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PREFACE

This book deals with statistical inference of nonlinear
regression models from two opposite points of vlew, namely the
case where the functional foxm of the model is completely
speclified as a known function of regressors and unknown para-
meters, and the opposite case where the functional form of the
model is completely unknosm. Firat 1t 1s assumed that the res-
ponse function of the regregsion model under review belongs to
a certaln well-specified parametric Family of functional forms,
by which estimation of the model merely amounts to estimation
of the unknown parvaweters. For this class of models we review
the asymptotic propexties of the nonlinear least squares
estimator for independent data as well as for time series,

In practice assumptions on the funetional form are often
made on the basis of computational convenience rather than on
the basis of precise a priorit ¥nowledge of the empirical
phenomenon under review. Therefore the linear regression model
is still the most popular model specification in applied

research. However, even if the specification of the functional

form is based on sound theoretical considerations there is
quite often a large range of functional forms that are theore-
tically admizsible, so that there 1s no pguarantee that the
actually chosen functional form Ls true. Functional specifica-
tion of a parametric nonlinear regression medel should there-
fore always be werified by conducting model wisspecification
tests. Various model misspecification tests will therefore be
discussed, in particular conslstent tests which have asymptotic
power I against all deviations from the null hypothesis that
the model is correct,

The opposite case of parametric regrassion iz nonparame-
tric regression. Nonparsmetric regresaion analysis 1z concerned
with estimation of a regression medel wichout specifying In
advance its functional form. Thus the eonly source of Infor-
mation about the functional form of the model is the data set
itgelf, In this book we shall review variocus nonparametrice
regression approaches, with special emphasls on the Ykernel
method, under varfous distributfonal assumptions,

This book 13 divided into three parcvs. Iu the first part
we review the elements of abstract probability theory we need
in part 2. Part 2 is devoted to the asymptotic theory of para-

metric and nonparametric regression analysis in the case of
independent data generating processes., In part 3 we extend the
analysis {nvolved to time serles.

The selection of the topics mainly reflexes my own
interest in the subject. Instead of providing an encyclopedic
survey of the literature, I have chosen Eor a setup which aims
to fil! the gap bhetween Intermediate statisties (including
linear time serfes analysis) and the level necessary to get
access to the recent literature on nonlinear and nonparametrie
regression analysis, with emphasis on my own contributions. The
ultimate goal s to provide the student with the tools for his
own independent rezearch in this area, by showing what tcols I
and others have used and what they have been used for. Thus,
this book may be viewed as an account of my own struggle with
the wmaterial invelved. 1 think this bock 1s partfeularky
suitable for self-tuition (at least it aims to be), and may
prove useful in a graduste course in mathematical statistics
and advanced econometrics.

Acknovledgements:

The first five chapters of this book have been dissemina-
ted in draft form as working papers. 1 am grateful to &nil
Bera, Alexander Georglev and Jan Mapgnus for suggesting additlo-
nal references, and in particelar to Lowrens Broersma, Johan
Smits and Ton Steerneman who suggested varlous fimprevements.

A large body of the material in chapter 6 has been
published earlier in Truman F.Bewley (ed.), Advances in Fcorno-
metrics, Fifcth World Congress, Cambridge Universfity Press. I am
indebted to Cambridge University Press for granting permission
to reprint 1ic.






7. SAMPLE MOMENTS INTEGRATING NORMAL KERNEL ESTIMATORS OF

MULTIVARTATE DENSITY AND REGRESSION FUNCTIONS

In this chapter we discuss an alternative class of hernel
estimators of multivariate density and regression functions
proposed by Bierens (1983). We shall construct a normal kernel
density functions estimator whieh is a density itself and
satisfies the condition that its first and second moment
integrals equal the first and second sample moments, respec-
tively. This class of density estimators will be wused for
constructing a class of regression function estimators. More-
over, we shall propose a new approach for estimating
appropriate window width parameters. The virtue of this class
of kernel estimators is that the kernel density estimator
involved contains the maximum likelihood estimator of the
multivariate normal density as a special case, whereas the
kernel regression estimator contains the linear regression
medel as a special case.

As far as asymptotic theory is concerned we confine our
attention to uniform weak consistency.

7.1 Kernel density estimators
7.1.1 Integral conditions

Let X;,X,,...,%,,... be an i.i.d. stochastic process in
R¥ and suppose that the distribution of the Xy's 1s absolutely
continuous with density h(x). We recall that a kernel estimator
of hi{x) 1is a random function of the form

h(x) = (1/m)Z]  KCX-X5) /7,07, (7.1.1)

where K is a real function on R¥, called the kernel, satisfying
fK(x)dx=l, and {v,) is a sequence of positive numbers, called
window width parameters, converging to zero as =,

For a good estimator of a function we should require that
the estimator has similar properties as the function to be
estimated. An obvious property of a density is that it is
nonnegative and integrates to 1. Therefore we let the kernel K
be a density itself, so that we then have

Condition a: hix) = 0, fh(x)dx =] a.s.

A further reasonable requirement is that the integral

A

fxh(a)dx is an appropriate estimator of the mathematical expec-



tation th(x)dx. Since the wusual estimator of the latter
integral is the sample mean

X = (1/m)2] %,
we therefore require:
Condicion b: fkﬁ(x)dx =X a.s.
Since
fxl:(x)dx = (1/m)Z_ JxR((x-X;) /9,)v ¥ dx = X + 7, [xK(x)dx,

we see that the kernel estimator satisfies conditions (a) and
(b) if the kernel is a density with zero mean vectoy. We may go
on this way by requiring that also the matrix [xx'h(x)dx is an
appropriate estimator of fxx'h(x)dx. The usual estimator of the
latter matrix is the matrix

(L/m)=h . KK 7

Therefore we require:

Condition c¢: fxx’h(x)dx - (1/n)E§=IXij' a.s.

But if the conditions (a) and (b) hold, condition (¢} cannot be
satisfied, for

Jexth@ydx = (I/m)E) ) [xx K((x-%) /1 )1, " dx =

= (1/m)E_ X X! + v, X[xK(x)dx

+ ¥, (JER(X) 0K + 2 fxx/K(x)dx

= (1/m)Z]_ XX + 93 fxx'K{x)ax,

which dominates

(1/n)=0_ X, X}

=177

by a positive definite matrix 1ﬁfxx’K(x)dx.



