Jan Magnus for suggesting additio-
nal references, and in particular te Lourens Broersma, Johan
Smits and Ton Steerneman who suggested various improvements,

A large body of the material in chapter & has been
published earlier in Truman F.Bewley (ed.), Advances in Econo-
metrics, Fifth World Congress, Cambridge University Press. I am
indebted to Canbridge Unfversity Press for granting permission
to reprint it,






3. INTRODUCTICON TO CONDITIONING

The concept of conditional expectation 1s basic to
regression analysis, as regression models essentially represent
conditional expectations. The theory of conditioning, however,
is one of the most abstract and difficult parts of probability
theory. In particular conditioning relative to a one-sided
infinite sequence of random variables requires the concept of
conditional expectation relative to a Borel field. We shall
need this concept when we deal with time series regression
models, However, in part 2 of this book where we deal with
independent samples, we only need the concept of a conditiomal
expectation relative to a random vector, and fortunately the
larter conditional expectation concept can be defined in a much
more transparant way than the former. Therefore we shall
discuss the abstract theory of conditioning relative to a Barel
field later on. Here we shall confine attention to the easier
concept of conditional expectation relative te a random vector.

3.1 Definition of conditional expectation

Most intermediate textbooks on mathematical statistics
define conditional expectations by using conditional densities
and probabilities. For our purpose this elementary conditional
expectation concept is not suitable. In particular our theory
of model specification testing requires a more rigorous condit-
ioning concept. Before we introduce this rigorous concept,
‘however, we illustrate twoe basic features of the elementary
conditional expectatiot concept. Thus let (Y,X) € RxR* be an
absolutely continuously distributed random vector with density
f{y,x) and marginal dersity h(x). Then the conditiomal density
of Y relative to the evant X = x is defined as:

f(ylx) = £(y.x)/m(x) if h(x) > 0,
feyfx)y = 0 if h(x) = 0.

The conditional expectation of Y relative to the event X = x is
ECYIX = x) = [T yf(ylx)dy = gCo,

say. Plugging in X for x, we get the conditional expectation of
Y relative to X:

E(Y[X) = g(X).



Thus E(YIX) is a function of X. Moreover, we also have
E(Y-E(Y[X))%(X) = E YP(X) - B g(XIp(X) = 0

for every function ¥ for which this expectation is defined, as
easily follows from the above elementary definition. These two
properties are basic te conditional expectations. In fact they
form the defining properties:

Definition 3.1.1. Let Y be a random variable satisfying
E]Y| < » and let X be a random vector in R*. The conditional
expectation of Y relative to X, demoted by E(Y|X), is defined
as E(YIX) = g(X), where g is a Borel measurable real function
on R* such that for every bounded Borel measurable real

function on ¥ on RF,

E(Y-g(X))¥(X) = 0. \ (3.1.1)

Example: Draw randomly a pair (Y,X) from the set
{(1,1),(2,1),(3,2),(4,2)}).

Since X takes only two values, any Borel measurable function ¢
of X is a.s. equal to a simple function of X, {.e.

$(X)y = a I(X=1) + b I(X=2), a,b € R.
How we have
E(Y-g(X))9(X) =
1/4((1-g(1))a + (2-g(l))a + (3-g(2))b + (4-g(2))b}
- (3/a‘- LBa(l)da + (7/6 - %g(2))b = O
for every a € R, b € R, hence g(l) = 3/2, g(2) = 7/2. Thus
E(Y|X) = 1.5 I(X=1) + 3.5 I(X=2).

