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Abstract

In this paper we consider the dynamic regression model with lagged
endogenous variables and moving average disturbances, whemn some
observations on the endogenous variable are missing. The available
data are assumed to be sampled at regular intervals of length m
and can be linear combinations of the realizations of the variable
over a finite number of periods,

We discuss the identification of the parameters in the regression
model and present several ways to obtain Maximum Likelihood (ML)
estimates,

For some selected models, we evaluate the large sample variances

of the ML estimates for the incomplete data and compare them with
the asymptotic variances for the ML estimates when no data are
missing, In this way, we get an indication of the loss of efficiency
due to missing observations and of the precision of the ML estimator
when the data are incomplete.

Finally, we give some results for the effects on the properties of
the OLS estimator, when interpolated series are substituted for the

missing observations,
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1. Introduction

In econometric analysis of time series, it is usually assumed
that the relevant data consist of observations on the variables
in the model pertaining to T subsequent time periods that are
considered appropriate on a priori grounds. Attention has been
drawn in the literature to the consequences of loosening these

assumptions which will often not be met in applied work.

One stream of contributions is concerned with the problem

of missing observations (see e.g. Dunsmuir (1981) for a .survey

and the references cited therein)., The problems of temporal
aggregation in dynamic models form another related research topic
that has received increasing attention in recent years (see e.g.
Sims (1971}, Zellner and Montmarquette (1971), Tiao and Wei (1976),
Geweke (1978) among many others).,

In this paper we concentrate on the dynamic regression model with
moving average disturbances when the endogenousvariable is observed
every m'th period, as is usually the case for stock variables,

or when only a linear aggregate for the m periods, such as

a flow variable measured over the m periods, is observed,
Formally, we assume that the endogenous variable Ve is generated

by the following regression model

p K
Ve T iE1PiVei T Bt jgogj e-j ()

where the Et's are independent normal variates with mean zero and

unit varance and the x, __'s are strictly exogenous variables,

kt
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i.e. X e is independent of € for all t, t' and k .

We assume that the standard conditions for identification of the
parameters in (1) are satisfied. In particular, to remove an
indeterminacy, we assume that 60>-0 . Furthermore, we assume that
all xkt's are known (k=I1,...,K, t=1,...,T), but that only linear

combinations of the yt's defined by

A .
= igo‘wiyt_], for t=m, 2m, ..., T, (2)

~

Ve

are observed, The weights are deterministic and known. The problem of
missing observations has been analyzed along two different lines. A
simple formal way consists in deriving for instance quarterly data
from yearly observations on the same series by minimizing some cri-
terion function (see e.g. Boot, Feibes and Lisman (1967)). A second
approach consists in specifying a model in which the missing observa-
tions are explained by other variables., The parameters of the model can
be estimated, provided they are identified, and the model can be used
to generate '‘predictions" of the missing observations. The problem of
missing endogenous variables has been studied by Sargan and Drettakis
(1974) for the autoregressive simultaneous equation model, by Zellner
(1966), Telser (1967), Jones(1980), Harvey and Pereira (1980) and by
Shaman and Tan (1981) for univariate time series models, by Harvey and
Pereira(1980) for the static and dynamic regression model. The ana-
lysis of dynamic models when data are missing has also received atten-—

tion in the time series literature (see e.g. Dunsmuir (1981)).

The static regression model with first order autoregressive errors
and missing endogenous and exogenous variables for the same period
has been analyzed by Wansbeek and Kapteyn (1981) and Kmenta (1981).
When exogenous variables are missing, one usually extends the model
by introducing an equation that relates the unobserved exogenous
variables to other explanatory variables, For the static regression
model with missing exogenous variables, the reader is referred to
Anderson (1957), Dagenais (1973), Gourieroux and Montfort (1981),
Hsiao (1979), Kmenta (1981) and Palm and Nijman (1981) among others.
The dynamic regression model with missing observations that we
analyze in this paper 1is not only of interest in itself. It can also
be interpreted as a transfer function equation derived from a linear

dynamic simultaneous equation model,
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The plan of the paper is as follows. In section 2, we briefly
introduce some patterms for the data transformation (2) that are
particularly relevant in ecomomic applications. In section 3, we
discuss the identification of the parameters in the model. Section &
is devoted to the computation of maximum likelihood (ML) estimates

of the parameters. In section 5, we compare the asymptotic efficiency
of the ML estimates for the model when data are missing with those
of the parameters when the observations are available. An analysis

of the efficiency of other consistent estimators compared with the

ML estimator for the dynamic regression model with missing endogenous
variables is currently under way. The accuracy of alternative consistent
estimators for the static regression model with missing exogenous
variables has been compared in Palm and Nijman (1981). In section 6,
we present some results on the effect on the parameter estimates in
large samples -of using interpolated data as proxies for the missing
endogenous variables.

Finally, in section 7 some concluding remarks are presented.

2. Relevant data transformations

In the previous section we assumed that the observations are in

the form of the linear transformation (2) of the unknown data.
Dropping the assumption of linearity would admittedly introduce
new problems. Transformations of type (2) are somewhat restrictive
however; several authors have discussed transformation patterns
that do not fit into (2) (e.g. Dunsmuir and Robinson (1981), Harvey
and Pereira (1980) and Tan (1979)). For economic time series,

the most important cases that do nmot fit into (2) are perhaps

the randomly missing observations and the (a, 8) -sampling with

a#1 . In case of randomly missing observatioms the availability
of an observation on Ve is determined by a probabilistic mechanism
that is independent of the probability law according to which Ve
is generated (for am interesting economic application, see e.g.

