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PREFAGE

This book deals with statistical inference of nonlinear
repression models from two opposite points of view, namely the
case where the functional form of the model i3 complately
specified as a known function of regressors and unknown para-
meters, and the opposite cagse where the functional form of the
model fs completely unbknown. Flrst it is assumed that the res-
pounse function of the regression model under review belongs to
a certain well-specified parametric family of functional forms,
by which estimation of the model merely amounts te estimation
of the unknown parameters, For this class of models we review
the asymptotic properties of the nonlinear least squares
estimator for independent data as well as for time series.

In practice assumptions on the functional ferim are ofcen
made on the basis of computational cenvenience rather -than on
the bhasis of precise a priori knowledge of the empirical
phenomenon under review. Therefore the linear regression model
is still the most popular model specification In applied
resesrch. However, even 1f the specification of the functional
form 1= based on sound theoretical considerations there is
gquite often a large range of functional formsz that are theore-
tically sdmiszible, so that thera Iz ne guarantee that the
setually chosen functlenal form 1s true. Functicnal specifica-
tion of a paramétric nonlinear regression model should there-
fore always be verified by conducting model misspecification
tests. Varlous model misspecification tests will therefore be
discussed, in particular consistent tests which have asymptotic
power 1 against all deviations from the null hypothesis that
the model 1is correct.

The opposite case of parametric regression is nonparame-
tric regression. Nomparametxric regression analysis Is concaerned
with estimacion of a regression medel without specifylng in
advance its functiomal form. Thus the only source of infor-
mation about the functional form of the model is the data set
icself. In this book we shall review various ronparametric
regrassion spproaches, with special emphasis on the Lkernel
method, under various distributional assumptions.

This book is divided into three parts. In the first part
we review the elements of abstract probability theoxry we need
in part 2, Part 2 is devoted to the asymptotic theory of para-

metric and nonparametric regression analysis in the case of
independent data generating processes. In part 3 we extend the
analysis involved to time series.

The selection of the ctoplcs malnly reflexes my owm
interest in the subject. Iustead of providing an encyclopedic
survey of the literature, I have chosen for a setup which aims
to fill the gap between intermediate statistics (including
linear time series analysis) and the level necessary to get
access to the recent literature on nonlinear and nonparametric
regression analysis, with emphasis on my own contributicns. The
ultimate goal Ls to provide the student with the tools for his
own independent research in this area, by showing what tools I
and others have used and what they have been used for. Thus,
this book may be viewed as an account of my own struggle with
the material involved. I think thiz book is particularly
suitable for self-tuition (at least it aims to be), and may
prove useful iIn a graduate course in mathematical statistics
and advanced economectyics.

Acknowledgements:

The first five chapters of this hook have been dissemina-
ted in draft form as working papers, I am grateful to Anil
Bera, Alexander Georgiev and Jan Magnus for suggesting additio-
nal references, and In particular to Lourems Broersma, Johan
Smite &nd Ton Steerneman who sugpested various improvements,

A large body of the materlal in chapter 6 has been
published earlier in Truman F.Bewley (ed.), Advances in Econoc-
metyics, Fifth World Congress, Cambridge University Press. I am
indebted to Cambiidge University Press for granting permission
to reprint it,






1. BASIC PROBABILITY THECQRY

The asymptotic theory of nonlinear regression models, in
particular consistency results, heavily depends on uniform laws
of large numbers. Understanding these laws requires knowledge
of abstract probability theory. In this chapter we shall
therefore review the basic elements of this theory se¢ far as
needed in the sequel, in order to make this book almost self-
contained., However, we do assume that the reader has alyeady a
good knowledge of probability and statistics on intermediate
level, say on the level of Hogg and Craig (1978). The material
in this chapter is a revision and extension of section 2.1 in
Bierens (1981).

1.1 Measure-theoretical foundation of probability theory

The basic concept of probability theory is the proba-
bilicy space. This is a triple {,F,P} consisting of:
- An abstract non-empty set 2, called the sample space. We do
not impose any conditions on this set.
- A non-empty collection F of subsets of I, having the fol-
lowing two properties:

if E € F, then E° € F, (1.1.1)

where E® denotes the complement of the subset E with respect to
{i: E° = (\E.