7.1.2 Sample moments integrating kernel density estimators

We mnow shall construct a kernel density estimator which
is (uniformly) consistent and satisfies the conditions (a), (b)
and {c¢). The trick 1is to replace the X;'s in the formula
(7.1.1) by (l-ﬁn)Xj, where (8,) is a sequence of positive num-
bers converging to zero for n+w, Thus we consider

h¥(x) = (1/n)S5. K [(x-(1-8)%;) /1 1" (7.1.2)

where K, is a density (possibly random). Clearly condition (a)
is satisfied. Moreover, condition (b) now becomes:

X = fxh*(xyax = (1/m)20 [(1-B)%; + 7, xR (x)dx
= (1-F)% + v, [xK_(x)dx,
hence

SRE_(x)dx = (B, /7,)X. (7.1.3)

Consequently, K*(x) is indeed a random function. Furthermore,
condition (¢) now becomes

(1/m)%}, X% = [xx’h¥(x)dx
= (/mZ) JT-B)X; 1, %] [ (1-8, )X+, x] 'K, (%) dx
= (1-8,)3 (/M) XX + v, (1-BXIRK (x)ax

+ oy (1B ) (XK (x)ax)X" + 42 [xx 'K (x)dx

= (B L/ XKy + 28, (1-8,0% X + y2fxx'K (x)dx,
7.1.4)

where the latter egquality feollows from (7.1.3). OCbviously,
{(7.1,3) and (7.1.4) imply

Sxx R (x)dx = 9 21(28,-P2) (A/m)ET L X R) - (28,-280)X X')

= ((28,-B2) /N XX - XX+ [xR 0dnfx'K (x)ex.



Thus in order that h*(x) satisfies the conditions (a), (k) and

(c), K*(‘) should be a density with mean vector and wvariance
matrix

(Bo/1a)X,  ((28,-B2)/72)V,
respectively, where

V= (1/m)

Jj=1

(X;-X) (X, -X)*
is the =ample variance matrix. Therefore, if we put
K (%) = R[(((2B-B2)/72)V) (%~ (B, /7,)X) ]

/ [det{((28,-B2)/72)V)}*] (7.1.5)

where K is a density with zero mean vector and variance equal
to the unit matrix:

K(x) = 0, JR(x)dx = 1, [xR(x)dx = 0, [xx'R(x)dx = I, (7.1.6)

then clearly K, has sll the requirea properties. Now substitute
(7.1.5) in (7.1.2). We then obtain

h¥(x) = (1/n)E0_ KV x-(1-£,)X; - B X]1//(28,-82))

/ (/B -2 ¥ Jdec (W)}  (7.1.7)

We now see that the window width parameter <y, has been dis-
appeared and that £, has taken over its role. However, for
convenience we shall introduce a new v, by putting

T = (28,-82)%,
50 that (7.1.7) now becomes
B¥G0 = (/)0 RIVH(x- /(122)X, - (1-/(1-12)%) /7, )
/(s Jdet (D)

Of course, -+, should be chosen in the interval (0,1}, as
otherwise (7.1.7) will ne longer be a real random function. We



have shown by now:
Theorem 7.1.1. Let X,,...,X, be random vectors in R¥. Define
ﬁ(xlv) - /TRy, - -/ )E /)

/17 Jaet (V) ]
Ehere K is a real function on R* satisfying condition (7.1.6),
X is the sample meap and V is the sample variance matrix. Then

for every ve(0,17, h(x]w) satisfies the conditions (a), (b) and
(c).

However, can we select a sequence {vy,) with y,€(0,1] sueh that
h(x|1n) is a {(uniformly) consistent estimator of the density
h(x) of the common distribution of the Xj's? The answer depends
on the distribution of the X;'s and on the kernel K. For the

case that K 1s chosen to be the density of the k-variate
standard normal distribution, i.e.,

K(x) = exp[-im'x]/(J(2x))*, 7.1.8)
we have the following resulrt.
Theorem 7.1.2. let X, ,X,,...,X,,... be an 1i.i.d. stochastic
process in R¥. Let the distribution of the X,'s be absolutely
continuous with econtinuous density h(x) and finite second
moments. Let (¢ ) be any sequence satisfying

$,€(0,1], limp e, = 0 and limpae/(ntE) = =,
and let (v,) be any (random) sequence satisfying

'Tne{gn!l] (a.s.), (p)limn—’oo']"n = 0,
If

plimnﬁmﬁ = p¢ and plimp,oV = V exist,

where V 1s positive definite, then

plimnﬁwsupxeRk|h(xI1n) - h(x)] =0



where h(x|7) is defined as in theorem 7.1.1 with K defired by
(7.1.8).

Proof: Section 7.4.

In the sequel of this chapter we shall only consider
kernel density estimators based on normal kernels. The main
reason for this is that normal kernels are easy to work with,
For example the proof of theorem 2 becomes rather messy if we
employ other kernels than (7.1.8). A further advantage is that
normal kernels are everywhere positive, hence s¢ is a normal
kernel density estimator and therefore ratio's of normal kernel
density estimators are always defined. These ratio's will play
a role in estimating regression functions, as we shall see in
section 7.2. Moreover, we recall that a normal kernel is nearly
optimal in the sense of Epanechnikov (1969).

The kernel density estimator considered in theorem 7,1.2,

hixly) = (/M by x|, 7.1.9)

with
hy (x}y) = expl-ds(x-/(L-97)X, -(1-/(1-92))X) 'V}

X (x=/(1-y3)X;5 - (L-J(1-v2 DXV /Y2 )/ (J(2m))Ey* Jder (V) (7.1.10)

will be called the Sample Moments Integrating Normal Fernel
(SHINK) estimator of a density function, because it satisfies
the integral conditions {(a), (b) and {(c) for every +c(0,1] and
it is based on a normal kernel.

The reader 1is invited to wverify that the marginal
densities of a SMINK density estimator are SMINK density
estimators themselves. Cf. exercise 1. Moreover, observe that

fm(x|1) = expl-%(x-X) ! (x-X) ) /(J2r)E Jdet(\})

is just the maximum likelihood estimator of a k-variate mnormal
Density.