Harvey et al. (1981)). The term (a, 8) -sampling refers to a



procedure in which the process under consideration is periodically
observed for a comsecutive periods and not observed for the next
B consecutive pericds. For the scheme in (2), a=1. Although the
scheme (2) is restrictive, it is relevant in many economic appli-
cations, Moreover, some of the implications of the (1, B) —sampling

remain valid for more general sampling schemes,

For a stock variable Ve o observations will often be available
every m’'th period. If the data are generated by a quarterly model
and observed on an annual basis, m=4 and the coefficients in (2)
are

A=0, wo=1 .~ 3

This set of coefficient values will be referred to as the skipped
data pattern. If Ve is a flow variable, the total flow for m

periods is ususally observed, so that we have
A=m-1 , w,=1,i=0,1,2,...,m-1 . ‘ {4)

The scheme (2) is wvalid in other cases as well. Assume that the model

*

(1) is formulated in first differences, that is Ve = A.zt= Z "2

1f 2z, is a stock variable observed every m'th period (t=n, 2m,..., T),
m-1

then 2z -z . =% Yeei = Yp o

for t=2m,3m,..., T, can be obtained. In this case, (4) applies
as well, If z, is a flow variable for which every m'th sum of the

last m realizations is observed, we have information on

1 1

Ve = 120 Ze-i TiB0 Ze-2-i T Vet Fe * Y2 2 t=4,6,...,T,

for m=2 , and on

2 2 '
150 Zt-i TiE0 Ft-3-i = Ve T Wt Wy We3 F Yy 0 £56% 0 T,
for m=3 , These transformations of Ve o with Ve being generated
by a static regression model, have been analyzed by Zellner and
Montmarquette (1971), Similar patterns arise when the model (1) is
. s 2
formulated in second differences, Ye ™ A z. =z, - ZZt_] Yz 9
while we observe skipped data, 2, t=2,4,...,T (assuming m=2),
so that Yo = 2.~ Zzt_z tzo ., T oyt Zyt_] * Yiio o t=46,8,.,.,T,
can be computed,



More general weighting schemes can be obtained in a straightforward
manner.

If Ve = ﬁk'zt and observations on z, s t=m,2m,,..,T, or on
m=1

. Z, . , t=m,2m,...,T, are available, the transformation will
i=0 "t-i

always be of type (2).

The identification of the model

To illustrate the nature of the iderntification problem in dynamic
models when observations are missing, we consider a first order
autoregressive ~ second order moving average (ARMA (!1,2)) model,
which is a special case of (1},

Ve T P Yeap TOEF 0ifiy F Oy o 2

with €, satisfying the assumptions made for (1).

Define C£ = Eytyt-l-ﬂ, .

As the variable Ve is normally distributed, its distribution is
determined once the variance and the autocovariances are given,

The parameters of model (5) are identified if the system

CO = p Cl + eg + ef + eg + p 9081 + p 9162 + p28062

CI = p C0 + eoel + 9182 + p 9092 (6).
C2 = p C1 + 6062

Ck = p Ck~l » k>3,

can be solved uniquely for (p ,60,81,82) as a function of the
second moments C, > which is the case provided {pl<1 , the roots
of the moving average polynomial lie on or outside the unit circle

and are different from p .

If however Ve is observed every second period, only every

second autocovariance of y, can be estimated., The model is identified



in this case if

2 2 .2 2 2

C0 = p Co + BO + 61 + 92 + 2p eoe]-pr 6162 + 2p 8082

C. = p2Co+p 6.6, +p 6.0, + 6.6, + p28.9, (7)
2 b bg TP Y% TPV T, F Uty TP Y9,

c, = olc K> 2

k ‘k._z’ L

can be solved for {(p, 90,01,62).

When Bl and 92 are known to be zero, i.e. Ye is generated by a

first order autoregressive model, (7) can simply be solved for
p2 and Bg
is not identified, as no information on the sign of p 1is present.

1)

This finding is at variance with a conclusion by Telser (1967) °.

. Without additional a priori information, the AR (1) model

Unless p = 0 , the AR (1) model is locally identified, which was
already implicd¥ly shown by several authors who established the infor-
mation matrix of p and 60 in this model (see Shaman and Tan (1981)
and Wansbeek and Kapteyn (1981)). Another interesting conclusion

that can be derived from (7) is that pure moving average (MA) models
of order 1 or 2 as well as the ARMA (!,2) model are not identified.
The order condition that the MA ccefficients have to appéar in at
least q+1 equations of (7) for the model to be identified is not
satisfied. These examples are special cases of a more general result
that will be proved at the end of this section: when only skipped
data are observed (no matter how many periods lie between two

successive observations), an ARMA (p,q) model is not identified if
4>p .
That an ARMA (1,1) model is locally identified if p#0 can be

shown by evaluating the Jacobian of the transformation of the

equations for (Co, C2, Cé) in (7) to {po, 60, 81), which is 4 9202(63-8%)/(1-5

1) For the AR (1) model with observations for every second period,
- . 2
= — = +
Telser states that in UV P R L
"all powers of the roots are present” (p. 493). This is not true
however for the variance of n, as Telser implicity claims below
his equation (31).



The presence of an autoregressive parameter in this example helps
to identify the moving average parameter. Notice however that the
ARMA (1,1) model is nmot globally identified, because if (_,'ﬁo,'gl)
satisfies (7), so does (43,'36, 451) .