If E; € F for j=1,2,..., then U;E; € F. (1.1.2)
These two properties m:ke F, by definition, a Borel field® of
subsets of @,
- A probability measur¢ P on {Q,F}. This is a real-valued set
functien on F such that:

P(OQ) = 1, (1.1.3)

P(E) = 0 for all E € F, (1.1.4)

*} Following Chung (1974), the term "Borel field" has the same
meaning as the term "o-ilgebra" used by cother authors,



E; e F for j=1,2,... and Ej 0 Ejz =@ if i, = i,
imply P(U;E;) = IT;P(E;). (1.1.5)

Example: Toss a fair coin. The possible outcomes are head (H)
or tail (T). Thus @ = {4,T}. The collection F of all subsets of
i, i.e.,

F = {0,g,{H),{T}}

is a Borel field. Finally, the appropriate probability measure
in this case 1is

P({H}) = P((T}) = L/2, P(0) = 1, P(@) = O.

Now let X be a random variable (r.v.) and let F be its
distribution function. In the measure-theoretical approach of
probability theory a random variable is considered as a real
valued function on the set 1 denoted by:

X==x(.)
with value x(w) at w € 1, such that for every real number t:

fweQ: x(w) £t} eF.

The distribution function F with value F(t) at t € R is then
defined by:

F(t) = P({le € O : 2({w) = t}),
which will often be denoted by the short-hand notation:

F(t) = P(X = t),

Example: In the coin tessing case the function
®x(HY = 1, x(T) = 0

determines a random variabie X. The corresponding distribwution



function is:

F(t) lif t =1,
F(t) 1/2 if 0=t <1,
F(e) = 0 if ¢t < 0.

It is not hard to see that the axioms (l1.1.1) and (1.1.2)
imply:

E

n

eF, n=1,2,,... = nE €F
and that from (1.1.33, (1.1.4) and (1.1.5):
P(g) = 0, P(E°) = 1 - P(E), P(EUD) + P(EnD) = P{E) + P(D),
Ec b= P(E) = P(D\E) + P(E) = P(D),
E, CE ,,, E= UE = P(E;) - P(E) as n - =,
E, DE,,,. E= "E =~ P(E) - P(E) as n— =,

P(UE ) = 2 P(E,),

where all sets involved are members of F. Moreover, the distri-
bution function F(t) is right continuocus:

F(t) = lim.,oF(t+:),
as 1s easily verified, ind it satisfies

F{o}) = limeagF(t} = 1 , F(-») = limgs_oF(t) = O,
Furthermore, by F(t-) we denote:

F(t-) = limgoF(t-¢),
which clearly satisfies F(t-) = F(t).

. A finite dimensicnal random vector can now be defined as
a vector with random wvariables as components, where these
random components are assumed to be defined on a common proba-

bility space., Moreovetr, a complex random variable Z can be
defined by Z = X + 1i-Y with real valued random variables X and



Y defined on a common probability space as real and imaginary
part, respectively.

Next we shall construct a Borel field BX of subsets of R¥
such that for every set B € B* and any k-dimensional random
vector X on a probability space {Q1,F,P} we have

{wel: x(w) €BY e F, {1.1.6)

because only for such subsets B of R* we can define the proba-
bilicy

P(X € B) = P({lw € § : x(w) € BY}), (1.1.7)
Let ¢ be the collection of subsets of R¥ of the type

XE (==, 6], t. €R,
and let G be the Borel field of all subsets of R¥, Clearly we
have € ¢ G, that means that E€ ¢ = E & &. But next to G
there may be other Borel fields of subsets of R¥ with this
property, say G,, a € A, where A is an index set. Assuming that
all Borel fields containing € are represented this way, we then
have a non-empty collection of Borel fields G;, a € A, of sub-
sets of R such that C c G, for each a € A, Now consider the
collection

k
B* = naEﬁGa .

Since each G, is a Borel field, it follows that this collection
B* 1s a Borel field of subsets of R* and since C is contained
in each 6, it follows that C C B*. We shall say that the Borel
field B* is the minimal Borel field containing the collection
¢, and for this particular collection € it is called the
Euclidean Borel field. Summarizing:

Definition 1.1.1. Let 7 be any collection of subsets of a set
I' and let the Borel fields of subsets of T containing C be G,
a € A. Then G = NzepG, 1is called the minimal Borel field conm-
taining €.



Definition 1.1.2. Let C be the collection of subsets of R* of
the type

Xy (-=, 5], t, € R.
The minimal Borel field B* containing this collection is called

the Euclidean Borel field (also called the Borel o-Algebra) and
the members of BX are called Borel sets.

The concept of Borel sets is very general. Roughly speaking,
anyvsubset of R*¥ you can imagine is a Borel set. For example,
each singleton in R* is a Borel set, the area in a circle is a
Borel set in R?, the circle itself and the straight line are
Borel sets in R2, the (hyper)cube is a Borel setf, etc. Thus
"almost® every subset of R* is a Borel set. However, there are
exceptions, but the shape of a set in R* that is not a Borel
set is complicated beyond our imagination. See Royden (1968,
p.63-64) for an example.