7.1.2 The Dlirac-catastrophe and the modified SMINK density
estimator
It is easy to verify from (7.1.9) and (7.1.10) that

limyggh(x|y) = = if x € {X;,... X}
limyoh(x|y) = 0 if x € (X;,...,%,)

[Cf. exercise 2]. This is the so-called Dirac-catastrophe (see
Good and  Gaskins (1972)). Thus if v is too small then the
estimate h(x!y) will go wild in that its shape then takes the
form of a collection of high peaks each corresponding with an
observation X;. A possible way to get around fthe Dirac-
catastrophe is to modify (7.1.9) by leaving out the hj(xlw) for
which the corresponding observation X, equals x, 1.e., to
modify (7.1.9) to

(L/m)ZF_ ) T(xg=)hy (x[7), (7.1.11)

where I(.) is the well-known indicator function. However, we
have seen that the marginal densities of a SMINK density
estimater are SMINK density estimators themselves. This neat
property does mnot carry over to estimators of the type
(7.1.11), but it does for the following class of density
estimators

B (x|y) = (L/m)E) (L T =X, )by (), (7.1.12)

i=1

where the x'’ are the ,components of x and the X;, are the
components of XJ. Since h*(x|7) satisfies the conditions (a),
(b) and (¢), as is not hard to verify, we shall call (7.1.12)
the modified SMINK density estimator. Cbviously we now have

limyoh*(x|y) = 0 for all x € R*.

Moreover, it 1s not hard to verify that under the conditions of
theorem 7.1.2,

Plimpsesupyafr |, 1]5uPy [h(x|7)-b¥(x[v)[ = 0, (7.1.13)

hence:



Theorem 7.1.3. Theorem 7.1.2 carries over for the modified
SMINK density estimator.

7.1.4 How to choose the window width of the modified SMINK
density estimator
The problem is to choose v in [f,,1] ,such that the
'distance’ between the modified SMINK estimate h*(x|7) and the
true density h(x) is minimal. Thus we have to choose 7y, in
[¢,:1] such that

p(h*(x|1p) b)) = infyere 110 *(x{v),h(x)),
where p is some metric on the space of k-variate densities. The
best metric would be p(h; hy) = supx|h1(x)~h2(x)|, since this
metric corresponds to uniform convergence. But h(x) is urnknown
so that this metric is difficult to apply, though not impos-

sible (see Silveyrman (1978)). As a second best we therefore
propose the integrated square error metric

p(by hy) = [¢hy (x)-h, (x))2dx.
Thus we propose to minimize

p(B* (x| 1) b)) = [ (x[v)-h(0)2ds

- f‘;l*(x['y)zdx - 2fﬁ*(xh)h(x)dx + h(x)2dx.

Also now the terms invelving h{x) are unobservable. But:
Theorem 7.1.4. Under the conditions of theorem 7.1.2,

plimnﬁmsupjeign,l]|fﬁ*(x|1)h(x)dx-(l/n)E?_lﬁ*(Xj[7)[ = 0,
Preoof: Section 7.4,

Thus we have



plimnamsupye{gn’liIf(h*(x|7) - h{x))2dx

- (i Zax - 2(/mD, pE )+ fhezany) =
(7.1.14)

Putting

G (1) = [BF {2 - 2/ 0 K [, (7.1.15)

the result (7.1.14) now suggests to choose v, € [{,,1] such
that

Q () = infye(e, .19 (1), (7.1.16)
Note that

Ih¥ (x| v)2ax = [hix|y)2ax
= (l/nz)z?lalzglflexp[-(1/4}(xj1-xj2)'v'l(le-sz)((l-qz),wz)]

/B 2ry)R % (J2)% Jdet(V) ]

so that

Limy ofh¥ (x|7)2dx = . (7.1.17)
From (7.1.17) and (7.1.13) it thus follows

1imy )09, (1) = =.

However, if we would employ in (7.1.15) the common SMINK
density estimator (7.1.10) then the procedure (7.1.16) would
break down, due to the fact that

1im1wfh(x|7)2dx - 2 (/M h(K ) = -

This is the main reason for working with the modified SMINK
estimator instead of ths common SMINK estimator (7.1.10).

This approach for choosing v may serve as an alternative
for the method proposed by Silverman (1978). For the wusual
kernel estimator of a density function Silverman has derived a
method for establishing the window width (the v, in our case)



corresponding to the optimal asymptotic rate of wuniform
convergence. In practice this optimal window width has te be
observed from the fluctuations of the graph of the second
derivative of the density estimate involved. But as Silverman
admitted, this might be difficult in the multivariate case.
Moreover, the resulting window width is only optimal from an
asymptotic point of view, while our approach is closer related
to finite sample fitting.

We will now pay attention to the question whether the
sequence {(v,) derived from (7.1.16} is such that

plimpamsup, |R* (2] v, ) -h(x) |=0.

Let V be the probability limit of V and let p'be the probability
limit of X. Put

h(x|v)
= flexp(~%{x-J(1-v)z~(1-42N)p]) V' -/ (1-42)z-(1-J(1-92))pu] /42)

L2705y fdet (V) Y Ih(z)dz  (7.1.18)

Then

Lemma 7.1.1. Under the conditions of theorem 7.1.2,
(1) plimpssupre(s, 1759 |B* (x| m) k(x| | = 0,
(1) h(x|1) is uniformly continucous on ka[O,l], and

(III) limyypsup, [h(x]y)-h(x)] = 0.

Proof: Section 7.4,

From part (I) of this lemma we may conclude without further
discussion:

Lemma 7.1.2, Under the conditions of theorem 7.1.2

PlimnﬁwsuPye[fn,l]\qn(7)'q(7)‘ -0,

10



where

a(y) = [h(x}y)2dx-2[h(x|y)h{x)dx. (7.1.19)
Obviously we see from (7.1.19) that g{y) takes a global minimum

-fh(x)2dx
for 4€[0,1] such that f{h(x[7)~h(x)}2dx = (. Moreover, by the
continuity of h(x|1) and h{x) on R?x[o,l] and R, respectively,
it follows that the latter condition holds if and only if
h(xlq) = h{x) for every un € R*. Thus we have

(7€{0,1}: q(v) = infy e10,119¢7))}

= (v€{0,1]: [(h(x|y)-h(x))%dx)
= {y e [0,1]: h(x|7) = h(xz) for every %eR¥) = T (7.1.20)

say. From part {(III) of lemma 7.1.1 it follows that T contains
at least Q0. But T may contain more than one point. For example,

if h(x) is a nermal density:

h(x) = exp{-%(x-p) 'V 1 (x-p)) / [(J(2n))*/det(V)],
then h(x|l)-h(x) and consequently also 1lel.

Next we observe from the lemmas 7.1.1 and 7.1.2 and from
(7.1.16) and (7.1.19) that

plimpaelqs (15) - q(v,)} = 0,

plimpawlq, (§n) - a(§y) = 0,

limpeg(¢,) = - Jh(x)?dx,

g{y) =z - Jh(x)?dx for v € [0,1)
and

9 (1) 2 9, (&) a.s.