Now we assume that we observe ewvery second period the aggregate
over two periods. From (5) we derive the relatiomnship for the

temporally aggregated data

Ve T PYeop t8pE, * 0T * 08, o, )
where Y. = yt+yt~1 and at = & + €pmy *
Define ‘ﬁg = E‘§£§£+£ . For this model, the analogous expressions

to (6) and (7) are

2

“CTO = oC, + (2+p)[63 + 9%4-93] + (2+20+02) (640,10,0,) + o(14p)? 8,0
E} = pﬁb + eé + e? + eg + (24p) (908I+9102) f (1+.p)2 6002
‘62 = p‘ﬁl +08,0, + 8,0, + (240) 6,0,
53 = dﬁz + 8,9,
'c‘:k = oC_, k>3 (6")

and T, = 07T+ 201+0) (85+07+60) + (2+4p+207) (80,46 8,) + 20(1+0)78 0,
ﬁé = pzﬁo + p(e§+ef+e§) + (1+p)2(9091+9]92) + (2+Zp+2p2+03) 6062
E& = pzﬁz + 0 8,8,
Ty = 07Ty, k>2 . 7"

It is immediately clear that an MA (2) model is not identified

in this case either, as there are only two equations in which 80, 6],

and 92 appear, when p=0 ., The preseuce of the term (1+p)29091

in the second equation of (7') and of »p 8095 in the third suggest
that an MA (!) model and an ARMA (1,2) model might be identified



in this case., Notice also that observing sums instead of single
realizations helps in identifying the parameters. The sign of p

is determined here.

To illustrate the impact of the presence of exogenous variables

for the parameter identification, we consider the model
Ve T P¥eoy Bt YRpp * 0% ®)

with e, being a normally distributed white noise, and we assume

as in (7) that skipped data are available every second period.

Substitution of the model for Y- vields a model for the observed

|
variables

2
Yo = P Veop *BERi T Bex ) T YKy tYex, Uy (9)

with u, beingza no;m;lly distributed white noise with mean zero

and variance 80 4+ p 90 , for &=1,3,...,T . It should be noted that

if B#0 or y#0 , the regression coefficients in (9) are odd functions

of p , so that there is usually information available on the sign of

p . The parameters p and y will obviously not be identified if there

is multicollinearity present in the fofm of (x1t+pxlt_1) = h(x2t+px2;TJ)m“

for t=1,3,...,T .

Finally we discuss the identification problem for the general model (1).
For this purpose, we use a transformation that has been introduced

by Amemiya and Wu (1972). We write equation (1) as

L

N - s K ) .
eIy = 1 Fp B * jgo ®ife-3 o (10)
i
wherg¢ L is the lag operator and po(L) = 1 -iglpiL . Defining
. A . A
it T B0 YiTjemi M fe T jEo¥ife-g » Ve have
K q .
oLy e = 1 Bfeet B0 %151 an

Now let al,az,...,mp be the (possibly complex) roots of the

- ' 3 -
polynomial equation p{(L ]) =0 , Multiplying (11) by igl(l—uiL) L (1—&?&F5 ,



we get

p m-1

K p m—l o q (

P
m, . LR
I O0-LD ¥, = 2 T (Rl B %, + (0 T

gnoa .L7) e, ct .o

(12)

As m is the time lag between subsequent observations on the
endogenous variable and because all data on the exogenous variables
are assumed to be available, (12) is an expression in observed vari-
ables, Introducing a new parametrization for notational convenience

and assuming that x is the constant term, we can write equation (12)

1t
as
P K p(m-l)
e = iE1YiVeim * % Y kB2 oF0 SeFke-n T (13)
where u, is a MA disturbance term
p(m—1)+q+A 3
Ye T sZo ML &
with 1, being defined by %
p(m=1)+q+A . A q p m=i o 2 3 .
vZo ML = Ep 350 iE1(Ee%il) 8y v L
p(m-1)+q+A
and EdiUein = 5% 5Em " "-im
The definition of ?i and 6k2 should be clear from (12), Notice

also that the parameters in (13) are all real because the di‘s

will be in conjugate pairs if they are complex. Equation (13) states
that the observations are generated by a dynamic regression model

as well, This model is referred to as the transformed difference
equation. The order of the MA disturbance in (i13) denoted by mg*
satisfies mq* < (m-1)p+q+A. It should be noted that when for one
exogenous variable only skipped data are available while all other
variables are observed at each time period, a transformation similar
to that used above can be applied in order to obtain a dynamic

regression equation in which only observed variables appear.

The conditional density function for the observed endogenous variables
given the exogenous variables can be written in terms of the parameters
(¥,5,E) which are functions (¥,8,8) = £(p,8,6) of the basic parameters.

A sufficient condition for {global) identification of (p,R,8) on a
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subset P of the parameter space is therefore that the parameters

(¥,8,8) are identified in £(P) without the use of the restrictions

on (¥,8,£) implied by £(p,8,08) and that the equations (¥,58,£) =£(p,R,9)
have a unique solution (pO,BO,GO) in P for every (¥,8,£) in

f(P) . A necessary condition is that (¥,8,E) = £(p,B,6) has a

unique solution (00,80,60) for every (¥,8,£) in £(P) .

Corollary: The MA parameters Gj in model (1) are not identified
if q > pt+(q~p+A)/m , that is if q > p + A/(m-1) ,

Proof: The q+l ej's appear in £(p,B8,0) only through the
q*+1 Ei's . The necessary conditions can therefore not be met if

q > p+(g-p+A)/m .

The corollary implies that the dynamic regression model (1)

is not identified when only skipped data are available (transformation
pattern (2) and A=0) if q > p . Similarly, it is not identified

when only aggregates are available (transformation pattern (3) and
A=m-1 )} if q > p+l . Of course some parameters in medel (1) can be

identified, although other parameters are not. Writing

1 + .E y, '™ = Al (1~@.LF) we can gsee that the p.'s are
i=] 1 1=] i i

identified if there is sufficient a priori information to determine
them uniquely from a? = ﬁi‘
If K>1 and q=0, this a priori information is not always needed

as the roots of a? = ﬁi can partly be determined from the sz .

If K=0 and q=0 , this a priori information may be or may not
be indispensible as has been shown in the examples at the beginning

of this sectiomn.