We show now that for any Borel set B and any r.v. X om
{3,F,P}, (1.1.6) is satisfied. Let D be the collection of all
Borel sets B such that (1.1.6) is satisfied. Then D c B*. If D
is also a Borel field then B¥ c D (and hence B* = D) because BF
iz the minimal Borel field containing the collection € in
definition 1.1.2, whereas obviocusly the collection D contains
C. 8o it suffices to prove that D is a Borel field. However,
this is not too hard and therefore left to the reader. This
proves the first part ¢f theorem 1.1.1. below. The proof of the
second part is left as an easy exercise.

Theorem 1.1.1. For any random vector X in Rk defined on {Q1,F,P)
and any Borel set B in R* we have {w € 01 : %x(v) € B} € F. The
collection F{X) of sets {w &€ & : x(w) € B) with B an arbitrary
Borel set in RF is a Borel field itself, contained in F.

Consequently the definition (1.1.2) is meaningful for Borel
sets, In fact, by defining a measure pg on the Euclidean Borel
field B* as

p(B) = P(X € B) = P{lw € 0 : x{w) € B}))

for any Borel set B in ®* we have created a probability measure
on {R¥,B*}. This probability measure p is often referred to as



the probability measure induced by (the random variable or -
vector) X. Moreover, the Borel field F{X} is called the Borel
field generated by X. This concept plays an important role in
defining conditional expectations.

We are now able to define a (joint) distribution function
on R¥, Let X be a random vector in RF defined on a probability
space {f1,F,P}. The product sets

X5y (ot ]

are Borel sets in RX, where the t;'s are the components of a
vector t € R®. Thus:

. {wel : x{(w) xgul(rw,tj]} e F.

The (joint) distrjbution function F, say, of X is now defined
for all t € R* by:

F(t) = P(lo € 0 : x() € x5 (-=,t51)) = pOE_, (-=,t51),

where p is the probability measure induced by X. However, F(t)
will often also be denoted by the shorthand notation:

F(t) = PX = t).

Clearly, F is uniquely determined by u. The reverse is also
true, i.e.:

Theorem 1.1.2. Given a distribution function F on RF there
exlsts a unique probability measure g on (R¥ ,B¥) defining F.

Proof: Similarly to Royden (1968, Proposition 12, p. 262).

Thus there is a one-to-one correspondence between a distri-
bution function F and its defining probability measure u. We
shall employ this result later in defining mathematical
expectations.



Exercises:

1. Show that (1.1.1) and (1.1.2) imply njEj e F. *

2. Consider the collection F of subintervals of [0,1] with
rational-valued endpoints, together with their complements and
finite unions and intersections. Show that F is not a Borel
field. (Hint: Use the fact that irrational numbers can be writ-
ten as limits of rational numbers.)

3. Let F be a Borel field of subsets of f1. Let A € F ard let
G, be the collection of all subsets of the type ANE, where B €
F. Prove that G, is a Borel field of subsets of A.

4. Let O = (1,2,3,4,5) and let ¢ be the collection consisting
of the two subsets (2}, {4}. Prove that the minimal Borel field
containing ¢ consists of the fellowing sets: Q, @, {2}, (4},
{2)u(1,3,5), t4y(1,3,5), {2,4), {1,3,5}.

5. Prove that the following subsets of R? are Borel sets:

- a rectangle,

- the area in a circle,

- a straight line.

&. Prove that the set Q of rational numbers is & Borel set in
R. (Hint: Use the countability of Q)

7. Let € be the collection of all intervals of the type [a,b],
where a and b are finite and a < b. Prove that the minimal
Borel field containing € is just the Euclidean Borel field,

8. Conmplete the preoof of theorem 1.1.1.

3. Prove that a distribution function is always right con-
tinuous.

10. Let 8 = {1,2,3,4), let G be the set of all pairs (3 ,%3)
with %, € §, x; € 5§, %, < X,, let F be the Borel field of =211
subsets of Q@ and let P be a probability measure on (i, F}.
Define the random variable Y as follows:

y{w) =1 if w = (x;,%;) with x; + x, 1is odd.
y(w) =0 if o = {x,x,) with x + x, is even.

- Determine the Borel field F{Y] generated by Y.

- All points in Q have equal probability. Derive the distri-
bution function F(y) of Y.