Two problems novr arise. First, does this function g



always exist? The answer is yes, but for the proof we actually
need the notion of a conditional expectation relative to a
Borel field [see, e.g., Chung (1974,chapter 9)], together with
the Radon-Nikodym theorem [see Royden (1968, p. 238)]. We shall
not pursuit this point further here. Second, is g(X) unique?
Also the answer to this question is yes, due to the Radon-
Nikodym theorem, in the sense that if there are tweo Borel
measurable real Ffunctions g, and g, on R* satisfying the
definition then g, (X) = g,(X) a.s. An alternative proof of the
uniqueness of g(X) is given by the following theorem of Bierens
(1982), which is also of intrinsic interest and moreover is
basic to our theory of medel specification testing, in chapter
5.

Theorem 3.1.1. Let g, and g, be Borel measurable real functions
on R¥. Let X be a random vector in R* such that E|g, (X)| < =,
Elg, (X)| < =. Let for non-random t & R¥,

0, (€) = E g, (Xyerp(i-t'X), ¢,(t) = E g, (X)exp(i-t'¥),

Then P(g,(X) = g, (X)) < 1 if and only if ¢, (L) = @, (t) for some
t e R*.

Now suppose that there exist two Borel measurable real func-

tions g, and g, satisfying (3.1.1) for every bounded Borel
measurable real function ¥(x) on RX. Then also

E(g (X)) - g(X))#X) =0
and consequently
E (g, (X) - g, (X))cos(t’¥X) = 0 for all t e &F,
E (g, (X) - g, (X))sin(t’'X) = 0 for all t g RE,
Since exp(i-t'x) = cos{t’'x) + L-sin(t'x), it follows now that
9, (E) = @, (r) for all t € R¥,
which by theorem 3.1.1 implies P{g,({) = g,(X)] = 1. Thus g(X)

is a.s. unique.
A byproduct of this argument is:



Theorem 3.1.,2. Let Y < R be a random wvariable satisfying
E|Y] < » and let X € R* be a random vector. Let g be a Borel
measurable real function omn R*. If E(Y - g(X))¥(X) = 0 for all
bounded continuous functions ¥ on R then E(YlX) = g(X}.
Proof of theorem 3.1.1. Let

r(x) = g, (x) ~ g(x).
Then r is Borel measurable, and so are

ry(x) = max (r(x).0), 1r,(x) = max (-r(x),0).

Clearly we have r = r, - r,, where x; and r, are non-negative.
Now assume for the moment

¢ =E 1, (X) >0, cp =E r,(X) > 0. (3.1.2)

Then we can define probability measures v; and », on the
Euclidean Borel field B¥ by (c¢f. exercise 1l.a)

vy (B) = [yry(x)v(dx)/ey, § = 1,2, (3.1.3)
where v 1s the probability measure induced by X (cf. section
1.1) and B is an arbitrary Borel set in R*. We may now write
{cf. exercise l.c)

E r{X)exp(i-t’'X) - fr(x)exp(i-t'x)v(dx)

= frl(x)exp(i°:'x)v(dx) - frz(x)exp(i't'x)v(dx)
= ¢, fexp(i t'x)v, (dx) - c,fexp(i-t'x)w, (dR)
= cn(B) - ¢ (L),
say, where
n; (t) = fexp(i't’x)vj(dx), ji=112,

is the characteristic function of vy, j=1,2. If



E r(X)exp(i-t'X) 0

then clnl(tj - cyn,(t) = 0 for all t € R*, Substituting t = 0
vields:

C‘.ll’;l(O) - Cznz(o) - Cl - Cz - 0, (3.1.&)
hence
ny (t) = n,(t) for all t € RF,

The latter implies that the corresponding probability measures
are equal, i.e.,

vy {B) = vy (B) for all Borel sets B in RE . (3.1.5)
From (3.1.3), (3.1.4) and (3.1.3) it follows now:

fpry R)w(dx) = [, (x)v(dx) for all B € B¥
and comsequently

Jer(x)v(de) = 0 for all B & gk. (3.1.6)
Now take

B, = {x € R* : r(x) » 0}.
This is a Borel set, for r 1is Borel measurable. Hen:e By
(3.1.6), fglr(x)v(dx) = 0. This implies that v(B,) = 0.
Similarly, we have for

%=cxew:r@)ém

that v(B,) = 0. Since B, and B, are disjoint we now have
v(BiUBy) = v{(B,)} + v(By) = 0 or equivalently:

P(r(X) = 0) = 0.
This proves that r(X) = g, (X) - g, (X) =0 a.s. if (3.1.2)

holds. The proof for the case that E r,(X) =0 and/or
E r,(X) = 0 is left to the reader as an easy exercise. 0.E.D.