Using these results it is not hard to prove:

11



Lemma 7.1.3. Under the conditions of theorem 7.1.3
Plimpaef th(x]y,) - h{x))?dx = 0,

where (v,) is defined by (7.1.16).

We show now that this lemma implies

plimy,osup, [R(x|7,) - h(x)| = 0. (7.1.21)

First, consider the case that v, is non-random. We then have to
show that

1iMpef (h(%]y, ) -h(x))2dx=0 implies limpesup, |h{x|y,)-h(x)|=0.

The sequence (v,} is a sequence of numbers in a compact
interval [0,1] and it therefere has at least one limit peint
Y4» say, iIn [0,1}. This limit point must be a point of T, as
othervise

Limpaef ((h(x[73) -h(x)))2dx w 0,
and the same applies to other limit points of (v,). Thus s&ll
the limit points of (y,) are contained in I'. This implies that

every subsequence of (v,) contains a further subsequence (v, )}
. J
such that for some peint 1*€F,

limj_m!'rnj - 'r*l = {

and consequently by the uniform continuity of h(x|7) on
R¥x[0,1], and by (7.1.20),

limjﬁmsupx|h(xi7n3)-h(x)‘ - liquwsupxlh(x|7nj)-h(xlq*)‘ = 0,
This result implies that limnqwsupx]h(xlwn)-h(x)f = 0. The
proof for random v, follows from the sbove argument and theorem

2.1.6,
Combining (7.1.21) with lemma 7.1.1 we now conclude:
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Theorem 7.1.5, Let the conditions of thecrem 7.1.3 be
satisfied. The sequence (vy,) obtained from (7.1.16) is such
that

plimgaesup, |h¥(x|v, ) -h(x)| = 0.

Exercises:

1. Verify that marginal densities of SMINK density estimators
are SMINK density estimators themselves.

2. Verify the Dirac-catastrophe.

3. Prove Lemma 7.1.3,

7.2 PRegression
7.2.1 SMINK estimators of a regression function

Consider an 1,i.d. stochastiec ©process (¥ ,X;},...,
(¥,,X,),... in B x R*¥, where the distribution of the (Y;,%5)'s

is absolutely continuous with continucus density f£(y,x), say.
0f course, then the distribution of the X;’s is coentinuous too
with continuous density

h(x) = [f(y,x)dy,

say. As 1s well know, the conditional expectation of ¥; rela-
tive to the event Xj=x (xeRF) is

E(YjIXj=x) - fyf(y,x)dy/h(x) = g(x)

say, provided h(x) > 0. This suggests to estimate the regres-
sion function g(x) by an estimator of the type

g(x) = Jyf(y,x)dy/h(x)
where
%(y,x) and h(x)

are estimators of the densities f(y,x) and h(x), respectively.
In the case where these density estimators are (modified) SMINK

13



estimators we get

gx[v1,72) = [yE(y,x[v)dy/nlxly,),
where v, and v, are window width parameters, as an estimator of
g(x). This estimator will be c¢alled a (modified} SMINK

estimator of a regression function.
Now let us focus on the SMINK estimator
ks

£y, %[
of f(y,x). Similarly te (7.1.9) and (7.1.10) we have
£y, x|y =~ (/)= £, (v, xln) (7.2.1)
where
£,(y.x]y) = expl-kl(y,x")~(1v2) (¥, K] )~ (1-/(L-y2)) (1, )]V"
X [(y, %) (L) (Y, %, )" - (1-/(1-42)) (X, X" ) 1 /92 )

SR Jger (Y, L)) _ (7.2.2)

¥.x

with
Y the sample mean of the Y,'s,

X the sample mean of the X;'s and

>

Vy « the sample variance matrix of the vectors (Y;,%5).

Using formula (2) at page 28 of Anderson (1958} it is not too
hard to verify [ef. exercise 1] that

Sy roxlndy = (/-2 + (L-/(1-92))T+8" (x-/(1-72) )X,

+ (1 /(-2 NX) hy x|y, (7.2.3)

where £ 1s the uwsual QLS estimator of the regression coeffi-
cients of a linear model:

14



B = [(L/mI0, (X -X) (X, -X)" )" (/mysh o (X -X) (Y, -1,

and hj(xlv) is defined by (7.1.10). Combining (7.2.1) and
(7.2.3) we obtain

JyE(y. x| v)dy

- J(Ley?) (/M) (Y -8 K ey (xfy) + (B'x+a)h(x[q),
(7.2.4)

-
where a is the QLS estimator of the constant term of a linear
regression model:

a=Y - g%,
Dividing (7.2.4) (with v replaced by +«;) by h(x|72) vields the

following explicit expression of the SMINK estimator of a
regression function:

g(x]7vy . 720 = ((B'x+a)h(x|7,)

+/CL-3) (L/mYZD_L (Y, - 8%, -adhy (x]v1) ) /hix]v,) .
(7.2.%)

If £%¢y,x|v) and h*(x|1) are modified SMINK regression estima-
tors then

gX x|y, 72) = [YE¥ (v, x| v dy/m¥ (x| v,) = [(B'x+a)n* (x|vy)

+ {193 (L/m)S) ) (Y-8 Ky -a) (T TxCE R, ) Ty (2 yy) )

/8% (x| vy ) (7.2.6)

which will be called the modified SMINK estimator of a regres-
sion function. Note that these regression function estimators
contain the OLS estimator of a linear regression model as a
special case, for

g (x}1,1) = g(x|1,1) = f'x+a.
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This corresponds to the fact that the SMINK estimatoer of a
density equals the maximum likelihood estimator of a2 mnormal
density if ~=1.

7.2.2 How to choose the window width parameters
In section 7.1.4 we have proposed an integrated square

error approach for choosing the window width parameter -y. The
argument involved alse applies to the problem of choosing 7,,
for the denumerator of (7.2.5) is a SMINK density estimator
which should be fitted as close as possible to h(x). Therefore
we propose to choose vy, by the procedure described in section
7.1.4 and the resulting optimal window width wiil be denoted by
M

For choosing <, we propose a weighted least squares
procedure, motivated by the following theorem.