11. A bowl contains 9 white balls and 1 red ball of equal size.
Draw randomly one ball and assign to it the value X; =1 if
the ball is red and the value X; = 0 if the ball is white. Draw
randomly a second ball without replacing the first ball, and



assign the wvalue X, = 1 to it if it is red and the wvalue
X, = 0 if it is white. Consider the vector Y = (X,,X,)'. Define
a sample space 1 and a Borel field F of subsets of @ such that
together:

- Y is a random vector,

- F is equal to the Borel field generated by Y.

Also, define an appropriate probability measure P,

1.2  Independence

let X;,%;,... be a sequence of random variables with
corresponding probability spaces (0;,F;,P,}, {0, ,F;,P,),... res-
pectively. It is possible to construct a new probability cpace,
{(,F,P}, say, such that the X;'s can be regarded as independent
random variables on ({,F,P) [see Chung (1974, section 3.3)].
Independence means:

Definition 1.2.1. Let X,,X;,... Dbe random vectors in X;,¥;,..,
respectively, defined on a common probability space, where the
X, are Euclidean spaces (possibly with different dimensions},
This sequence of random vectors is called (totally) independent
if for any sequence (Bj)-of Borel sets (with B; a Borel set in
%),

P(n;{w € 0: x;(w) € B;}) = [[;P({w & 0: x;(w) € B;)}

and it is called mutually (or pairwise) Independent i1f for
31 o 32, le and ij are independent.

As an example, consider the tossing of a fair coin.
Assign to X; the value 1 if the outcome of the j-th tossing is
head (H) and assign the value ¢ if the outcome is tail (T). The
¥, is a random wvariable defined on the probability space

J
{0y ,Fy By}, where

Q; = (H,T}, F; = {&, {H}, {T},{H,T}}

P,(@) = 0, PBj({H,T)) =1, P;((0) = P;({T}) = 1/2.

Now let §} be the set (f all one-sided infinite sequence of H
and T, for example, let v = (Y,H,T®,T,H,T,T,T,H,H,H,T,..... ) be



such an element of {I. We could take as F the collection of all
subsets of 0, including the empty set. Now x; can also be
defined on {Q,F}), as follows. Let

X, (w) = 1 if the j-th element of « is H,
X;(w) = 0 tf the j-th element of w is T.

Each set E € F can be written as E = E UE where E‘1

3 1YEy o and
E, , are disjoint sets defined by:

1
EJ ; = {weE: j-th element of « is H},
EJ , = (w € E : j-th element of w is T}.

0f course, E; | or ]E'._,"2 may be empty. Now define

§(E, ,)
§CE, ,)

* 1f E, ; »8,
0 1if Ej_. =@, i=1,2,

1

P(E) = [l;[8(E; ,) + 6(E, ,)].

Then (X;) is a sequence of independent random variables defined
on the common probability space ({1,F,P).

1.3 Borel measursble rfunctions

If X is a r.v. and £(x) is a real function on R, is then
f(X) a r.v.? The answer is: not always. There are functions
{see for example Royden (1968, problem 3.28)]) for which this is
not the case. The condition for f£f(X) being an r.v. is that for
all t € R we have

{fweQ:: f(x{w)) =t} €F,
where (§,F,P} is the proBability space involved, and referring
to theorem 1.1.1 we see that this will be the case if for every
t € R,

fxe R : f(x) = t} 1is a Borel set in R,
Functions satisfying the latter condition are called Borel

measurable. Now consider a real function £(x;,...,%x ) on F* and
r.v.'s X,,...,X on {Q,F,P}. If for every t € R the set



B, = {(%;,....,%) € R* 1 £(x;,...,%) = t)
is a Borel set in R¥ then
(wel: f(x(w},..., % (w)) st} €F

for every t € R and hence f(¥;,...,X) is an r.v. Also such
functions are called Borel measurable,

Definition 1.3.1., A real function f(x) on R* is called Borel
measurable if for every t € R the set {x € R : f(x) =t} is &
Borel set in RE,

A first example of a Burel measurable function is the so-¢alled
simple function:

Definition 1.3.2. A real function £(x) on RF is called a simple
function if there are finite real numbers b,,...,b, and Borel
sets By, j=1,2,...,n with lensz =@ if j; = j,, such that

f(x) = Zg_lbjl(x € B;),
where I(.) is the indicator function, i.e.,

I(x € Bj) =1 if x € By; I{x € By) =0 if x & B;.
Simple functions differ from the well-known step functions in
that for step functions the disjoint sets B; are restricted to
intervals. Since intervals are Borel sets, step functions are
simple functions.

Realizing that for a simple function f the set (x & R¥
f(x) = ¢t} is always a finite union of Borel sets, we have:

Theorem 1.3.1. Simple functions are Borel measurable.