Exercises:

1, Llet v be a probability measure on (R¥ ,B*) and let f be a
non-negative Borel measurable function on R* such that
JE(X)w(dx) = ¢ with 0 < ¢ < . Define for B & B*,

p(B) = fRE(x)v(dx)/c

a) Prove that x is a probability measure on {RE,B¥).
b) Prove that for every simple function ¥ on R,

JPEIEERIV(AR) = cfp(x)u(dx)

¢) Prove the same for bounded Borel measurable real functions ¥
on R¥,

2. Check the proof of theorem 3.1.1 for the cases ¢; = 0;
cy >0, ¢y >0; ¢y =0 and ¢y =¢, =0,

3. Prove theorem 3.3,2.

3.2 Basic properties of conditional expectations

All the basic properties of conditional expectatiors, as
are well-known from intermediate statistical textbooks, c¢an
easily be derived from definition 3.1.1 and theorem 3.1.1. We
list them in theorem 3.2.1 below. The proofs are left to the
reader as exercises.

Theorem 3.2.1. Let Y &R and V€ R be randoem wvariables
satisfying E|Y] < =, E|V] < =, and let X € R* and Z € R® bhe
random vectors., We have:

(1) E[E(Y]X,2)|X] = 2(¥]x) = E(E(Y|X){X,2);

(I1) E[EY|XDI =8 Y; EX[Y =1

(IIT) Let U =Y - E(Y|X). Then E(U|X) =0 a.s.;

(IV)  E(Y + V|X) = E(Y{X) + EQV[X);

L)) Y=<V a.s. implies E(Y{X) = E(V|X) a.s.;



(VI)  JECY[X)| = E(]Y] [®) a.s.;

(VII) E(Y £(X)|X) = fQOEYIX) a.s. for every Borel measurable
real function £ on R* satisfying E|f(X)| < « ;

(VIII) Let T be a Borel measurable mapping from R*¥ into a
subset of R®. Then E{E(Y|{X)IT(X)] = E[YIr(X)] a.s. If I is a
one-to-cne mapping then E(Y|F(X)) - E(YlX) a.s.

(IX) If X and Y are independent then E(Y|X) = E Y a.s,

Hint, For proving (V) apply (3.1.1) with
Y& = I[E(Y]X) > E(V[X)],
where I{.) is the indicator function.
Also Chebishev's, Holder's, Minkowski's, Liapounov's and
Jensen’s inequalities easily carry over to conditional expec-
tations:
Theorem 3.2.2. (Chebishev’s inequality) Let Y & R, X € R¢ and
let ¢ be a positive monotonic increasing real function on (0,=)
such that (y) = @(-y) and E @(Y) < «. Then for every § > 0,
E[I(|Y] > &) X] s Eje(Y)|X]/§ a.s.
Proof: Let %(X) = T(E{I([Y] > &)} X]) > Elp(¥)|X]1/6}. Applying

definition 3.1.1 we find ¥(X) = 0 a.s, Q.E.D.

Theorem 3.2.3. (Holder’s inequalicy) Let Y € R, V & R,
E|Y[? < =, E|V|9 < =, E|Y'V| < =, and X & R*, where p > 1 and
1/p +1/q = 1. Then

[ECY-vIR)| = (EC|Y[P )y /2 (EC|v]?] ®)11/9 a.s.

Proef: Similarly to the unconditional case.