The identification of 8 1is straightforward if (13) is identified.
The identification of 6 can be checked by computing the Jacobian
of the transformation £=E(0) . Finally, one should notice that
models with a constant term and a seasonal dummy over m periods
or with two dummies cannot be identified even if the necessary con-

p ml % p ml

. s . 88
dition is met, because i§](£§0 ay

%y <
L ke T i GEg L) ikzt



with k, # k, in that case, that is B, and 8 enter in (12)
1772 kl k2
+ lBk )} , hence they cannot be identified.
1 2

only as (Bk

Efficient estimation of the model

One way of estimating dynamic regression models with missing data
has been to use interpolated values as prdxies for the missing
observationg and to apply standard estimation methods to the
constructed data. In section 6, we shall show some results on the
effects for the properties of the estimates obtained in this way.
At present, we consider consistent and efficient estimation of
the parameters in model (1). Simple methods to compute consistent
estimates have not received much attention in the literature,

Tan (1979) and Dunsmuir and Robinson (1981) are exceptions, but

their methbds of moment procedures cammot be used in our case:

the sample'moments of the process y, cannot be estimated directly

for the lags that are not a multiple of m . Dunsmuir and Robinson's

frequency domain estimation method suffers from the same problem.

" One can estimate (¥,8,£) in (13) by instrumental variables or

by nonlinear least squares neglecting the restrictions implied by

f . Then one can determine an estimate of (p,RB,8) that fits best

with the estimate of (¥,8,f) in some sense. The computations involved
will usually not be very expensive and the estimates will be consistent
if (13) is identified.

Maximum likelihood estimation of a dynamic simultaneous equation
model (for the case gq=0) has been discussed by Sargan and Drettakis
(1974) and by Harvey and Pereira (1980) for dynamic models with MA
disturbances. Sargan and Drettakis parametrize the density function
of the observed variables in such a way that ML estimates of the
parameters are obtained by maximizing the density with respect to
the parameters and the unobserved variables., Their procedure
implies of course a large number of "parameters to be estimated”,
Harvey and Pereira use a Kalman filter approach and write the log-
likelihood function in terms of the prediction error decomposition

(see also Harvey (1981)):

N T£m T/m
L () = -T/2m log 2m - £t=l log ftm - itEIV' /£ , (14)

2
tm tm



. . - - 2 P i
where vtm ytm th|tm_] ’ ftm - E(Vtm) and ytmltm-—l L8

the minimum mean square estimator of ?tm conditional on all
endogenous variables up to tm—m (?i; i=m,2m,...,(t=1)m) and on

all exogenous variables up to tm (ﬁki; k=l,...,K; i=1,...,tm).

The prediction errors Ven and their variances can be computed

by using the Kalman filter provided the model is cast in state space
form. The relevant formulae are given in e.g. Harvey (1981).

For a static regression model with first order autoregressive errors,
and missing endogenous and exogenous variables, Wansbeek and Kapteyn
(1981) obtain analytic expressions for the first order derivatives of
the likelihood function and for the information matrix.The expressions

which they derive are very useful for ML estimation of the parameters.

As the transformed difference equation (J3) is a dynamic regression
model that is usually subject to nonlinear restrictions, ML estimates
can be obtained by computing first and second order derivatives of
the log-likelihood function with respect to ¢ , with ¢ = (p,8,0)
and iterating the Newton-Raphson linearization (or approximations of
it) of the first order conditions for a maximum )

2 I PN
® = ©-P (w);){g- L (15)
' =

where P(®) is a nonsingular matrix satisfying the condition

2
gl_f.z%P {p)y = E'}f’ —3—%9-(%; and ® 1is a consistent

initial estimate of -w which has an appropriate limiting distribution.-
Iterating expression (15) until convergence yieldsthe ML estimator, but
asymptotic first order efficiency is already obtained at the second
step of iteration. A matrix P({) that satisfies the condition given
above and the vector 3L/3p can be computed in several ways, three

~ of which will be briefly discussed here. First, setting v = (¥,5,)
and using the result that

2
F [%%-g%}] = - |k [5%3%1] , the Hessian matrix for the restricted

model can be obtained by pre- and postmultiplication by 93v/3p of

the Hessian matrix for the unrestricted model

faL oL ) _ pfav' oL 3L 3wl __3v' of 8L | by
3 o' - L3p v v’ 3’ 3 ~[gvavt] ap!

1A
T

o D
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which also indicates that ML estimation is efficient in this case.

A second way consists in differentiating the log-likelihood function
in predictibn error decomposition form given in (14) and the

equations of the Kalman filter and then substituting the observations.
Finally, a third approach generalizes an idea of ‘Tan (1979} which

is also discussed in Shaman and Tan (1981). They use the missing
information principle of Orchard and Woodbury (1972) which says

that if x' = (s',m') and L(x) depends on a vector of parameters ¢ ,

the following result holds true

3(s) _ 5 2L(xls)

3P “m 3Q * : (a7
ot (o 2 e
Using (17), Tan establishes expressions for Bgfp) and I:%(—p%%r)— s

for the model with A=K=q=0 . Results for the case where A , K
and g are non—zero have been obtained and will be given in a

separate paper.

As the alternative computational procedures have the same asymptotic
properties, the choice among them in applied work will depend on
computational aspects. For instance, the Kalman filter approach yields
the exact likelihood estimates and predictions of the missing obser-
vations. As it has to be computed for every set of parameter-values,
it may become computationally expensive, except in situations where
there is much information available about the true parameter values.
The use of the transformed equation {(13) is straightforward provided
the restrictions in f are not too complicated. Finally, little is
known about the small sample properties of the alternative procedures,
so that at present small sample consideration offer little guidance
for the choice of one anong the alternative asymptotically efficient

procedures.