Theorem 7.2.1. Let (Y, X0,.... (4. %),... be an 1i.i.d.
stochastic process in R X R*., Assume in addition to the
conditions of theorem 7.1.2 that the distribution of the

(Y;,X;) 1is absolutely continuous, tnat g(x)h(x) is continuous
and absolutely integrable, where

g(x) = E(Y; |X;=x)
and h{x) is the density of the X;'s, that the sample covariance
of the ¥;’s and the X;’'s converges in probability and that

EY§ < «©, Let the sequence ({,) be defined as in theorem 7.1.2.
Put

Qu (1) = (/m)E0_, (Y, -g Xy v, 7§27 V2N (K, [v$3 )2,

1f we choose v{*’ in [{,,1} such that

Qy (1) = inf7e{gn,1]Qn (v
then
. o €1y (2)
PLIDRwSUP, ¢ (epk ch(yze) BT o0 -800] = 0

for every ee{0,sup,h(x)]. Horeover, the same result helds for
the modified SMINK regression estimator.
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Proof: Section 7.4.

Exercise:
1. Prove (7.2.3) for the bivariate case.

7.3 A numerical example

We now demonstrate the performance of the SMINK
estimators on an artificial data set of size 100. In the
regression case to be considered we employed the model.

Y, = X2 + X2

3 1,3 5.5 *+ Uy, j=1,2,...,100,

so that the regression function to be estimated is:

B(x,.%,) = x% + x5, 7.3.1)

We have drawn the X, ; and X, , independently from a mixture of

the normal distributions N{-2,]) and N(2,1) with equal weights,
and the U; have been drawn independently from the normal
distribution N{0,1), So the density of the distribution of the
pairs (XI’J,XZ,j) is:

h(x; ,%X,)= {dexp-h(x;+2)2 | +hexp{-%(x,-2)2)//(2x))

X {Hexp[-%(x2+2)2}+hexp[-%(xz-2)2]/f(2w)} 7.3.2)
Obviously this density has four modes, namely at

(-2,-2), (-2,2), (2,-2) and (2,2).
Applying the integrated square error method (section 7.1.4) and
the weighted least squares method (section 7.2.2) we found the
fellowing window width parameters:

w1 = 31, 4420 = .33,
In the figures 1 and 2 we show the true density (7.3.2) and its

SMINK estimate, respectively, and similarly in the figures 3
and 4 we show the true regression function (7.3.1) and its

17



SMINK estimate, where in all cases x, and %X; go from -3.5 to
3.5.

Comparing the figures 1 and 2 we see that the SMINK
density estimator is flatter than the true density. Neverthe-
less the density estimate is smooth and clearly has four modes
at the right places. The SMINK regression estimate in figure 4
is also flatter than the true regression function in figure 3,
especially at the bottom and at the edges. These spots,
however, have relatively low values of the density h, as one
can observe from figure 1. Since the convergence of the SMINK
regression estimators is only uniform on sets with sufficient
probability mass, one may expect relative poor fitr at x with
low value of h(x).
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Figure 2: SMINK Density Estimator
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Figure 4;: SMINK Regression Function Estimatér




7.4  Proofs
For proving the previous asymptotic results we need the
following lemmas.

Lemma 7.4.1. let (¥, ,X;}),...,(Y,,X,),... be an i1.i.d. stochas-
tic process in R x R, Assume that the distribution of the .6
is absolutely continuous with continucus density h(x), say, and

that g(x)h{(x) is continuous and absolutely integrable on R*,
where g(x)-E(YJIXj=x). Furthermore we assume

E Y2 <= (7.4.1)
E Xy = p and E X;X;’ = W exist (7.4.2)
plimn4m§ = g and plimpagV = V (=W-pp') exist, (7.4.3)

-~

where X is the sample mean, V is the sample variance of the
X;'s and

V is positive definite. (7.4.4)
Dencte

a, (x]y) = (1/n>z§=1Y3ﬁj(x{7), (7.4.5)
where ﬁj(x[7) is defined by (7.1.10) and let

a(x|y) = [g(z)expl-k[x-J(1-v?)z-(1-/(1-42))p]"V"}

X [x-J(1-92)z-(1-J(1-42))p] /42 Yh(z)dz/((J(2n) Y vk fdet (V) }

(7.4.6)
Let ({,) be a sequence of numbers in (0,1) such that
limpeetf/n = « and limg,of, = O. 7407
Then
plimn4msup7e[§n,1}supx|an(x|1) - a(x|y)| = 0. 7.4.8)

Moreover, a(x]7) is a uniformly bounded and uniformly continu-
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ous function on R x [0,1] satisfying
limyjgsup, |a(x[v) - g)h(x}| = 0. 7.4.9)

Proof., From the inversion formula fqor characteristiec functions
(cf. theorem 1.5.1) it follows that hj(xiy) can be written as

hy (x]1)=(1/ (273 ¥ fexp(-1-t x4 €K, /(142 )41 £ K(L-J(142)))
x exp(-kyzt’at)dt, (7.4.10)

hence

a, (x| ¥)=(1/20)* [((1/m)Z8_  y expli-t'X;/(1-42)])

X exp[-i‘t'x+i't'i(l~J(1-12))]exp(-%vzt'at)dt (7.4.11)
Put

a¥ (x| 1= (1/(2m) )X [ (1/m)B0_ B Y expli /%, /(1-12)])

X exp[-i~trx+i-cfi(l-J(l-qz))]exp(-&yzt-ﬁt)dt (7.4.12)
We shall prove (7.4.8) now in four steps. Assuming that ({,) is

monetonic and chosing ¢€(0,1-¢ ) for all n it will be shown
that

PlilipsoSUpye(c  1-c]59P |25 (x]y) - af(x|v)| = 0 (7.4.13)

1imgolitpaeE SUPye[1.¢,1]59Px |as (x| 1) - af(x{m)] = 0
(7.64.14)

PlimMaasupye(0,1-c|SuPx [an (x]7) - axiy)| =0 (7.4.15)

and finally

plimnﬂmsupwe[l-e,llsupx|a:(x|1) - atx|v)y| - 0. (7.4.186)

Obviously (7.4.13) through (7.4.16) imply (7.4.8).
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Step 1: Proof of (7.4.13).
From (7.4.11) and (7.4.12) we have

sup, |a, (x]v) - ay(x[m
= (/2e) {1 (/)T (Yexp[i-t'X, /(1-92)]
- E Yjexp[i-t‘xjj(l-wz)])|exp(-512t'at)dt
- (/e /A=) I [ (I/m)T] L (Yyexp(i-t'Xy)
-E Yexp(i-t'X;))]
x exp{h{12/(1-12)}t'§]dc = b, () (7.4.17)
say. Now let § be the set of all positive definite (kxk)

matyices with minimum eigenvalue larger than ¢y > 0, where o,
is such that V€ 5. If V € S then b, {y) is bounded from above

by
by (7) = (1/Q2a))* [1//L-42) 1 [ (1/m)Z] | (Yjexp(i-t'Xy)
-E Y exp(i-t'X;))|
x exp{-¥{y?2/(1-y*)lo,t ' t]dt (7.4.18)
because then t'Gt = opt't., But

suptEI(1/n)22g1(Yjexp(i-t'Xj) - B Y&exp(i-t'xj))|

< sup, {E{ (1/n)Z]_, (Y;cos(t'X;) - E Yjeos(t'X;)) ]2

+ E[T0_, (¥ysin(t'X,) - E Y,sin(t'X,))}?)"
= 0(1//n) - O, (7.4.19)
hence
E Sup7e{gn,1.c}5;<1}
=