Theorem 3.2.4. (Minkowski’s inequality) 1Llet Y e R, V &R,
X eR and E|Y|?P <=, ElV|P <= for some p = 1. Then

(E(}Y+V[P] 211Y/2 5 (E[]Y|P] X)VH/P + (E[|V|P] X11Y/F a.s,
Proof: Similarly to the unconditional case.

Theorem 3.2.5. (Liapounov's inequality) let Y &R, E|Y|¥ < =»
for some ¢ > 1, X € RX and 1 < p <q. Then

(EC|Y|®) 2)12/® < (B(|Y{T | X019 a.s.

Proof: Let V = 1 in theorem 3.2.3. Q.E.D,
Theorem 3.2.6. (Jensen’s inequality) let ¢ be a convex real
function on R and let Ye R, X &R*, E|Y] <o, Elo(¥)] < =,
Then

e[E(Y|X)] = E[e(V)[X] a.s.

Also the results in section 2.2 go through for condition-
al expectations. Although we do not need these generalizations
we shall state and prove them here for completeness,

Theorem 3.2.7. Let Y , Y and Z be random variables and let X be
a random vector in R*. If sup (Y | =2 ; E|Z|? < « for some

p>0and¥, » Y in prob., then E[|Y, - Y|P | X] - 0 in pr.

Proof: The theorem follows easily from theorem 2.2.1, Chebis-
hev’s inequality and theorem 3.2.1 (IL}, Q.E.D.

Theorem 3.2.8, (Dominated convergence theorem). Let the con-
ditions of theorem 3.2.3 with p = 1 be satisfied. Then

E(Y, |X) + E(¥|X) in pr.
Proof: By theorems 3.2,1 (IV and VI) and 3.2.7 it follows

JECY, 1X) - B(Y|X)]| = {E(C(Y, - D]

1A

EC(lY, - Y][X) - 0 in pr. G.E.D.



Theorem 3.2.9. (Fatou’s lemma). Let Y, be a random variable sa-
tisfying ¥, 2 0 a.s. and let X be a random vector in R*. Then

E(liminfeY, |X) s liminfLoE(Y,[X) a.s.
Proof: Put ¥ = liminf..Y, and let ¢(y) be any simple function
satisfying 0 < ¢o(y) =y and put Z, = min (p(¥),¥,). Then
Z, > (¥) in pr. and E @(Y) < ® (see the proof of theorem
2.2.3). From theorem 3.2.7 it now follows:

E(Z, [X) ~ E(p(¥)|X] in prob.

Moreover, Z, = ¢(¥), hence E(Z,|{X) = E[@(Y)|X]. Thus for every
¢ > 0 we have:

P(E[@(¥)]X]) = liminf.eB(Z,|X) = E{e(¥)|X] + ¢]
< PIE(o(Y) |X) = E(Z,]|%) = B(e() X} - 1,
hence |
liminfaeB(Z, [X) = E@(Y)|X) a.s.
The rest of the proof is now similar to the proof of theorem

2.2.3. ‘Q.E.D.

Theorem 3.2.10. (Monotone convergence theorem). Let (Y,) be a
non-decreasing sequence of random variables satisfying
E|Y,| < » and let X be & random vector in R*. Then

E(limpuet, | X) = limpoE(Y, |X) £ = a.s.

Proof: Similarly to the proof of theorem 2.2.4, using theorem
3.2.9 instead of theorem 2.2.3. 0.E.D.