From this result we can derive other Borel measurable functions
using the following theorem.
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Theorem 1.3.2. Let £, ,f,,... be a sequence of Borel measurable
functions on RF. Then the functions max(f,,..., £},
min{f,,.... £}, sup,f,, inf f ., limsupp.of, and liminf,,.f, are
also Borel measurable.

Proof; We only consider the case k = 1. Moreover, it is not
hard to see that if f is Borel measurable then so is -f, hence

it suffices to prove the theorem for the "max® and “sup"-cases.
Let

h, {(x)} = max{f, (x),... . £, (x)}.
Then

{xeR :h(») =t} = njiz e R fj(x) = t},
which is a Borel set since the f;'s are Borel measurable. More-
over, replacing n by = we see that sup,f (x) is Borel measu-
rable. Since

limsuppsef, (X} = inf, suppenfy (%)
and since inf g (x) is Borel measurable if the g, are Borel
measurable, it follows directly that limsuppusef,(x) is Borel
measurable. ' Q.E.D,

Along the same lines it can be shown:
Corellary 1.3.1. If X;.%; .X;,.. are random variables defined on
a common probability space, then so are max{X,,..., X},
mintX,,..., %}, sup X, inf X, limsupp.eX, and liminf X, .

From theorems 1.3.1 and 1.3.2 it follows now:

Theorem 1.3.3. Continuous real functions on R* are Borel mea-
surable.

Proof: Let f(x) be a continuous real function on R¥. It is not
hard to show that for fixed n the functions f (x) defined by

f.(x) = £(x) if |x| = n; f,(x) =0 if |x| >n; n=1,2,..

11



can be written as limits of simple functions, so that by
theorem 1.3.2 the f_ (x) s are Borel measursble. Since

f(x) = limpaef, (%) = limsupp.of, () = liminfh.ef, (%)

it follows from theorem 1.3.2 that f is Borel measurable,
Q.E.D.

Let f be any Borel measurable function on R¥. Since the

functions max{0,x} and max{0,-x), x € R, are centinuouz and
hence Borel measurable, it follows that

£Y(.) = max{0,f¢.0}, £ (.) = max(0,-£f{.)}

are non-negative Borel measurable functions. Moreover, we ob-
viously have

£=£ - £. (1.3.1)
This representation Is important because it means that without
loss of generality we can limit our attention to non-negative
Borel measurable functions. Thus the following theorem gives a
full characterization of Borel measurable functions:
Theorem 1.3.4. A non-negative real function f on R¥ is Borel

measurable if and only if there is a non-decreasing sequence of
simple functions ¥ on R such that for each x € R¥,

0 = ¥, (%) 5 £(x), limpaodh, (x) = £(x)

Proof: Take for pgiver non-negative Borel measurable f and
integers m with l=<mgn2®,

Y, (x) = (m-1)/2" if (m-1)/2" = f(x) < m/2";
¥, (x} = n otherwise,

Then the ¥,’s have all the required properties. Since by
theorem 1.3.1 the simple functions ¥, are Borel measurable, the

limit is Borel measurable by theorem 1.3.2. O.E.D.

Combining (1.3.1) and theorem 1.3.4 now yields:
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Theorem 1.3.5. A real function on R¥ is Borel measurable if and
only if it is a (pointwise) limit of a sequence of simple funec-
tions on RK.

Exercises:

1. Let £ be a Borel measurable real function on R* and let B
be an arbitrary Borel set in R. Prove that the set (x € RF:
f(x) € B} is a Borel set in R¥. (Hint: Use a similar argument
as in the proof of theorem 1.1.1)

2, ‘Let £ and g be Borel measurable real functions on R. Prove
that f£+g and f-g are Borel measurable. (Hint: Use theorem
1.3.3)

3. Prove that the product of two simple functions on R* is a
simple function itself.

4, Let f and g be simple function on R , where g(x) = 0 for
x € R, Prove that £/g is a simple function.

5. Consider the real function

f(x) = x if x 1s rational, f(x) = -x if x is irrational.

Prove that f is Borel measurable.

1.4 HMHathematical expecztation

The theorems 1.3.4 and 1.3.5 can be used for defining the
nmathematical expectation of f(X), where £ is a Borel measurable
function on RF and X is a random vector in R¥ defined on a
probability space {0,F P}, as a limit of mathematical expec-
tations of simple functions., The latter expectations are
defined as follows:

Definition 1.4.1. Let f(x) be the simple function on R* as
defined in definition 1.3.2. and let X a random vector in RX
defined on a probabilicy space {Q,F,P}. Then the mathematical
expectation of f£(X) is defined by:

E £(X) = 3_,b;P((w € 8 : x(w) € By)) = 3_,bu(By),

J=173

where g is the probability measure on (R*,B¥) induced by X.
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For any mon-negative Borel measurable function we define:

Definition 1.4.2. Let £(xX) be a non-negative Borel measurable
function on R¥ and let X be a random vector in R¥. Then

E £(X) = sup E $(X),

where the supremum is taken over all the simple functions
satisfying 0 = ¥(x} = £(x}.