The loss of efficiency due to incomplete data

In this section, we shall compare the asymptotic efficiency of the ML
estimator of the parameters in a dynamic regression model, when the
complete sample is available, with that of the ML estimator, when some
observations on the endogenous variable are missing. The relative
efficiency is perhaps of limited value for practical situations, as an
investigator usually does not have the choice between either using a
complete sample or relying on incomplete data. However, the results
that we shall present are interesting for at least two reasoms.

First, they indicate for which kind of sampling and for which parameter
values the loss of efficiency due to missing observations is important.
This may be of interest to agencies whose task it is to collect data

in that they can better appreciate which gain can be expected from a
more detailed data collection.

Second, for empirical work it is important toesphasize that for some
parameters the large sample precision of the ML estimator deteriorates
dramatically as a result of incomplete data, whereas other parameters
can be estimated fairly accurately in large but incomplete samples,
Other consistent, but not fully efficient estimators will have a still
larger asymptotic variance. Their relative efficiency compared with
that of the ML estimator for the dynamic regression model with incomplete
data is subject of further research, For the static regression model,
when some data is missing, the asymptotic efficiency of alternative esti-

mators has been investigated by Palm and Nijman (1981),

In the tables 1 to 3, we give the ratio of the asymptotic variance of the

ML estimator for p, B, 60 and 6, with respect to their varianee when

1
skipped data, aggregates or aggregates of aggregates are observed respec—

tively. This last term is used to designate the situation where the change

of a variable Z,s ¥, 52T is explained in the regression model

Ze-1

(1), whereas one observes an aggregrate of z, . In table 4, we give the

variances of ML estimates for the complete data, so that the reader can
obtain the variances of the ML estimates for the incomplete data if he wants

to do so. For more details on the computation of the large sample covariance

matrix, the reader is referred to appendices A and B.

The tables need a short explanation. The true values of the paramaters are

pe{-.8,0,.8}, Bw=m1, cg = GS = 1, el = .6 for the case that results are

given in the tables, otherwise B and/or © are zero. The values of the
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2
coefficient of determination R  which are close to those frequently

observed in applied work with economic time series, have been used to
determine the parameters of the process for X, (see appendix C). When

X, is generated by a stationary process, Rz is defined as the variance of

a - pL)-] X, divided by the variance of Ve for the complete sample,

- - 2 r
When X, 1s nonstatiomary, the R~ 1is evaluated at T = 30, For the

exogenous variable, several alternative processes are considered :

. . . . . 2
X, =V, 1is a white noise with mean zero and variance o, » denoted by WHI;

X: = .9xt_1 Ve denoted by AR}

X, =c,a constant denoted by CON;

X, =t,a trend denoted by TRE;

xt'= Xy + Ve s@ random walk denoted by RWA;

X, =x _, tv +tu,a random walk with drift denoted by RWD, with u/av==1 .

The number of periods m 1is 2 and 4 respectively and is reported inthe first
column of tables 1 to 4. The variances in the tables have been computed as
the diagonal elements of the inverse of the information matrix (see appendix
4). '

The reader should have a look at the tables. For p, 60 and el , a large
relative eéfficiency of the ML estimator for complete data is caused by the
large variance of the ML estimator for incomplete data. For B8, the rela-
tive efficiency of the former is sometimes important, although the variance
for the estimator based on incomplete data seems to be reasonable., Notice

also that for skipped data, a nonstationary process for X, seems to imply

t
a large relative efficiency of thé ML estimator for p and B when data
is incomplete, For aggregates, this happens when X, is a constant. By

NID we indicate that the parameter is not identified,.

To conclude, the results in the tables 1 to 4 give an indication about the
loss of precision in parameter estimates and about the order of magnitude

of the variance of the ML estimator when observations are missing.
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Table 2.

Relative efficiency of the ML estimator for complete data compared with that for

incomplete temporally aggregated data

| rel. eff., of oML rel. eff, of BML .rel. eff, of _BQML rel. eff. of BEML

m R2 X, p: -.8 0 0.8 p: =.8 U 0.8 p: =-.8 0 0.8 p: —.8 0 0.8

2 35 .36 839 142% 3.569 6«00 2425

2|0« 72]UHE 4a83 3«33 117 2.18 2.5% 2.78 237 250 2.07

2|09 WHI 356 2+ TG 115 2«38 2466 2«11 201 207 201

21372 AR 5«33 4223 1.17 3.98 3.13 la14% 2.15 Jea7 2.12

218,959 AR 3.74 2e 49 1»10 2e32 243% 1.13 2e02 227 2203

20T | CON 3R e56 B0 0 125 23298 Fe S5 117 2693 Ha010 225

210.95|CON IheSH 8733 1429 29:33 Ta65 1.2% 3.569 600 2425

4 113 6h, 00 2250 5,58 T6e 00 E.96

$i0«TL I WHI 6 einh 1231 1 .68 4,02 8 .35 4 .87 4.01 Ba15 4,74

410.75{HHT 5601 9255 158 4022 9,140 5.11 4.00 4.54% 8,12

4107} AR Fe 32 12«58 155 533 BT 1+%4 403 13.81 5419

20,35 AR 5435 5«51 la32 1.88 533 1.39 4,00 3.37 $.23

§|a.72|CON B1.13 6420 2.0 5018 45,10 1.70 5.58 ThaC0 baF6

3[033|CON 113 64 2«40 67t e32 50 .85 1.954 % .58 TH.00 6.95

2 833.59 NID 173 833,41 NID 255.85 | 116.13 NID 211.T1
2 (De?3{HHI 20+946 TY-L 1=43 4.26 Ge77 G562 | 18508 1T0ell 20845 | 2376183 145,11 167.24
210351 MHI 20 .65 §.62 126 4.09 §.57 Se31 | 184,78 15645 174.48 | 252.62 135.24 166.27
21077 AR 23210 8a 37 1452 Sel3 fe 37 1e52 | 18545 245249 219491 | 217.43 198.95 183.30
210+75| AR 2247 5 a9 1044 HeN3 Se%7 1.53 [ 184.83 159,71 181.6% | 249.3% 181,87 152.38
2|0.7T2{CON | 853.59 NLD lelIf A21853 NID 141 | 893,41 NID 255.8%5 | 116.18 NIO 2Z21lil.71
2]0.35{CON | 853,53 NID 179 72534 NID 172 | 893441 NID 25585 { 116-18 HID 211.71
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The use of interpolated data