Exercises:

1. Prove theorem 3.2.1,

2. Complete the proof of theorem 3.2.2.
3. Prove theorem 3.2.7,



3.3 Identification of conditional expectations

In parametric regression analysis the conditional
expectation E(Y}X) is specified as a member of a parametric
family of functions of X. In particular the family of linearx
funetions is often used in empirical research., The question we
now ask is how a given specification can be identified as the
conditional expectation involved. In other words: given a
dependent variable Y, a k-vector X of explanatory wvariables and
a Borel measurable functional specification £(X} of E(Y[X), how
can we distinguish between

PLE(Y|X) = £(X)) = 1 (3.3.1)
and

P{E(Y|X) = £(X)} <1 2 (3.3.2)
An answer is given by theorem 3.1.1, i.e. (3.3.1) is true if

E(Y - £{X))exp(i-t'X) = C
and (3.3.2) is true if

BE(Y - £(X))exp(i+c’X) » 0 for some t & RF,
Verifying this, however, requires searching over the entire
space R¥ for such a points t, So where should we look ? For the

case that X is bounded the answer is this:

Theorem 3.3.1. Let X b: bounded. Then (3.3.2) is true if and
only if

E(Y - £(X))exp(i-g,X) = 0

for some t; # 0 in an arbitrary small neighborhood of the
origin of RF.

Thus in this case we .nay confine our search to an arbitrary

neighborhood of t = 0. If we do not find such a t, in this
neighborhood then

10



E(Y - g{X))exp{(i- '¥X) = 0
and thus (3.3.1) is true.

Proof: Let (3.3.2) be true. According te theorem 3.3.1 there
exists a t, € R* for which

E(Y - £(X))exp(i.t,'X) = O (3.3.3)
Since X is bounded we can write (3.3.3) as
E(Y - £(X))exp(i-t,'X) = E(Y - f(X))Z?,o(ij/j!)(t*'X)d
- E?=0(ij/j!)E(Y - f(X))(t*‘X)j = 0.
Consequently, there exists at least one j, for which
E (Y - £X)) (e, 0% « 0,
Then

(4/a0)7T*E(Y - £(X))exp{i-ac X}

I L A I

- JICG-3 T DIECY - £EX)DI (6,5
i=3, |

- E(Y - f(X))J*(t*'X) ~0as X~ 0.

This result implies that there exists an arbitrarily small A
such that

E(Y - £(X))exp(ii t 'X) = 0.
Taking t; = A_t_, the thecrem follows. Q.E.D.

& R

Now observe from the proof of theorem 3,3.1 that (3,3.2)
is true if and only if for a point t; in an arbitrarily small
neighborhood of the origin of R* and some non-negative integer

Jos
ECY - £(X)) (g 'X)Ja = 0,

Applying a similar argument as in the proof of theorem 3.3.1

1l



(with i1 replaced by 1) it is easy to verify:
Theorem 3.3.2. Let X be bounded. Then (3.3.2) is true if and
only if the function E{Y - f(X))exp(t'¥X) is nonzero for a t in
an arbitrarily small neighborhood of the origin of RF.
Clearly this theorem is more comvenient than theorem 3.3.1, as
we no longer have to deal with complex valued functioms.

Next, let t, € RF be arbitrary, let

Y* = Y-exp(t*’X)
and let

£, ~ f(X)exp(r X).
Then (3.3.2) is true if and only if

PE(Y,[X) = £,(X)| < 1.
Applying theorem 3.3.2 ve see that then

E(Y, - £, )exp(ty'X) = E(Y - £(X))exp{(r +t,)'X] » O

for some t; in an arbitrary neigborhood of the origin of R¥.
Consequently we have:

Theorem 3.3.3. Let X be bounded and let t, € R¥ be arbitrary.
Then (3.3.2) is true if and omnly if E(Y - f(X))exp(ty'¥) = 0

for a t, in an arbitrarily small neighborhood of t .

Thus actually we may pick an arbitrary neighborhood and check
whether there exists a %; in this neighborhood for which

E(Y - £(X))exp(t, 'X) = 0.

If so, then (3.3.2) is true, else (3.3.1) is true. This result
now leads to our main tneorem.
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Theorem 3.3.4. Let X & B* be bounded, and let S be the set of
all £t € R* for which E(Y - f(X))exp(t’'X) = 0. For any proba-
bility measure p on B* corresponding to an absolutely
continuous distributior we have: up{(S) =1 if (3.3.1} is true
and p(S) =0 if (3.3.2) is true.