(1/¢2n))* [1//(1-(1-2)2) 1" fE} (1/n) 20, (Y exp(i-t'%y)
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- E Yyexp(i-t'X;))|exp (-4, 20t t)dt
= O ( k)" ) » 0 (7.4.20)

where the last conclusion follows from condition (7.4.7).
Consequently by Chebishev’s inequality,

PLiMpwSUPye[¢ 1-¢]Pa (1) = O (7.4.21)
Since (7.4.3) and (7.4.4) imply 1imn4mP(G € 5) = 1 and since

b (v) $ b (y) if V & s,
(7.4.21) implies (7.4.13).

Step 2: Proof of (7.4.14).
Observe from (7.4.18) that

b(y) = (1/(2m)) [ (L/m)Z] . ((Yyexpli-t'X; /(1-92)]

- E Yyexp[i-t'X,/(1-v?) ]} |exp(-ho,y2t' t)dt

1A

(L/72m))¥ [1(1/m)=0 (Y, (exp[i-t'X,/(1-42)]-1)
- E Y, (exp[i-t'X;J(3-92)]1-1)) exp(-}o vt  t)dt

+ (1/(2m))* | (1/m)=] | (Y -E ¥;) | fexp(-ty2o,t' e)de

1A

2Q172m)* (/myz] L Iy (R /-2 [lefexp(-kr?o tr ) de

+

(172" [{1/m)Z} . (Y;-E Y | Jexp(-Bvdop e )de,  (7.4.22)

where the last inequality follows from the mean value theorem,
Thus

E supei1-¢,1)ba () =

< (1/(2n)*2E|Y, 11X, 1/ Q- (3-0)2) flt|exp[-40, (1-£)2t ' t]dE
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+ (1/(2«))*E|(1/n>zg=1(Yj-E Y;) {fexpl-Yo, (1-£)2t t)dt.
(7.4.23)

Since E|Yj||Xj| < o the first term of the upperbound above con-
verges to zero if £40. Moreover, by Liapounov's inequality,

E|(1/m)=0_ (Y,-E ¥ | = (E(L/n)E0,, (¥ -E ¥,))2)% = 0
(7.4.24)

hence the second term converges to zero for n+e, Thus:

lim, ;olimpwE SUpye[1-¢,1]Pn (¥) = O. (7.4.25)
Using this result and the trivial equality

b, (v} - bn(T)I(GES) + bn(v)l(aﬁs),

where I(.) is the well-known indicator function, (7.4.14) can
easily be proved.

Step 3: Proof of (7.4.135).

From (7.4,12) and the inversion formula for characteristic
functions it follows

an (x|7) -f{exp{-h[x-J(l-wz)z-(l-J(l-—rZ)JX}G'l
X [x-J(1-92)z-(1-S(1-92))X]) /¥?)

JIGS@2m))Ry* fdet (V)] 1g(z)h(z)dz. (7.4.26)

Now put for convenience

£(x) = g(x)h(x). (7.4.27)
Then aX(x|y) can be written as

ay (x|v)

= (J(2m)) R (192 )y R TE(Ix- (L-J(1-v2 X - 7GHW]/J(1-?2))

X exp(-kw'w)dw {(7.4.28)

27



and similarly we can write
alx]vy)
= (M) X2 R - (1-J (12 ) -1 2/ (1-42))
x wrexp{-Hw'w)dw. (7.4.29}

Since f(x)=g(x)Yh{(x) is centinuous and absolutely integrable on
R¥ it is uniformly continuous on R¥, hence

sup7e[o,1-c]supxIf([x-(l-J(l-vz))i-vG*w]/J<1-72))
- E([%- (112 ) -] //(1-92)) | = 0 (7.4.30)
in prob. pointwise in w if
SUP4e{0,1-¢] [(1-V(1-v2))//(L-v2) ] [X-ul
+ Supg[0,1-e1(1/d(172)) |Pho-Vha] =+ 0 (7.4.31)
in prob. pointwise in w. However, condition (7.4.31) follows

from «condition (7.4.3). Therefore (7.4.15) follows from
(7.4.28), (7.4.29) and (7.4.30) by bounded convergence.

Step 4: Proof of (7.4.16).
From the inversion formula for characteristic functions we have
a(x{y) = (17Q2m)*[(E Yjexp[i-t'X;/(1-72) ]}
x exp[-i-t'+i-t'p(l-/(1-92))]exp(-y2t'Vr)dt, (7.4.32)
hence from (7.4.12) and (7.4.13) it follows
sup |ag (xfy) - ax}v)]
< [1/<2ﬂ>}k(EiYJ\)I\exp[i-t'i(l-J(1-12>>1°exp(-512t‘3t)

- expli-t'u(l-J(1-42))]) exp(-hy?t'Vt) |dt
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= {l/(2ﬂ)}k(E|Yj|)f|exp(-%72t'Vt) - exp(-hHy?t’vr)lde

+

(1/(2ﬁ)}k(E|Y3|)f|exp[i-t'i(1-J(1-72))]
- expl-i-t p(1-/(1-42)) ] |exp(-3y?t'Vr)dt

(1/2m) ) (E|Y; 1) fiexpl- (1/4)y2t'Ve] - exp[-(1/4)y2t' V]|

1A

X |exp{-(1/4)72t’§t} + expf-(l/&)y2t'Ve]|dt

o+

(1/¢27) 1% (B|Y; ) (1-/(1-v2)) |X-p| ] t]exp( -3yt Ve)dr.
(7.4.33)

~

For +€[l-¢,l] and VeSS the first term at the right side of
(7.4.33) is bounded by

2(1/(2m) ) (EY; ) supygi1-¢,1)lexpl-(1/4)y2 e ve]
- exp[-(178)y2 e vt ]){exp|-%o,(1-€)2c’ t])dt, (7.4.34)

which converges to zero in probability by condition (7.4.3) and
bounded convergence. The convergence in prob. to zero uniformly
in y€[l-¢,1] of the second term follows straightforwardly from
condition (7.4.3). Similarly to step 1, this completes the
proof of {(7.4.16) and hence of (7.4.8).