An approach that has been used quite often in empirical work to solve the
problem of missing observations consists in first interpolating the missing
values in such a way that the resulting series is plausible according to
some criterion and is in agreement with the observed values of the series
and then using the constructed series as realizations for the missing
observations. Usually, this kind of procedure will yield inconsistent para-
meter estimates. However, it has the advantage of being straightforward to
apply. In this section we shall present some results on the magnitude of
the parameter.inconsistency for some selected models., An interpolation
method that has been applied on a large scale is that proposed by Boat,
Feibes and Lisman (1967). Generalizing their method to other cases than
the observation of aggregates, one obtains the interpolated series as the
solution to the following optimization problem

min tgl [(1—-L)d:‘,‘:t]2 (18)

Tt

I A
subject to ?t =Y > for t=l, l+m, ..., T,

and d being a priori given., Boot, Feibes and Lisman suggest using

d=1 or d=2, The procedure reflects the fact that many economic time series
are smooth and that the constructed series should have that property too.

A more sophisticated smoothing method has been proposed and applied by
Somermeyer et al. (1976). A review of various other methods of interpolation
is given by Gelauff and Harkema (1977). Note that interpolation methods that
use related series (see e.g. Chow and Lin (1971, 1976), and Ginsburgh (1973))
are not well suited to the problem at hand as the model for the missing

data is dynamic.

For many interpolated methods, including that by Boot, Feibes and Lisman,
the interpolatéd . series can be written as a linear transformation

¥ =Ry of the realizations, where % = (?1, ?2, ‘e ?T)' ,

v = (y], Yos oo yT)‘ and R is a matrix of constants that does not depend
on the observations ?t . Assume that q =0 in equation (1) and that one
estimates the parameters of equation (1) by ordinary least squares using
the constructed series § . Denote the resulting estimatesof p and 8
by p and f . Furthermore define R, as the matrix obtained by deleting

the first (p=i) and the last 1 rows of R.
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We can express the OLS estimator as

- - F

' Ri Rl v cen y! R; R? vy R{ X -1 ¥! R; R0 y-
ol : : : (19)
é y! Rp R, ¥ cen vy’ R; Rp vy y' Ré X y! Ré R0 v )

I X'R Y ... X' Ry X' X X' RoyJ

If R isg a block-Toeplitz matrix with a limited number of non-zero elements,

that is
o 0 0 N
Rx AO Al LI B ) Ap - 8P
ALy Ay Apeee A0 0h, (20)
i 0...0 A"p . A>1 - AO;

we can compute the probability limit of the QLS estimator defined in (19).
Thereby, we use the property that products of matrices of the type defined
in (20) are again block-Toeplitz matrices. Note that the matrix R for the
procedure of Boot, Feibes and Lisman is not of the form (20) but can be very
clogsely approximated by such a matrix, so that the probability limit of

the OLS estimator in (19) can be obtained straightforwardly by replacing the
cross-products in (19) by their second order moments. For instance, when

m=2 and ?2t = ?Zt-l = %- ;Zt = % (y2t + y2t-l) s t =1, 2, ..., we can write
the first element of the matrix of cross-products in (19), i.e. the sum of

squares of the interpolated series lagged one period, as

T T/2
t§2 Ye-1 = tgl (yzt_1 + th) Yo
T/2
1 2 9 2
= 7 ¢E1 Wapmy T e Yoeoy * V2 T Iy - (21)

When y, is nonstationary, the egpectation of the first r.h.s. term of
{21) can be obtained along the lines of appendix B.and that of the second

r.h.s. term in (21) can readily be obtained as a function of T.

In tables 5 and 6 we report the probability limits of § and 8 for four
selected models. For the first three models, we have assumed that aggregates
over m periods are observed and that the investigator assigns a fraction
1/m of the observed value to each of the m periods, For the last model,
the weights v, have been obtained using the method proposed by Boot,

Feibes and Lisman (1967} assuming d=2 and m=4, For the exogenous variable
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X, s We consider the ' processes that have been used in section 5. In partic-—
ular we assume that X, is a white noise, a first order autoregressive
process, a constant term, a linear trend or a random walk respectively.

These assumptions imply that Ye is generated by an AR(1) model with
autoregressive coefficient p or by an ARMA (2,1) model with autoregressive
coefficients equal to p and .9 and by an ARIMA (1,1, 1)model. The R2 takes the
values .70 and .95 respectively, (see appendix C), whereas B=l, en=land91=l.Forp

we choose the values p ¢ {-.8, -.4, 0, .4, .8}. For the details we refer to

the preceding section,

At this point we would like to emphasize that the method by Boot, Feibes and
Lisman (1967} has not been designed for situations, where the endogenous
variable has a negative autoregressive coefficient, and that therefore, we
should not draw strong conclusions from the figures in table 6 for case 2
when p =-.8 or when p = 0 and X, is a white noise or a constant.