Proof: Let V =Y - £(X). Suppose for the moment that X e R
{thus k = 1). Then theovem 3.3.3 implies that if

P{E(V[X) = 0] < 1
then for every t; € R there exists a § > 0 such that

E V-exp(tX) = 0 on (-§,0)u(0,8).
Consequently we have:
Lemma 3.3.1. Let V&R be a random variable satisfying
E|[V| < © and let X € R be a bounded random varisble. If
P[E(V|X) = 0] < 1 then *he set

S={teR : E Vexp(t-X) =0}
is countable.
Using the lemma it is very easy to prove theorem 3.3.4 for the
case k =1, So 1let wus turn to the «case k=2, Let
F[E(V[X) = 0] <« 1, According to theorem 3.3.3 there exists a
t, € R? such that

E Veexp[t,'X] = O.
Denote

V, = Veexp[t 'X],

where X, and ¥, are the components of X. Moreover, let

13



S, = (t; €R : ¥ (t,,0) = 0},
Sz(tl) - {t2 € R ; ¢*(t1,t2) = O}

Since E V_ » 0, we have P[E(V_|X;) = 0] <1, hence by lemma
3.3.1 the set 5; is countable. By the same argument it follows
that the set §,(t;) is countable if t; ¢ §8,. Now let (&, ,t,) be
a random drawing from an absolutely continuous distribution. We
have:

EI{¥,(t;,8;) =0} =E L[y, (& .t) = 0]-I(t; € §;)
+ E Iy, (£.8) = 0] -1I[¢ € S;1
£ E I(t; € 8,) +E I(ty & 82 I(ty, € 5,(t1)).

Since the set §; is countable and ¢, is continuously
distributed we have E I(t; € 5,) = 0. Moreover, since the dis-
tribution of ¢, conditional on £; is continuous we have:

for S,(t,;) is countable if t; € S, . Thus:
P[¢*(t1:cz) = 0] =0,

Replacing (&, ,£,) by (& - t;*, £, - t,%) , where t;* and t,%*
are the compoments of =, we see now that theorem 3.3.3 holds
too for the case k = 2. The proof of the cases k = 3,4,... is
gimilar to the case k = 2 and therefore left to the reader.

a.E.D.

Finally we consider the case that X is not bounded. By
theorem 3.2.1 (VIII) we have E(Y - £(X)|X) = E(Y - £ |1(X))
a.s. for evary Borel measurable one-to-one mapping I from RK¥
into R*. From this result and theorem 3.3.3 it follows now:

Theorem 3.3.4. Let the conditions of theorem 3.3.3 be satis-
fied, except that X is bounded. Let T' be an arbitrary bounded

Borel measurable one-tou-one mapping from R® into R*, and let

S = (t e R : E(Y - £(X))exp[t'T(X)] = 0}.

14



For any probability measure u on B corresponding to an
absolutely continuous distribution we have: u(8) = 1 if (5.3.1)
is true and p(8) = 0 if (3.3.2) is true.

Exercises:

1. Use the argument in the procf of theorem 3.3.1 to prove the
following corollary: Let X = (X;,...,%,)’. Under the conditions
of theorem 3.3.1 it follows that (3.3.2) is true if and only if
there exists non-negative integers my,...,m, such that

E[(Y-£(X)IE_ X9 ] = 0.

Cf, Bierens (1982, theorem 2).

2. Let © be a subset of R*, A point y in R* is called a point
of closure of @ if for every £ > 0 we can find an % € 8 such
that ‘x-yl < g, The set of all points of closure of 8 is called
the closure of €. A subset S of & is called dense in 9 if the
closure of S equals 6. Prove that the set S in theorem 3.3.3
and 3.3.4 is not dense in R¥.
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