We now complete the proof of the lemma under review.
First, the uniform boundedness of a(x|v) on R¥x0,1] follows
straightforwardly from (7.4.29) and (7.4.32). Next we show that
a(x|7) is wuniformly continuous on R¥x[0,1]. Observe from
(7.4.29) and the uniform continuity ef £(x) = g(x)h{x) that
1ima*°squ1eRF,xzeRF,le-xzIsaS“PTGIO,l-cl|3<xl|7)‘a(x21;)i ;5?

and from (7.4.33) we see that

Lilas0SUP, epk ¥ | |x, -x, |<a"Prell-c, 11|20k [1)-aCx | |-0
o (7.4.36)

hence
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lim,iosup Sup7e[0’1]‘a(x1‘1)-a(x2‘7)‘=0.

%, eR¥ ,x, €R¥, | %, -, | ga
! z %1%, | (7.4.37)

Moreover, from (7.4.33) we see that for v,,v,(¢,1]

sup, |a(x]v;)-a(x|v,)|

1A

(172m) Y E[Y; [ [lexpli -t u(1-/(1-v,2)) )exp(-3y, 2£'VE)

- expli-t'p(1l-J(1-7,2)) Jexp(-y, 2t Ve) |de

1A

{172 E|Y, [fexpli-t'p(1-/(1-7,2))]

- expli-t'u(l-J(1-7,2))]) |exp(-he?t'Vt)dt

+

{1/2m)) E|Y, | [|exp(-37, 2t V) - exp(-}sy,2t'Vt)}dt

= {1/ 2a) B[, | [/ (17,2 -/ (L%, 2) | 1| [ tlexp(-3e2t Ve)de
+ {1/ 2o E|Y; rlyy 2 -y, 2 | fe Ve exp[- (1/6) e2 e/ VeE)de,  (7.4.38)

hence

1ima¢osup716{£’1},726[5,1},|71_7z|£asupx|a(x|71)-a(x|72)|=0.
(7.4.39)

If (7.4.9) is true, then it follows from (7.4.9) and (7.4.39)
that

Limgy0SUPy, €[0,1],7,€10,1], |7, -7, |<esuby |a(x] 7)) -alx] v, ) |=0.
(7.4.40)

Combining (7.4.37) and (7.4.40) we then see that a(x|y) is uni-
formly continuous on R*x[0,1]. So it remains to prove (7.4.9).
Observe from (7.4.2%) and (7.4.27) that for every M>0 and every
(0,1
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sup, |a(x|¥) - (J(1-42))7RE([2-(1-/(L-y2 ) p}//(1-42)) ]
= (J(l-vz))'ksuplzliﬁmpx|f(x-z)-f(x)|
- 2m))* 1
0 a1ty |t SR ST T
+ (J(L-y2)) ®2sup, [ £(x) ]

x f

S (J(1-92)) F sup) 1 gysupy [ £(x-2) - £(%)]

ety . kd
7V (L2 || P/ M) T

+ 2 f pl-hw' 2x) Y% Jdw}
R T A AT

Choosing M=/y and letting -0 we now see that

limyosup, falx|v)- {17092 P E(x-(1-/ (142 )81 2/ (1-42 )| = o.
(7.4.42)

From the uniform continuity and boundedness of £(x) it easily
follows

limyypsup, [ (1//-v2 N5 E([%- (1-/(L-v2)p]//(1-72)) - £(x)] = O.
{7.4.43)

Combining {(7.4.42) and (7.4.43), (7.4.9) follows. This comp-
letes the proof lemma 7.4.1. Q.E.D.

Lemma 7.4.2. Let the conditions of lemma 7.4.1 be satisfied. Put
Co(x]7) = (I/M)Z]. | (x-J(1-4)X; - (1-J(1-¥2))XK)
x expl-%{x-(J(1-92))X, - (1-J(L-2 )XV

X [%-/(1-v)X; - (1-¥2 )R] /%) / J@OY T Jder (D) L

and
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Cx|v)y = E®-/(1v*)X; - (1-J/(1-v*))p)
X expl-%[x-J(1-72)%; - (1-J(1-92))p}' V71
X [x-J(A-y2)X - (L-J(A-v2 )l /v?) / (J(2r))K A" Jdet (V) (7.4.45)
Then
plimnﬁmsupTeign)l]supxICn(xly)-C(xly)\ = 0. (7.4.46)

Moreover, C(x|1) is a uniformly continuous and bounded mapping
from R¥x[0,1] into R* satisfying

1im7;osupx|c(x|7)| = 0. (7.4.47)

Proof: If we differentiate (7.4.10) to x we see from (7.1.10)
that

(a/ax'>ﬁj(x|7)
= (1/(2m))* f(-i-t)expl-i-t/s+i e/ X /(1-y2)+1i €' X(1-/(1-42)}]
X exp(-kyzt'at) dt
- - (1/72)5“1(x-/(1-72>xj-(1-J<1-72>>i)
X exp{-%[x-J<1-72>xj-(1-J(1-72>>§1'§“‘
X [x-J(1-7)X; - (1-J(1-vNX) /4 / (J(2n))* Jdet (V) (7.4.48)
hence
¢, (x]y) = 726(1/n)2?_10n’j(xfy), (7.4.49)

3

where
a, , &l
= 1(1/(2m))¥ fexp[-1 -t x+i-t X, J(L-42)+1- £/ X(1-/(1-42)) ]

x trexp(-By2t'Vi)de, (7.4.50)
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Now put

8, (xlv) = (/w9 & (7.4.51)

J

and

QF (]

= 1{1/(27))% [{E exp[i t'X;/(1-v?)]Yexp[-Li -t x+L - t'X(1-/(L-4%)))

X trexp(-kyZt'Vi)dt, {(7.4.52)

Similarly to (7.4.13) and (7.4.14) in the proof of lemma 7.4.1

it can be shown that

plimnﬁwsupve[gn’l_s]supx|ﬂn(x|7)-ﬂf(xt7)| =0 (7.4.53)

and

limgolimpawE SUPye[1-¢,1)59Px [0 (x| 1) -G (x]v) | = 0, (7.4.54)

hence

plimnﬂmsupvelgn’1]supx|ﬂn(x|7)-ﬂf(x|7)| =0 (7.4.55)

and consequently

plimnﬂwsupTeign,1]supx|Cn(x|7)-C:(x|7)| = 0, (7.4.56)

where

CX(x[v) = ¥*V a¥(x|v). (7.4.57)