From tables 5 and 6, it is obvious that the probability limits differ
substantially from the true values of p and 8. When p = .8, the proba—
bility limit of ¢ is reasonably close to the true value, except for some
nonstationary models when the method by Boot et al. is used. For most of

the models with nonpositive p , the OLS method largely overestimates p ,
whereas B 1is usually underestimated, except when x, is nonstationary

and p = .8 . The figures slightly improve when Rz increases. When X,
is generated by a trend or a random walk with drift, the probability limit
of p hardly varies with the true value of p , when the missing data

are interpolated using the method by Boot et al. As an overall conclusion,
we cannot recommend using OLS on interpolated data, if the aim is to
estimate the parameters of a dynamic regression model from incomplete
observations. Whether this conclusion holds true for the predictions
generated by a model that has been estimated from interpolated data using

QLS is subject to further research.
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Some tentative conclusions

In this paper we have discussed the problems arising in a dynamic regression
model when some realizations of the endogenous variable are not observed.
After a presentation of the different schemes in which information on the
endogeﬁOus variable may be available, we consider the identification of

the parameters in the regression model with incomplete data and present
several ways to obtain ML estimates of these parameters provided they are
identified, Results on the loss of efficiency due to an incomplete data set
are given for several models. Finally, we analyze the effects on the
probability limit of the OLS estimator when the data is completed through
interpolation. In the light of the results presented in section 5 and given
the choice among several procedures to obtain ML estimates, we should like
to advise the investigator at this time to use the ML method to estimate
the parameters of the dynamic regression model with incompletely observed

endogenous variable, Each of the procedures to obtain ML estimates has

- specific computational advantages. Nevertheless, as has been illustrated in

section 4, the investigator should not be surprised that some of the coeffi-
cients in the model cannot be determined very accurately from the sample

information.

Among the problems that remain to be analyzed, there are three questions

that will receive more attention in the future, The first question concerns
the possible loss of efficiency implied by the use of alternative consistent
but not fully efficient estimation methods that are easier to implement

than the ML method. Secondly, for empirical work it is important to know
what the effects are on the forecasting performance of the dynamic regression
model, Wwhen a specific method is used to solve the problem of incomplete
observations. Third, the problem of missing exogenous variables in a dynamic

regression model will be analyzed.
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Appendix A

In this appendix, we briefly cutline how the asymptotie covariance
matrix for the ML estimator of the unrestricted parameters in the
transformed equation (13) have been obtained. The large sample
covariances have been used to compute the results in tables 1 to &

in seétion 5.'1 ' :

We consider a first order dynamic regression model with one exogenous

variable x_ and assume that observations are available at every

t
m—-th period.

~ o= ~ LT . 4
Y. P ¥t xtB + St (A.1a)
or after substitution for ¥rmt
m-1 s mel s
L _ M - Al ~ 1 _
Yo = P FeptiBo Rpy BTt jEg TP (&.1b)

For a sample of T realizations, equation (A.la} can be written as

(TxT) (Tx1) (TxT) (Tl) (Tx1)
1 0 0 Rl - 0
-D 1 0 e
where A = 0 -p 1 0 .. , G = ITQB and E £ &
0 .. - 1
For the T/m observations, the model is
- -1 o -1
Ry = RA CX+RA ¢, {A.2b)

where R 1is a selection matrix

B m-1 ’
e,
i 0 0 0 -
R - 0 Ell] 1 0 (123
T/m x T
8] 1

5



Alternatively, equation (A.1b) can be written as

- %6 -

R¥ = R y_m.w +RCSX+v
] 0 ELL]
P 10 .. -0
where S = 02 p 1 G .. and v
TxT : 3
0 LiL) 0 pm- l e l
with Evv' = RIR' = GD, that is a Toeplitz-matrix as

m=1

i%o P

(E) in terms of the covariances £

Equation (A.3) can also be written as

Ry = D
1 o ... 0
-pm 0o
with D = 0 -pm
LO - 1

-1

RCS&+D

Ev,_v

v

(A.3)

(A.4)

When v 1is normally distributed, the Hessian-matrix of the log-

likelihood function L can be computed as follows:

221
..E_d.___z.
R

and using (A.2b)

- "l IR 1 -1 t tats
tr (A" R'(B) RA R}+E[:’:_m(:1_k”_.

and using (A.4)

= e 7@ 0@+ Bz s D@ 0 RO 2]

N = N
= Ey:mR'® RY_

(A.5)

(A.6)

(A.7)

g ; can be represented as a finite MA model, We parametrize

-

@ RAcEl
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Combining (A.6) and (A.7) yields

2
_ g o L o1 1 - -1 .m' 1 m
E;—F = (D' & p@ +Elxc' AT LY R@ RL"AcCx]
o (A.8)
where the TxT backshift matrix L , defined as
0 LN B 1
" = [0 ... 0 ‘
. 0,..0
heso...0
implying for instance that ?-m = 1" ¥ , has been used.
Similarly, for 6i = 8ot ,
..E__B_z.._.Ii._.. = E[“' Rt®_l R ¥ ] - E[-t ct A‘-] Lm' R@R Li i]
5V 3 8, Yoy e A
(A.9)
and
321, it P
- A B = 31 t )
L Elx' L” R'() rRL %] . (A.10)
1 ]
. . ] s m-1 . m-l ;.
For the parameters in @ = R'I R, with —E(igop e“i)(iéop 8-:’.) s
we have
2
_ L ¢ el omt el ) ocl - -1 omt el (B
T Elvi ' L (@& 2@ vl teip' L @ e )
i i i
(A.11)
2
a L
E 535 E. = 0 (A.12)
L J
and
2
S S ‘S 1 2D gt 2@
E”i“?j -;tr{@'”i@”j}. (A.13)

We compute approximate inverses. by writing the matrix in Toeplitz-

form and truncating it.
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Appendix B The expectation of the sample moments for