Using the representation (1.3.1) we now have:

Definition 1.4.3. Let f(x) be a Borel measurable function on RF
and let X be a random vector in R*, If

E £f5(X) < « and/or E £ (X) < =,
then E f(X) = E £ (X) - E £ (X).

This is also denoted by the general integral with respect to
the measure P of the probability space on which X is defined:

E £(X) = [f(x(w))P(dw) = [f(x)dP
(the latter integral is only a short-hand notation of the

former) or by the integral with respect to the measure u
induced by X:

E £(X) = JE(x)p(dx).
If both E £ (X) = » and E £ (X) = », the mathematical expec-
tation and the corresponding integral are undefined. Moreover,
for any set A € F we define:

JAE(x(@))P(do) = [y(w)P(dw),
where

y{w) = £(x(w)) if w € A, y(w) = 0 if w € (A,

provided that the latier integral 1s defined. Similarly, we
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define for arbitrary Borel sets B in R*:
SRE) p(dx) = [e(x)p(dx),

where:
glx) = £(x) if x € B, g(x) = 0 if x € B

The mathematical expectation is often denoted by the
classical Riemann-Stielcjes integral [see Rudin (1976)}:

E £(X) = JE(x)dF(x), (1.4.1)

where F is the joint distribution function of the random vector
X. Strictly speaking this definition requires that the fumction
f can be written as a pointwise limit of step functions
[compare Rudin (1976, chapter 6)}. If so, then (1.4.1) is also
a mathematical expectation according to the general definition,
for step functions are obviously simple functions, For
notational convenience we shall often use the notation (1.4.1)
even if f is not a pointwise limit of step functions. Thus:

Definition 1.4.4. ff(x)dF(x) = ff(x)p(dx), where u is the
probability messure defining F. Moreover, fo(x)dF(x)
= [pf(x)u(dx) for Borel sets B in R¥.

Most of the preperties of the general integral with
respect to a probability measure go through for the clasical
Riemann-Stieltjes integral with respect to the distribution
function F, and in the following we shall assume that the
reader is familiar with them. [Otherwise, see for example Chung
{1974) and Royden (1968)]}. Some of these properties are listed
below since they are frequently used in this book. Assuming
that the integrals and mathematical expectations involved are
well defined, these properties are:

« Let X and Y be random variables defined on the probability

space (G,F,P}. Let A ard A, be sets in F, Let a and 8 be real
numbers. We have:

fatax + By)dP = afpxdP + B[pydP.
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If the A,’'s are disjeint, then fUAnde = E;jhnde.
If x(w) = 0 for every w € A , then [pxdP = 0.

If x(w) < y(w) for every w & A, then [pxdP =< [,ydP,

1A

| faxdP| = [alx]ap.

These properties are not hard to verify from definitions 1.4.2
and 1.4.3. See also Kolmogorov and Fomin (1961, chapter VII),
for related properties of the Lebesgue integral.

- If Xl,Xz,;..,Xn,.. are independent random variables or -

vectors and if f, (x}, f,{(x),...,f,(x),.. are conformable Borel
measurable functions, then:

EJl£,(X) =TI [E £ (X;)].
- Chebishev’s inequality. If ¢ is a Borel measurable function
on R such that ¢@(x}) is positive and menetonic increasing on
(0,») and @(x)=p(-x}, then for every r.v. X and every § > 0 we

have P(|X| > 6) = E o(X)/0(6).

- Holder’s ineguality. let X and Y be r.v. Then for p>l and
1/p+l/g=1,

|[ExY)| = E[X-Y| = (E|X|P1/P(E|Y|9)2/ 9,
(For p = 2 we have the well-known Cauchy-Schwarz-inequality).