Next observe from (7.4.48) and (7.4.52) that similar

(7.4.28),

to
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QX (xl7) = J(L/7V (k- d(1-v2)z- (1 J(1-72 )
X exp(-3[x-J(1-72)z- (1-/(1-y2))F] 10~
% [r-S (192 )z-(1-J(1-¥2 )X} /42
x [(J(2m)) 4% Jdet (V)]  h(z)dz
- (J(h))'*«fl(J(l-wz))“lff"ijh([x-(1-J(1-vz))i-ﬂhf*wl/ﬂl-«ﬂ))
X weexp(-hw'w)- dw. (7.4.58)
Thus if we put
a(x|jr)
= k(J2m) Xy (-2 T Y ([ (1 (192 ) =V ] 2 (1-42))
X wexp(-hw'w)dw (7.4.59)
then it follows similarly to the proof of (7.4.15) that
plimnﬁmsup76[0’1_£]supxIyékﬂ:(x\w)-qvgﬂ(xl7) = 0. (7.4.60)
Realizing that (7.4.59) can also be written as
ox|y)
=1(1/(2m))* [{E expli-t'X,/(1-72) ) Yexp[-i-t'x+i -t p(1-/(1-42))]
X trexp(-%y?t'Vt)dt (7.4.61)

(compare (7.4.52)), we see from (7.4.52), (7.4.6l) and the
proof of (7.4.16) that

SUPye[l-e,1]5uP, |05 (x|v)-a(x]|y)| = 0. (7.4.62)

From (7.4.60) and (7.4.56) we obtain
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PliMpswSUPye[0,1-¢)5uPy | Cp (x| 7) -y2 V(x| 1) |
= plimnﬂmsupTe[O,l,clsupx|7Gkﬂ:(x|7)-yvhﬂ(x|y}}|
+ plimnﬁwsup?€£§nil_s}supx|12(65—V5)V%ﬂ(x|7)| =0 (7.4.63)
because
plimn...w{? = V

and ]Q(x|1)| is bounded on R¥x[0,1]. Similarly we conclude from
(7.4.62) that

PLiMpoSUPye[1-¢,1]5UPy |Ca (x| 1) -2Vaxin}| = 0 (7.4.64)

and consequently, combining (7.4.63) and (7.4.64),
plimnﬁmsupTE[o,l]supx|C:(x|7)-7zvn(x|7)| = 0.

Since C(x]y)=yiva(x|vy), (7.4.46) follows from (7.4.55) and
(7.4.65). The rest of the lemma can be proved in the same way
as in the proof of lemma 7.4.1. 0.E.D,

Proof of theorem 7.1.2: Theorem 7.1.2 follows from lemma 7.4.1
by substituting Y,=l. Q.E.D.

Proof of theorem 7.1.4: Theorem 7.1.4 follows straightforwardly
from lemma 7.1.1 in section 7.1.4 if

Plimyawsupye(0,1] | (L/ME h(X; [y - [hix[vhix)ax| = 0,
(7.4.66)

where h(x|y) is defined by (7.1.18). But h{(x|y) is uniformly
continuous and uniformly bounded on R*x[0,1], as follows from
lemma 7.4.1. So (7.4.66) follows from theorem 2.7.5 and hence
theorem 7.1.4 follows from lemma 7.1.1. G.E.D,

Proof of lemma 7.1.1: Lemma 7.1.1 follows  straightforwardly
from (7.1.13) and lemma 7.4.1 by substituting ¥;=1. O.E.D.
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Proof of theorem 7.2.1. From the conditions of theorem 7.2.1 it
follows that the vector B of OLS parameter estimators and the
OLS estimator & of the constant term of a linear regression
mode) converge in probability:

plimye & = @, Plimgiwm 5 -8
say. Wow observe from (7.2.4), (7.4.5) and (7.4.44) that
-§6x|1.752’>ﬁ<xlw;2’) - [yE(y.x|pdy =
= J(1-v%)a, (x[v) + (L-/(1-42))¥ ﬁ(xlT) + E'cncxlw)
= 4, (x|, (7.6.67)

say. Put

d(x|y)y = J(-92ya(x{y) + (1-/(1-42))(e+f m)h(x|y) + B'C(x|v),
(7.4.68)

where a(x|7), h(x|7) and C(x|1) are defined by (7.4.6),
(7.1.18) and (7.4.43), respectively, and

§o- plimnﬁmi.
Realizing that
plimnﬂm? =a+ 'y

and that d(x]w) 1s uniformly bounded on R¥x[0,1], we conclude
from the lemma‘s 7.4.1, 7.1.1 and 7.4.2 that

plimndmsupTeI§n,1]supx|dn(x|1)-d(x|1)l - Q. {(7.4.69)
Using this result and the fact that by theorem 7.1.4

plimpsesup, |h(x|v{2?)-h(x)| = O, (7.4.70)

it is easy to show

plimpewsupye(e 1)1 (L/0E] . [V h(X, [2{2))-dy (X [1)]2
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-(L/m)E5 I h(X) - A [v))12] = 0. (7.4.71)
Moreover, from the conditions of the theorem under review and

the fact that d(x|1) is uniformly bounded and continucus on
R¥x[0,1]) it follows that theorem 2.7.5 is applicable, hence

plimn+msup7e[0,1}|(1/n)22=1{YJh(Xj)-d(Xj|1)}2-E Ugh(Xj)2
- [tg(x)h(x)-d(x[y)12h(x)dx| = 0 (7;4.?2)

where U;=Y;-g(X;). Putting

Q(v) = E U;2h(X;)? + [lgx)nx)-d{x|y)12h(x)dx, (7.4.73)
we have proved by now

plimn*wsupTe[cn’I][Qn(v)-Q(y)l = 0. (7.4.74)
Consequently we have

Plimpsef {g(0OR(X) -a(x|v{1?))2h(x)dx = 0. (7.6.75)

Similarly to the proof of theorem 7.1.5 it can now be shown
that (7.4.75) implies

Plimn*wsupxe{xeR3:h(x)ae]|dn(x|7£1))‘5(x)h(x)! =0 (7.4.76)

for ee(0,sup,h(x)]. The SMINK regression case considered in
theorem 7.4.1 now follows straightforwardly from (7.4.76).
The modified SMINK regression case follows from

plimnﬁw5up7e{cn,l}supxIg*(x|7,12)h*(x|12)

-gx| 7,100 - 0, (7.4.77)

vwhich is not hard to verify. G.E.D.
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