Ve and X,

In order to compute the asymptotic covariance matrix for the ML
estimator, we need expressions for the expectation of the sample
moments for the variables Ve and X . We assume that X, is

non-stationary (when x_ 1is stationary, the derivation is much

t

easier) and generated by x et o, withl v, being

= x
cC t-1 t
independently distributed as N (0, Uv) and independent of

past xt's . We now compute the second order moments for x,
and Yy
T/n
Yop (2 = B (Zg X0 Finee
T/n
Yz 68 = B 25 Yinu Fenen
* Tén * * * tork
o2 (a8 = B &g Xinak Traee 2 YPOTe Xoue T if0 P Fenek-i

Tén
Y11 (k,2) = E 20 (B.1)

Yenek Ten+s

For the sake of convenience, we delete the indices k and & .

n s
As iéO pl i? is O(TO) for finite a , we ignore the terms of

this form. When divided by T , they become negligible in large
samples. In the sequel, "=" indicates that the equality holds

except for terms of order O(TO) . First we consider the case where
2

o, = 0 and u =1 . Then X, is a deterministic linear trend and
Yij can be solved as a difference equation,
For oi = (0 and 3 =1 we denote the second moments by ‘?ij .
- T/n 1.3 1, gk, 2
Yoy tEO (nt+k) (nt+8) = §E'T + §{1+:r) T
n 1 Lk
+ [ E'+ E-(R+k) + 1;'] T . (B.2)
For the cross moments, we have
Yy % :~g { nﬁ:} - L1 e+ 0
_ (1-p)
Yon. _
2 lfg -t - o geh T (B.3)
2n(i1-p) 1-p
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T/n

- . nt+k ) nt+d p
V5 * kol R 7 1
i O a-p) ()
Y 2
R Rl T g
2n{l-p) (1-p) (1-0)
(B.4)
and
g
~ _ 2 [k
Yip T Y2 ¥ ) o (B.5)
n(1-p")
Now, we consider the general case where u # 1 and 03 £o.
The process for X, and Y, can be written as
t
X, = ut +sél Vs * %o
. £ i B.6
Ye = iEg P (K jtey) (8.6)
where Yoy and £y are assumed to be zero.
For Ve » W have
£ 4 . t=i t i
ve = iEg et (i) ¢ Ey F el v, e Eoote
+ + +
pt(1=p" 1) _ ulp - (t+l)pt v e pt 23
1-
° <1—-p)
t t* 1
tg& B P Vst 1’:0 Cemi (B.7)
T/n i .a 0
As i§ p- i is O(T") for finite a , we can use for Ve
t t_8+] t .
. ut up T=p i
Y. = == T ——5t L S v+ TP E
t 1 (l—p)2 s=1 1=p s i=0 t-1i
{(B.8)
to derive the cross-moments
2
,

_ 2
Yzz = U Y22 T + ( + "') 0 T b

where r = min (k,%) ,



g
2 — v 2 v .l
Yi2 T W Yptaaomt i Gt T

g T
_ v
-
_(1-9)2n
and finally
Gz,pla-kl 2
2 -y € v .
Yip T W Y3, + 5 T + 3 C , with
n{l-p™) 1=p
TZ 1 DR.--r+l pk-r+l pk+.2--2r+2
C = Zm*tis*s-T5ox - oo’ bT

(1-02)n

{B.9)
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Appendix C The use of R2 in choosing the parameters
of the model

In this appendix, we give the expressions that relate

the parameters of the model to the theoretical coefficient of
determination R2 . Plausible values for R2 have been selected
and used in these relationships to determine the parameter values
for the models in sections 5 and 6 .,

Consider the following dynamic regression model

N . - 2
Ve = P Y q + X B + Et with B 1, St ~ IN (0, Ua) .
5 (C.1)
and define R~ as
R2 = war (z_) / var (y_) , where z_= ——L—-x {C.2)
t o t I-pL "t ° '

+ v, with I} <1 and A ~ IN (0, Ug)

We assume that x_= ¢ X1 vV

t
and independent of €, and past xt's . The available z, is
generated by a second order autoregressive process. Its variance is

- 2 _
var (zt) = A O, 1 {€.3)

(1 +pw)
(1-p®) [(1+p@)? = (p+¥)?]

where A =

and Rz-Aoi/[Aoi-f-Boil , wWith Bﬂl/(l—pz),
so0 that
2 2 02
o2 = R B2 L4 o2 = R B £ .(C.4)
v (l-Rz) A e x (l-Rz) A (l-wz)

When X, is assumed to be white noise (i.e. ® = 0) , we have

o2 = ®?y (1-8%) (€.5)
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2) When X, is constant, i.e. X T U, we can determine u from R2
T X u?
2  EYmD (1-p)°
R® = plim ———————— = 5 i
T>co T 2 u I
=17t 7Y 32
(1-¢) I-p
—— —_ 2 N . % —_
[ _R"  (1-p) 2]
p = hn— a_- * (C.G)
L 1-R2 1+p £
3) For non-stationary X , n= 1 and 03 # 0 , we have
%
¥,:(0,0) ~—= T
9 il i—ﬁz
R = 0.7
V7000 ' .7
where yll(0,0) is obtained from (B.9) by setting k=2 =0 .
When cﬁ = (0 , it can readily be seen using (B.5) and (B.9) that
(C.7) specializes to ' '
W&, 0,0 - o T/1-p%)
2 11 £
R = 5 .
2 2 2 % T
W (¥;,€0,0) - o, T/1-p") +
1-p
from which p 1is easily obtained as
1
i 1 2
RS cg T/1- 02
u o= 5 . {C.8)
2 o T
(1-r%) (v,,(0,0) - )
11 2
T-p
When uw = 0 , we have from (B.9) and (C.7) that
2
a. T 2
2 € R
o = — . (C.9)
v C l-R2
. . 2, 2 . - '
Finally, when the ratio /UV = o 1is given, we get from (B.9)
and (C.7)
2 3
R2 o T
TR 5 . (C.10)
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