- Minkowski’s inequality. Let X and Y be random wvariables. If
for some p € [1,], E|X|P < @ and E|Y|P < ®», then

(E|X + Y|?}1/P < (E|X|®)1/P + (E|Y|P}/P
- Liapounov’s inegqualicy. Let X be a r.v. Then for l=psqsw,
{Elxlp}l.fp < {E]X]q yiia,

(This follows straightforwardly from Holder's inequality by
putting ¥ = 1 and replecing X by [X[P and p by q/p.)
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- Jensen’s inequality. Let ¢ be a convex real function on R and
let X be & random wvariable such that EIX] <w , EleX)| < =,
Then

e(E(X)) = E{o(X)].
{N.B.: Convex real functions are Borel measurable).
Since the mean of a finite number of non-random varizbles

in R may be considered as a mathematical expectation, it
follows from Holder’s inequality that for real numbers x;, y;,

p>Ll, 1/p+l/q=1:

[ (/=] x5y | = (L/mzg_, |3 [P P e/mz], |y |99,

€.4.2)
and consequently, taking ¥y; =1,
|25 0%, [ = o720 [P, P2l (1.4.3)

The latter inequality is a sharpening of the following trivial
but useful inequality:
[=8_ %5 [P = nP(max|x;|)P = nPZ?_llxj|P, p>0. (L.4.4)

J=1

Moxeover, by Minkowski’'s inequality we have for 1 = p < w=,

(L/oE] L Ixgryy [P372 < (Qms 3 [P+ c(umz)y fyy IPatre
(1.4.5)

Finally we shall also use (in chapter 2) the following
result.

Theorem 1.4.1. Let X be a r.v. on {Q,F,P} such that E|X| < =,

Let (A,) be a sequence of sets in F such that limy.FP(A,) = 0.
Then:

Limpaaf_|x(w)|P(dw) = 0.
Proof: let for mn=1,2,...

A = (weER :Ix(w)l z2n}; I =lwell:n= |x(w)| < n+ly.
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From the fact that
J|x(w) | P(dw) = fuw [%(w) {dP(dw) = Z2_gf. 1x(e0)|P(dw) < w
=0 T

we conclude that
S, %) |P(dw) = ZPunf. |x(w)|P(dw) + 0 as n + =,
8y Ty

The theorem now follows from:

_IAH

|x(w) |P(dw) = fAnrﬂk‘x(w)iP(dw) + Innnwﬁ |2 (w) { P (dw)
< fAklx(w)|P(dw) + IAnnaﬁ kP {dw)
< fﬁk|x(w)|P(dw} + kP(A,)
by letting first n -+ « and then k + =, Q.E.D.
Exercises:

1. Prove the first sel of properties for finite-valued random
variables,

2. Prove the second property for simple functioens,

3. Prove the Cauchy-Schwarz inequality.

4. Prove Jensen's inequality for the case that X is discretely
distributed, i.e.,

P(X=x%3) =p; >0 j=1,...,n; Zj_,p; = 1.

1.5 Characteristic functlions
A special and very useful mathematical expectation is the
so-called characteristic function:

Definition 1.5.1., lLet £ be a random vector in R* with dis-
tribution function F. The characteristic function of this
distribution is the following complex wvalued function @(t) on
RE .
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o(t) = E exp(i-t'{) = E cos(t'X) + i-E sin(t'X),

where t € R* is a non-random vector.

Distributions are fully determined by their characteris-
tic functions: distributions are equal if and only if their
characteristic funetions are equal. For absolutely continuous
distributions this one-to-one correspondence can even be stated
explicitly in an inversion formula. We recall that a distri-
butfon function ¥ on R¥ is absolutely continuous if there
exists a non-negative function £ on R*, called the density of
F, satisfying:

F(t) = [{ugeyf(w)du

{(wvhere u and t are vectors in R¥). For such distributions we
have the following results.

Theorem 1.5.1. (Inversion formula for characteristic functlons)
Let F be a distribution function on R* and let ¢ be its charac-
teristic function. If ¢ is absolutely integrable then F is ab-
sclutely continuous and its density F satisfies:

£(x) = (1/2n)* fexp(-1i-t'x)@{t)dt

= (1/2m)* feos(t'x)Refo(t)]dt + (1/2m)* [sin(t 'x)Im[p(t)]dt.
Proof:; Cf. Wilks(1963).
Moreover, we have:
Theorem 1.5.2. A distribution function F is continuously dif-
ferentiable up to the m-th order if its characteristic function

@(t) satisfies:

Fltl® oty |dt < =. (1.5.1)

This can be proved b generalizing theorem 1.5.1 to deri-
vatives, realizing that by condition (1.5.1) we may differen-
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tiate m-times under the integral.

Exercises:

1. The distribution F on R has characteristic function
exp{i'-t). Determine F.

2. The distribution F on R has characteristic function

exp(-|tl).

Determine the density of F.
3, Let X be a r.v. with characteristic function ¢(t). Show
that for m=1,2,..,

E X" = [(d/at)"p(c){, . ,1/1",

provided E |X|™ < «,

1.6 Random functions :

A random function is a function which is a r.v. for each
value of its argument. Usually random functions occur as a
function of both random variables and parameters, for example
the sum of squares of a regression model., Their definitiom is
similar to that of random variables:

Definition 1.6.1. Let {Q,F,P} be a probability space and let &
be a subset of R¥. The real Ffunction £f(.) = £(.,w) on Ox{ is

called a (real) random function on & if fer every t € R and
every f; € 8, {we d : f(f,,0) =t} € F .

However, dealing with random functions one must be aware of
some pitfalls, First, if f£(.) is a random function on an
uncountable subset 8 of a Euclidean space, then supgegf(§) and
infgegf(8) are mot automatically random variables, because
{we: infpeef(f,w) =t} = Ugeglew & 0 1 £(§,0) € £)

and

{(w € Q1 supgepf(d,w) = t) = Mpeple € @ 1 £(8,w) = £}
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are then uncountable unions and intersections, respectively, of
members of the Borel field F and therefore not necessarily
members of F themselves. Another pitfall is that if 6 1is a
random vector in an uncountable subset 8 of a Euclidean space
and if F£(.) is a random function on @ , then f£{(#) is not neces-
sarily a random variable, because:

{we G f{(f{w),w) £ )
= Ugleg[{w € 0: f{f;,0) = tiN{w € Q: #(w) = 8,1]

is an uncountable union of members of F. These problems can he
ovecome if we assume that the random function £(.) is separable
{see Gihman and Skorchod (1974), chapter III, section 2].
However, in this study we shall only deal with random functions
of the type £(.) = @(.,X), where ¢ is a Borel measurable real
function on OxR™ with © a compact Borel set in R* and X is a
random vector in R™., If in addition ¢(.,%) is for each x € R® 1
continuous function on © we do not mneed the separability
concept, due to the following theorem:

Theorem 1.6.1. Let © be a compact set in R* and let ¢(4,x) be a
Borel measurable real function on @xR™ which is continuous in §
for each x € R®, There exists a mapping #(x) from R into ©
with Borel measurable components such that

P(6(%),x) = suppegp(8,x).

Consequently the supremum involved is a Borel measurable real
function on R™. Moreover, Iif ¢(#,x) is continuous on @xR™ then
supgeae(f,x) is a continuous function on R”.

Proof: Jennrich (1969).

{N.B.: Compact sets in RE are Borel sets).

Of course, a similar result holds for the 'inf’ case. The
condition in theorem 1.6.1 that the set € is compact (hence

bounded) is not strictly necessary for the Borel measurability
of supgcge(#,x) and infpegp(f,x), provided that
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8

n

=8n (8 el : |8] =n)

is compact for each n. Then we have:
suppeaw(d,x) = 1imn*wsup9€gnw(9,x),
infpepe(d,x) = 1imnﬁminfgeenw(€,x),

which by theorems 1.3.2 and 1.6.1 are Borel measurable
functions.

- Let us vreturn to more general random functions. The
properties of a random function f(.) may differ for different w
in fi. For two points w, and w, in @ it is for example possible
that f(r,w;) is continuous and f(r,w,) is discontinuous st the
same 7.

In this study we shall always consider properties of
random functions holding almost surely, which means that a
property of £(.} = £(.,w) holds for all w in a set E € F with
P(E) = 1. Thus for example the statement: "f£(.) is a.s.
continuous on 8" means that there is a null set N such that
£(.,w) is centinuous on 8 for all w € \N.

Exercises:
1. Let X be uniformly distributed on ({0,1] and let for
8 € (0,17,

f(8)y =1 if X =68, f£(8) =0 if X < 8.

Is £(#) a random function on [0,1]?
2, Let X be R(0,1l) distributed and let for ¢ € R,

f(#) = X 1if 6 is ratiomal, £f(8) = -X if # is irrational.

Prove that £(#) 1s a.s. continucus.
3. Let for x € R and ¢ € R,

p(x,8) = 1-(8-2)2 if 1 = § = 3 and x > 0,

o(x,8) = [1-(§-2)21/[14+x*] if 1 < ¢ 5 3 and x £ 0,
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e{x,6) = 1-(#+2)% for -3 =8 = -1 and X = O,
e(x,8) = [L-(8+2)¢ 1 /[1+x2] if -3 £ 4 = -1 and x > O,
wp(x,8) = 0 elsewhere,
and let a(x) be such that
P8 (x) %) = Supgej-3,3]9(8,%).
- Is o conti?uous?
Determine &(x}.

- What is your conclusion regarding the second part of theorem
6.1 7

=
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